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Chapter 1

Introduction

1.1 Statistical Supervised Learning Theory

We consider supervised learning problems under random design setup in statistical learning theory.

Supervised Learning Problems and Their Solutions. Let (Qx, pux) and (Qy, uy) be two probability spaces.
Let Q = Qx x Qy. Let X be a random element with distribution px and Y be a random element with distribution
wy. We refer to X as the design variable, input, or experiment, and to Y as the response variable, label or output.
Let p be the joint probability measure of (X,Y). Let £ : (y;,ys) € Qy X Qy — £(y;,y5) € Ry referred to as the loss
function. A supervised learning problem is uniquely characterized by the pair of probability space and loss function,
that is, (2, u, £).

A pair (F, {fN}NGNJ7 consisting of a set F C {f : Qx — Qy, f is measurable}, called the statistical model,
and a sequence of measurable maps {fN (X V)N, e O fN((Xi,Yi)fil; -) € F}nen,, called decision rules,
is called a solution, where fn((X;, V)N ;) : @ € Qx — fnv((X;, V)N ;) € Qy. Here, N is called the sample
size, (X;,Y;)Y, are called the training samples, and { f N}nen, is a sequence of decision rules that take the training
samples and output a function fN((XZ-, Y;)N ,;+) in F; afterwards we abuse notation by simply writing fN(-), called
estimator or learning machine. In this thesis, we always assume that the training samples (X;,Y;)¥ | are independent
copies of (X,Y). Sometimes we also denote (F, {fN}NeNQ by ({fN}NeN+,.7-'). Here, N € Ny is for convenience;
some decision rules are only defined for sufficiently large N, i.e., there exists Ng € N, such that only { fN} N>N, 1S
well-defined; this case is still called a solution. When no confusion arises, we sometimes omit the subscript N of fN
and simply write f.

Research on supervised learning problems in statistical learning theory thus consists of two parts:

1. studying the structure of the supervised learning problem (2, i, £), and

2. investigating the statistical properties of a solution (F,{ fN} Nen, ) of the given problem.

We provide numerous examples later in Section 1.2. Below we introduce the statistical property that is the focus of
this thesis: prediction risk.

Statistical Properties of Solutions. The problems considered in this thesis fall under statistical prediction
problems, whose core task is: given a test sample X, to predict its corresponding response Y by using fN(X ).
Thus, the quantity that evaluates the quality of a solution on the given supervised learning problem is the predic-
tion risk incurred by the prediction fN(X ) compared to the true response Y. Next, we define the prediction risk
mathematically.

Define ¢y : f € F + {y where {5 : (z,y) € Q — {(f(z),y). We denote by P : f € L'(n) — E[f(X,Y)]
the population mean, and we define the prediction risk/ population risk/ generalization error P/, : f € F — P{;.

Therefore, the prediction risk of an estimator fy is a random variable defined by
Pl = E [(fx(X).)|(X0 YOy

1



2 CHAPTER 1. INTRODUCTION

where (X,Y) follows the probability distribution p and is independent of the training samples (X;, Y;) ,; it is called
the test sample. The predictor risk of an estimator measures its ability to generalize well on out-of-sample data.

To quantify the “smallness” of P/ o one typically compares it with either the minimum of the population risk
over all measurable maps (assuming it exists) or the minimum over F (assuming it exists). Define

f* € argmin(Ply : f: Qx — Qy measurable),

referred to as the Bayes rule; and
7 € argmin(Ply: f € F),

referred to as the oracle in F associated with this problem.

The quantity P/;- measures the intrinsic difficulty of the supervised learning problem (£, i, ¢), for instance its
noise level. Pl¢- quantifies the minimal prediction risk achievable by using the function with the smallest prediction
risk within the statistical model F, i.e., the oracle. Thus, it characterizes the “approximation error” between the
statistical model F and the problem (€, u, £).

Remark 1. Beyond statistical prediction parameters, mathematical statistics is also cencerned with inference prob-
lems, i.e., constructing confidence intervals for statistical quantities. Such problems lie outside the scope of this thesis,
but they are related to the statistical prediction problems studied herein, as seen in [ , Section 5]. Investigating the
application of the Feature Space Decomposition method developed in this thesis to inference problems is an interesting
research direction.

Remark 2. This thesis considers the random design setup, i.e., the design vectors (X;)N_, are assumed to be random.
In statistical learning theory, there is another setup called fized design, where (X;)Y., are assumed to be deterministic,
while the response variables (Y;)N.| are assumed to be random—the randomness stems only from the noise. In fived

design problems, it is typically assumed that (X;)N.; are certain scattered sampling points on Qx, as in [ ,
Chapter 1], see also [ |, and the noise perturbs the corresponding responses at these points. In fized design

problems, there is no motion of test error; instead, the quantity used to evaluate the statistical performance of an
estimator fn is the empirical estimation error, for ezample, % Zf\;l(fN(Xz) — f*(X;y))%. Although results obtained
under fized design hold for arbitrary (X;)N., and thus may appear stronger than random-design results that hold with
high probability or in expectation—and sometimes the training error under fized design is of the same order as the
test error (in probability or expectation) under random design for the same estimator—uwe emphasize that these are
two fundamentally different problems. This distinction becomes particularly evident when there is a gap between test
error and training error, as with interpolant estimators; see Example 10 and Section 1.4.2.

Practice, Theory and the aim of this thesis. The task of a practitioner is as follows: given (£2,¢) and some
partial prior knowledge of i, one constructs a solution such that the prediction risk is as small as possible with high
probability, or in expectation. In practice, the statistician does not know u (otherwise one could simply set fN =f*).
Therefore, in practice, to assess the magnitude of the prediction risk, a practitioner usually needs to take multiple
ii.d. distributed test samples, say (X;, YJ)Jle independent with the training samples, to measure the prediction risk
of fn, for instance, compute the mean of test errors (é(fN(Xj), YJ))fil

The aim of theorists is to assess the performance of such a solution from a theoretical viewpoint (so the theorists
“know” p), thereby evaluating the effectiveness of the solution for the supervised learning problem by proving prob-
ability inequalities. A theorist still possesses the authority to choose a solution, i.e., when the statistical properties
of a given solution are difficult to analyze, the theorist may opt to replace it with another solution for the same
supervised learning problem whose statistical properties are easier to analyze, termed a “provable solution.”

Below we denote Lo : f € F +— Ly :={y — £y~ as the excess risk functional and L feFe EJf =Ly —Llys as
the excess risk functional with respect to the oracle fr. This thesis focuses on the following abstract mathematical
problem:

given an arbitrary problem (€2, i, ¢) and arbitrary solution (F, {fn}nen . ), investigate the properties of the
random variable PE;I— and PL n
N

The aim of this thesis is to
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introduce a systematic methodology for tackling this abstract mathematical problem, thereby providing better
mathematical strategies and tools for theorists to analyze the statistical properties of a solution.

Therefore, this thesis focuses on certain solutions that have been difficult for theorists to analyze, such as the
interpolant estimators introduced in Example 10 later, and by establishing their statistical properties, it aims to
develop a new set of proof strategies intended to improve the most fundamental proof methods in statistical learning
theory. X

Below, we review a classical task theorists usually face to analyze the statistical properties of an estimator fy.

Oracle inequalities. Regardless of whether the comparison is made with the Bayes rule or with the oracle, theorists
may establish two different types of oracle inequalities, | , ]

1. Exact oracle inequality. One seeks a quantity R(u, Y, fN,]-' ,N) such that, with high probability or in
expectation, one has PéfN = Plys < R(p, L, fn, F,N), or PéfN — Pl < R(p, 4, fn, F,N).

2. Non-exact oracle inequality. One seeks an absolute constant C' > 1 and a quantity R(u, ¢, fN,f ,N') such
that, with high probability or in expectation, one has Pl — CPly; < R(p, 4, fn, F,N), or Pt; —CPly <
R(p,t, fx, F.N).

Once either type of inequality is established, by comparing with Plg. or Pl (or a constant multiple thereof), one
obtains an upper bound (in the high-probability or expectation sense) on the population risk/ generalization error
of PﬁfN .

Remark 3. There are certain special situations in which one does not compare Péf with Ply. or Plg«. Instead,
for various reasons (for instance, although f3 or f* attains the minimal population risk, we may not favor it for
some reason), one wishes to retain the freedom to choose the function (called the target function) against which the
population risk is compared. This leads to a somewhat non-standard form of oracle inequality; see, for example,
[P5]. See Section 1.3.4 later for details. For instance, some oracle inequalities compare with the minimizer of the
reqularized population risk, e.g., [ . We do not discuss them here.

In Section 1.3 later, we detail how classical mathematical statistics establishes oracle inequalities.

1.2 Examples

1.2.1 Examples of supervised learning problems
Below we present the two most important examples of supervised learning problems.

Example 1 (Real-valued regression). Let f* € L?(ux) be an unknown function, also called the regression function
of Y given X, and let & be a centered random variable independent of X with variance E[¢?] denoted by og. Define
Y = f*(X) + €. Taking € = (@) as the squared loss, that is, £ : (y1,y2) € R (y1 — y2)?. A real-valued regression
problem is defined by such a triple (px, f*,€). In real-valued regression problems, the Bayes rule is f*, satisfying
Ply- = of. Beyond this, one has Ply- = E[¢?] and Pl =|f"— fN”QL?(MX) +E[€?]. If f* & F, the model is said to
be misspecified. The term ||fN — f}||%2(#x) is referred to as the estimation error of fN relative to the oracle f3; the
term ||fr — f*”ig(,ux) is referred to as the approximation error of the statistical model F relative to the signal f*.
Since the approxzimation error ||fx — f*||12(ux) 95 independent of the decision rule and depends only on the
choice of the statistical model F, and its study is essentially non-stochastic, in this thesis we focus primarily on the

estimation error || fx — f;'”%%ux)'

Example 2 (Binary classification problems). Let Qy = {—1,1}, and define the 0/1 loss function by ¢ = ¢©O/1) .
(y1,92) € {—1,1} x {—1,1} — 1(sign(y1) # sign(yz)), where sign(t) = 1 if ¢ > 0, sign(t) = —1 if t < 0, and
sign(t) € [=1,1] if t = 0. This is referred to as the supervised (binary) classification problem (also known as pattern
recognition/ discriminant analysis). Define the function n : ® € Qx — P(Y =1 | X = x), called the posterior
distribution. The Bayes rule is then given by f* : @ ~ sign(n(x) — ). For supervised classification problems,

2
(1, ) is uniquely characterized by the pair (ux,n). In supervised classification, for any given f € F, one has

Pty = Plsign(Y) # sign(f(X))] = P[Y f(X) < 0].
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1.2.2 Examples of solutions to supervised learning problems
Examples of statistical models in parametric statistics

The statistical model determines the best function within that model, i.e., the population risk achievable by fx.
Consequently, a statistical model with stronger “representational capacity” tends to have a smaller approximation
error. However, such a model is typically more complex.

Linear regression model. For any solution ({ fN} Nen, , F) to a supervised learning problem, if F is parameterized
by a linear algebraic structure, we call this a linear regression method. Note that functions in F may be allowed to
be nonlinear with respect to the input.

Example 3 (Real spaces). Letp € Ny. If F = {(-,v) : v € RP}, then clearly F is linearly parameterized. Therefore,
on RP, any {fn}Nen, is linear regression.

Example 4 (Reproducing kernel Hilbert space). If F is a real-valued Hilbert space of functions (H,{-,)n), and
H C L?*(ux) satisfies that for any © € Qx, there exists a constant Cy such that for any f € H, |f(z)| < Collflln,
where ||| is the norm induced by the inner product (-, )3, then H is called a reproducing kernel Hilbert space (RKHS).
For any © € Qx, there exists a continuous functional called the evaluation functional evy : f € H +— f(x) € R. By
the Riesz representation theorem, for any x € Qx, there exists ¢(x) € H such that for any f € H, f(x) = (f, d(x));
this is called the reproducing property. We call ¢ : Qx — H the feature map. In an RKHS, F is linearly parameterized
by ¢; therefore, any {fN}NGN+ on an RKHS is linear regression. The most classical RKHS is the Sobolev space based
on L?(ux) that satisfies certain Sobolev embedding theorem, when Qx is a compact subset of R, [ , Chapter

7.

Example 5 (Reproducing kernel Banach space). If F is a Banach space (B, ||-||g) consisting of real-valued functions,
and B C L*(ux) satisfies that for any x € Qx, there exists a constant Cy, such that for any f € B, |f(z)| < Cxl|fll5,
then B is called a Reproducing Kernel Banach Space (RKBS). Analogously (see, e.g., [ ]), for any x € Qx,
there exists evy € B’ such that for any f € B, f(x) = (evg, f), where (-,-) denotes the dual pairing between B’ and B.
We call ¢ : & € Qx — ¢(x) = evy € B’ the feature map. In an RKBS, F is linearly parameterized by ¢; therefore,
on an RKBS, any {fN}NeN+ is linear regression. The most classical RKBS is the Banach space M(®) of signed
measures on a compact set © equipped with the total variation norm, which parameterizes shallow neural networks.
That is, B consists of bounded continuous functions on Qx, and B' is identified with Cy(©), [ /.

Apart from the examples mentioned above, many classical function spaces, such as Holder spaces, general Sobolev
spaces, and Besov spaces, are also linear spaces. However, on these spaces, we typically do not linearly parameterize
F; therefore, they are not generally referred to as linear regression, but are typically referred to as nonparametric
statistics.

Non-linear regression model. Statistical models that do not fall under linear regression are referred to as non-
linear regression models.

Example 6 (Neural networks). Let d, L be positive integers, and let Wy, ..., Wy_1 be L — 1 positive integers. Let
Wy, € R"Mixd W, ¢ RW2xWa W, € RVe-1xWez2 pe [ — 1 matrices, wr, € RVe-1, and let 01,...,00_1 be
L — 1 real-valued functions (typically nonlinear). The statistical model formed by fully connected feedforward neural
networks is defined as

F=A{fwy w1, () =(wr, o0 1(Wr_10ro(Wr 20 _3(--- Wa01(W1+))))) : Wy, ,Wr_y,wr}.

Here, (aj)]L;f ’s act coordinate-wisely. Due to the nonlinearity of o1,...,01_1, although F is parameterized, it is not
T

linearly parameterized. With a bit abuse of notation, we write Wy = wy .
The statistical model in Example 6 is not only nonlinear but also nonconvex. In contrast, the following model
(Example 7) is convex.

Example 7 (mean-field shallow neural networks). Let © C R4t be a compact set. An element 6 € © is written as
(a,w), where a € R and w € RY. Let P(O) denote the set of all probability measures that are absolutely continuous
with respect to the Lebesque measure d@. For any bounded continuous function g € Cyp(©) and probability measure
v € P(O), define (g,v) = [5 9(0) dv(8). Let ¢ : x € R? i ¢(x) € Cy(©) satisfying sup,, [|¢(x)||s < 0o be the feature
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map. Here ¢(x) : (a,w) € © — ao((w, x)) where 0 : R — R is a continuous bounded function. Define F = {f,(-) =
(¢(-),v) : v € P(O)}. Then for any x € R and any f, € F, there holds |f,(x)| < |[¢(x)|slVlr1(0) = [|6(2)]|o
where we used the reproducing property f,(x) = (¢p(x),v) that holds for all x. Therefore, the statistical model F is
a subset of a ball of the reproducing kernel Banach space generated by ¢ defined in Example 5.

Examples of Decision rules

decision rules determine how to effectively construct an estimator/predictor fN from the training samples (X;,Y;)
within a given statistical model F, such that the estimation error is small. If the statistical model is extremely
complex, this construction can be exceedingly difficult. A decision rule uses the training samples to probe the
structure of p.

N
i=1

Example 8 ((Regularized) Empirical Risk Minimization). The most fundamental decision rules are empirical risk
minimization (ERM) and regularized empirical risk minimization (RERM), defined as

fn € argmin (L (X3, V)L ) +XU(f) 0 fE€F), for some Lo : f € F > Ly € {g: QY — R},

and ¥ : F — R is some regularization functional and A € R is called the regularization parameter. When A = 0, fN
is called ERM, otherwise called RERM.
A most classical form of Ly is Ly = % sz\; Ly as the empirical mean. However, Ly can also take other forms,

N N 1/‘1
e.g., Ly (X;,Y5)i, — (Zi:l |Y; — f(Xi)\q> , where 0 < g < oo.

ERM and RERM are at the origin of statistical learning theory [ ]. However, because real-valued regression
problems also encompass estimation problems in mathematical statistics, this thesis and the Feature Space Decom-
position introduced herein are also applicable to classical mathematical-statistics methods beyond (R)ERM, such as
the following class of spectral methods."

Example 9 (Spectral methods). Spectral methods are a class of methods adapted to linear regression problems on
RKHS (see Example 4) (H,(-,")%), whose feature map is ¢. Denote X : f € H — ((f,0(X:))n)X; € RY as the
design matriz, sometimes also called the sampling operator; and denote X' : A € RN Zf;l Nidp(X;) € H by its
conjugate operator. Define ¥ = % Zi\il #(X;) ® ¢(X;) as the sample covariance matriz. Lety = (Y1,...,Yy) € RY
be the response vector. Let (p¢)i>1 be a family of real-valued functions defined on R call the filter functions. For
all t > 1, we define the spectral method associated with p; by:

vy eRY = fn(y) = %%@XT@/ = —XTp(=XXT)y (L1)

where got(fl) and wt(%XXT) are defined via the spectral calculus. When there is no ambiguity, we abbreviate fy (y)

as fN. Spectral methods encompass a broad class of common linear regression techniques, such as ridge regression,
gradient descent, gradient flow, heavy-ball method, Nesterov’s acceleration, and principal component regression, among
others, see Example 16 of Chapter 3 for details.

Example 10 (Minimum norm interpolant estimators). In this thesis, we only consider the minimum norm interpolant
estimator in linear regression problems. If the statistical model F is a RKBS (F,| - ||), see Ezample 5, then the
minimum || - ||-norm interpolant estimator in regression is defined as

fn € argmin (|| f] : f(X;) =Y, V1 <i<N).
Its existence is established in [ . Similarly, we define the minimum norm interpolant classifier as
fn € argmin(|| f|| - sign(f(X;)) =Y, V1 <i < N).

Minimum norm interpolant estimators often arise as an implicit regularization in a class of optimization algorithms
(see Section 1.4.1 later).

IMany spectral methods can also be written in the form of RERM, | ], but in such cases the regularization is a quadratic form
that depends on (Xi)zN:h rather than a fixed functional ¥ as in the general definition of RERM.
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1.3 Classical Statistical Learning Theory based on Uniform Conver-
gence Argument

In this section, we introduce one of the most fundamental proof methods in statistical learning theory: the uniform
convergence argument, | , ]. Most of the content in this section is a summary and synthesis of developments
in statistical learning theory over the past few decades, and includes some unpublished observations by the author.
The uniform convergence argument can be traced back at least to [ ] proposed to study ERM. We first recall
ERM defined in Example &:

fn € argmin (L (X, YN, : fe F), forsome Ly : f € F— Ly € {g: oY - R}.

With some abuse of notation, we still denote Lf((X;,Y;)N ;) as Pn{y, even though L;((X;,Y;)N ;) cannot always
be written as an integral with respect to an empirical measure, e.g., Lr((X;, Y;)N,) = (XN, [Vi — £(X:)[2)/2. We
write Py = E[L;((X;,Y:)N)], PnLE = Ly((Xi, Y)Y,) — Lf}((Xi,Yi)lNzl), and PL} = E[PNL'JZ-:]. In particular,
when there exists 5 : Qx x Qy — R such that L;((X;, Y)Y ,) = %Zil 04(X;,Y;), then Ply = E[ly(X,Y)] is
precisely the prediction risk of f.

After nearly sixty years of development since | |, the connotation of the uniform convergence argument has
long extended beyond its initial version. In this thesis, we consider the following generalized uniform convergence
argument. Broadly speaking, the uniform convergence argument refers to the method of bounding the population
excess risk of an estimator by the supremum or infimum of an empirical process. The uniform convergence argument
is based on the following idea: since the estimator fN is a random function, a useful approach when analyzing its
population excess risk is to carefully construct a suitable subset of F and prove that fy belongs to this subset with
high probability, transforming the random nature of fN into the stochastic properties of each deterministic function
in that set.

Proposition 1. Let (2, pu, ) be a supervised learning regression problem, and (fN,f) be an ERM. Then PE?N <
sup ((P — Pn)Ly: f € F). Furthermore, if there are two real numbers R(y,¢, F,N) >0 and 0 < §(u, ¢, F,N) < 1
such that P (sup ((P — PN)E}T fe .7:) < R(u,t, F, N)) >1—0(u,t,F,N), then the oracle inequality PL?N <
R(u, £, F,N) holds with probability at least 1 —§(u, £, F, N). If there exists a real number R'(u,£,F, N) > 0 such that
E sup ((P— PN)£f 1 fe .F) < R'(u,l,F,N), then the oracle inequality in expectation E[PE';N] < R'(u,l,F,N)
holds.

Proof. By definition, PNEJ;N < Pn/y-, hence

PL] = PnL] +(P—Py)LE < (P —Py)L] <sup ((P—Py)L]:feF). (1.2)
The conclusion in the “furthermore” part is evident. |

Proposition 1 is the most primitive form of the uniform convergence argument. In Proposition 1, sup((P fPN)ﬁf :
f € F)is an (one-sided) empirical process if Py{; = % Zf\; 0;(X;,Y;). Proposition 1 imposes almost no restrictions
on the supervised learning problem or its solution, except for the following two points.
L. sup(ELf(X,Y) — & Zil L4(X;,Y;): f € F) is finite (with high probability or in expectation). This requires
F to satisfy certain conditions; for example, if one wishes to use Proposition 1 to prove that PL iy tends to 0
in some limit as N — oo, a necessary condition is that F is a Glivenko—Cantelli class, | , pp. 130];

2. fn is a global minimizer of Pl over f e F.

Existing refinements of the most primitive uniform convergence argument provided by Proposition 1 focus primarily
on handling (1.2).

1. The loss Lo used by the ERM and the loss ¢4 defining the supervised learning problem may differ. For instance,
in binary classification, if we take Ly = + PR Z;O’l), ie., E}O’l) D (x,y) € Qx x {—1,1} — 1L(sign(f(x)) #
sign(y)), then computing this ERM is often an NP-hard problem; see, e.g., | , Section 4]. Consequently,
practitioners typically choose some convex surrogate to define the ERM, e.g., E;hinge) (Y1, y2) ERXR = (1—
y192) +, where (z), = max(z,0). The resulting (R)ERM fy € argmin (4 Zfil €;hinge) (X3, Y)+XU(f): feF)
is called a support vector machine. If we directly use Proposition 1, we would only obtain the population excess
risk defined by Egchmgc), rather than the population excess risk defined by 40,1)’ which is our primary concern.
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2. Directly applying Proposition 1 may yield an upper bound on Pﬁf that is far looser than what is actually
N

observed. This is often because the step of bounding (P — PN)E;I- by sup ((P — PN)E}T 1 fe }') is too crude.
N

In fact, in many situations, there exists a subset G C F such that the supremum of the empirical process over

G is much smaller than that over F, and fy belongs to G with high probability. This implies that, on this

random event, we could have used a more precise, localized uniform convergence argument. This scenario is

particularly common when F is a convex set.

3. For some estimators like ERM when F is non-convex, when the actually computed estimator fn is not the
theoretical global minimizer fy—even if fy might have a very small PE?N , such an analysis is often meaningless

(see Section 1.4.1). In this thesis, we do not address this situation.

In Section 1.3.1 below, we introduce some fixed points, which are used to address item I and item 2. For
convenience, in what follows we focus primarily on regression problems; hence our main goal is to obtain an upper
bound for the estimation error || fx — fz||L2(ux)-

1.3.1 The fixed points as a way to measure the statistical complexity of F

We introduce two sets of fixed points, both of which describe a certain kind of lower isomorphy of the empirical
excess risk PNE?: at those fixed-point levels. The first set consists of the multiplier fixed point, the quadratic fixed

point, and their maximum, which defines the lower isomorphic fixed point, | ]. This set is mainly suitable when
¢(-,y) is a strongly convex function for any y € R. The second set is the two-sided isomorphic fixed point, which
is built upon the (local) Bernstein’s condition that is defined later, | ) ]. The latter set of fixed points

is primarily applicable when ¢ itself is not strongly convex, but due to properties of u, the function P¢, exhibits
strong convexity on some localized subset. Here we recall that P{; = E[¢(f(X),Y)], and the convexity of ¢(-,y)
implies that for any 0 < a < 1 and any f1, fa € F, one has Plyf 11-a)f, = E[l(afi(X) + (1 - a)fe(X),Y)] <
aE[l(f1(X),Y)]+ (1 — )E[l(f2(X),Y)] = aPly, + (1 — o) Ply,. Similar convexity holds for Py¢; as well. For any
set G, we say G is a localization subset if fx € G C F. For any 7 > 0 and any fr € F, we denote Brz(, \(fF;7)
by {f € F: If = frllezqux) < 1}y and Srzqu)(frir) by {f € F: |f — frllre(ux) = r}. We denote by (-,-) the
dual pair of a Banach space and its dual space. Let 0~ f denote the sub-differential of a convex function f. For the
convex analysis in Banach spaces, see | ]

Definition 1 (Multiplier fixed point). Let (2, u,£) be a supervised learning problem. Suppose F is contained in a
Banach space. Let G be any localization subset, k,[0 > 0 and 0 < dy < % real numbers. Then the multiplier fized point
r™m(G, 0m, k,0) is defined as

r31(G. 0x, v, 0) = min (]P’ <Sup inf (g, f— fE)| < Dri> >1-— 5M> , (1.3)

f 9687 PNZf;:

where the supremum is taken over f € G N Bra(,)(fF;7).

Definition 2 (Quadratic fixed point). Let (2, u, ) be a supervised learning problem. Suppose F is contained in a
Banach space. Let G be a localization subset, and let 0 < g < %, k > 0 be real numbers. Then the quadratic fized point
rq(G,0q, k, A\) is defined as the solution of the following minimization problem

min (P (Vf €GN S ([3i7), PNLE > ArE +sup ((g,f — [32): g € a—PNef;)) >1- 5Q) ,

Abusing notation, we also denote this minimal /\ as A.

In | , Section 9.3], the term PNEjCT — (g, f — f) is called the error of the first-order Taylor expansion, when
O~ Pyly: is a singleton. The Restricted Strong Convexity (RSC) introduced in [ , Definition 9.15] is similar to
our subsequent treatment.

Example 11. When Ly : (X;, V)X, — < Zi[il(Yi — [(X:)?%, rq(G,dq,1) is equivalent to

min <3A > 0 independent with r, ,s.t., P (

>0

Pn(f = f5)? > M) >1- 6Q> :

FEGNS 2,y (F357)
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where N may be taken as an absolute constant. This is called the fized point of the one-sided Restricted Isomorphic
Property (RIP), denoted by rrip,—(G), [ J. The corresponding dq is denoted by drip. A standard result is: if
F can be identified with linear functionals on R? and dim(F) < N, then under very general conditions (e.g., the
L4 (ux)-L*(nx) norm-equivalence property), the following holds: there exists drip < ﬁ such that for every G C F,
we have rrip(G) = 0; see [ ]. See also [P0].

Definition 3 (Lower isomorphic fixed point). Let (Q, u, £) be a supervised learning problem. Suppose F is contained
in a Banach space. Let G C F be a localization subset, and let 0 < dq,0m < %, Kk > 0 be real numbers. Define
Tiso(G, 0M, 0q, K, 0, A) = max{rm(G, om, k,0),7q(G, d0q, &, A)} (which we abbreviate as 7is(G,K)) and 6iso(G, k) =

5M+6Q-

If A > 20, then with probability at least 1 — ;50 (G, k), the following random event happens:

Vf €GN Breuy) (fFimiso(G, k), PNLT > —0rf (G, k), (1.4)
and
vf e g ﬂ SL2(/_LX)(f;; riso(g7 K/)>7 PNEJ‘]': 2 Ariso(g7 K/)% - Drigo(g’ K/)' (15)

Definition 4 (Two-sided isomorphic fixed point). Let (€2, u, £) be a supervised learning problem. Let G be a localization
subset, and let 0 < d < 1, k > 0 and Kiso,2 < 1 be real numbers. Define

Tiso72(g,(s, H) = min <’I“ >0:P (sup (|(P - PN)L"}:| : f egn BLz(#X)(f;:;T)) < HiSO’QT%) >1- 6) . (16)

Any one of rig, and riso 2 can be used as an upper bound for the estimation error of RERM; the main difference
lies in
1. when Pn/{, is strongly convex, one can directly compute the smallest singular value of the empirical Hessian

matrix V2 Py /¢y uniformly over a neighborhood of f%, c.f., | , Lemma 3], | ]. In this case, we should
adopt 7iso-

2. When /, is not necessarily strongly convex, we instead compare Py L, with PL,, using properties of x4 to obtain
some strong convexity at the population level, i.e., the Bernstein condition. In this case, we should use 7is 2.

We emphasize that when using ris 2, i.e., item 2., to establish a uniform lower bound for PN[,}T , we usually need
the condition f3 € argmin(P¥; : f € F). In contrast, when we directly exploit the strong convexity of P/, i.e.,
item 1., it is not strictly necessary to use that condition. Instead, we rely on the fact that fN is a minimizer of the
RERM, i.e., first-order and second-order optimality conditions—which in some situations allows us to handle upper
bounds for P/ in T Pl;,., where fr is an arbitrary function in F (see Section 1.3.4). Moreover, in certain cases it is
more straightforward to establish a connection between PNﬁfT and the empirical excess risk of the squared loss via
route item 1., e.g., for the minimum norm interpolant estimator, or for the offset condition in aggregation problems
(e.g. | ])- The advantage of using ris 2, i.€., item 2., is its broader applicability; in particular, it can smooth
out a loss function with poor intrinsic properties or extract second-order information through the measure pu.

Below we explain how rig (G, k) and 7is0,2(7, 6, k) can be used to improve the uniform convergence argument.

1.3.2 Uniform convergence argument based on lower isomorphic fixed point
Convex localization: the homogeneity argument

When both F and Py¥, are convex (see Lemma 1 for definition), the following homogeneity argument (Lemma 1) is
the first step to improve the uniform convergence argument in existing literature. When F and ¢ may be non-convex,
see, for instance, | ]

In this section we use RERM as an example to introduce convex localization. We recall the definition in Example 8.
Let A > 0 be the tuning parameter, ¥ : 7 — R be some regularization functional. Define

fn € argmin (Lf((Xi,Yi)f\il) +AU(f): feF), forsome Ly : f € Frsr Ly {g: oY - R}.

For any » > 0 and any fr € F, let Bpe(fr;r) = {f € F : Ply — Ply, < r}and Spe(frr) = {f € F:
Pty — Ply, =r}. The following Lemma 1 summarizes a series of existing proofs | , ]. Recall that P/,
denotes Lo((X;, V)N ;).
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Lemma 1. Assume that F is convez, and £ is convex in its first argument in the sense that for any 0 < a <1, any
(x,y) € Q and any f,g € F, there holds l(af(x)+ (1 —a)g(x),y) < al(f(x),y) + (1 —a)l(g9(x),y). Let (fn,F) be
a RERM for solving (0, u, £) with regularization term \¥U(-), where ¥ : F — R is assumed to be conver. Let fr € F
be any function and A € R be any real number. Suppose there exists some r > 0 and some convex subset G with
fr €3G, such that GN Bpo(fF;r) CF, and such that for every

2 €9(Bpc(frir)NG) = (Spc(fF;7)NG) U (Bpc(fFir) N0G),

where OG is the boundary of G (see, e.g., [ , Section 1.1.8] or [ , Section 6]), there holds Pxlgo — Pnly, +
AT(f°) —¥(fr)) > 0. There then holds PEJ;N — Pty <r. If we replace Bpr by Br2(uy), then similarly we have

Ifn = f7l L2y < 7

Proof. Since Pnly + AVU(f) is minimized over f € F by fn, any f € F satisfying Pnly — Pnly, + ME(f) —
W(fr)) > 0 cannot be fy. Notice that F is convex around fr; thus for any f € F\(Bpz(fz;7) N G), there exist
[ €9(Bpe(fr;r)NG) and o > 1 such that f— fr = a(f°— fr). Moreover, since Pyl +AV(f)—(Pnls, +A¥(fr))
is convex in f, we have PNl + AU (f) — (Pnlir +AU(fF)) > a[(Pnlre +AU(f°) — (Pnlyr +A¥(fF))] > 0. Therefore,
it must hold that fy € (Bpz(f7;7) NG), hence, PCs — Pl <r. n

Lemma 1 transforms an upper bound for P¢; — Pls, of RERM into a lower bound for the regularized empirical
excess risk Pnly — Pnly, + M2 (f) — ¥(fr)), and this is precisely where the lower isomorphic fixed point 7is (G, &)
comes into play.

RERM via i

In RERM, the uniform convergence argument mainly combines 75, (G, k) with the subgradient of the regularization
term and the Bregman divergence, thus allowing F to be unbounded in L?(ux). In this section we assume that F
can be identified with a subset of a Banach space. For convenience, we assume here that ¥ is convex (for the case
where ¥ is nonconvex, see [ D). We call Dy : (f,g9) € F x F = Dg(f,g9) = ¥(f) —¥(g9) — (VU(g), f — g)
the Bregman divergence of ¥, where we recall that (-,-) is the dual pairing, [ , Section 2.2]. The approach to
handling RERM depends primarily on whether Dy (f, f3) is non-negative.

When U has non-trivial Bregman divergence. We say that ¥ has a non-trivial Bregman divergence around
f7 if W satisfies Dy (-, f) is convex and non-negative, or Dy (-, f5) can be bounded from below by a non-negative
convex function; in that case we abuse notation by denoting this non-negative convex function also as Dy (-, f3).

Example 12. The following Bregman divergences are non-trivial. The proof of item 3. is provided in Lemma 26 in
Chapter /.

1. When F is identified by the Euclidean space (RP,| - ||2) for some p € Ny, and ¥ : v € R? — ||v||3, then

Dy (v1,v2) = [Jv1 — va[3.

2. When F is identified by (P(©),] - [[11(e)), where P(O) is the manifold of probability measure on © which
has density with respect to the Lebesque measure dO, see Ezample 7, and ¥ : v € P(O) — Ent™ (v) =
9% log(9)dO, then Dy(v1,v2) = KL(v1|[v2) and KL(v1||lv2) is the Kullback-Leibler divergence between v

© do
and vs.
3. Let 1 < q < oo be a real number, and ¥ : v € RP v |[v||4. Then there exists an absolute constant c = ‘qu such

that Dy (v1,v2) > cay(|va], v1 — v2), where ay is a real-valued function acting coordinate-wise, defined by

aq(ﬁ,y) = %‘ﬂi? 2’ if lyl <=
ly|? + (% _ 1) x4,  otherwise.

Abusing notation, we redefine Dy(-,-) as cay(-,-). It is easy to check that Dy (-, f5) = caqs(|f5],- — f¥) is a
convex function for any 1 < g < oo.

For any p > 0, define By (f3;p) = {f € F: Do(f, f5) < p} and Su(ff;p) = {f € F: Du(f,f5) =p}. U ¥
has a non-trivial Bregman divergence, then By(f%;p) is a (non-empty) convex set and Sy (fF;p) is its boundary,

[ J:

Depending on whether theorists have the freedom to choose A\ or not, we present two refinements of the uniform
convergence argument below in Theorem 1. To the best of our knowledge, the following result is novel.



10 CHAPTER 1. INTRODUCTION

Theorem 1. Let (2, u,¢) be a supervised learning problem and F be a subset of a Banach space. Suppose ¥ has a
non-trivial Bregman divergence. Let k > 0 be some real number. Recall O, A\ and ris, from Definition 1, Definition 2
and Definition 3. Let A > 40. For any p > 0, denote riso(p) by riso(Bw(f5;p), k). For any A > 0, let r, and p, be
the smallest v and its corresponding p such that the following system of inequalities on (p,r) holds simultaneously:

> Tiso(p),
0 > V3l and wy
P Z XAT%7
where
INE )y = sup (VO(f5), f = [7) : € Bu(f5:0) N Breuy)(f57)) -
Let (fx,F) be a RERM with regularization term AU(-). Then with probability at least 1 — iso(Bw (f7; px), &), there

hold HJ?N - f;:”%2(px) <r? and D\I/(fN7f;‘) < Px- .

. . . . A y A 2
Specifically, if there exists p, = argmin{p > 0 : p > sl[VU(fE)l . ().} ond we set A = rigo(pe) = =
30
Vel
ities.

riso(p*)%, then ps. and 7. = riso(p«) constitute a solution to the aforementioned system of inequal-

iso (P%),Px)

Proof. We work on the intersection of the random events provided in (1.4) and (1.5). Let G = By(f5;p«) in
Lemma 1 and with fr = fx, it suffices to prove that for every

f € (Se(f5: ) N Bre(uy)(f557m4)) U (B (f5504) N Sp2() (fFi74)) 5
we have Pyly + AU(f) — (Pnlyz + AV(f3)) > 0.
By the definition of Bregman divergence, for any f € G N Bz, )(fF;7«), there holds
AE(f) = U(fF) = NVU(f5), f = fr) + ADw(f. f7) = ADw(f. f7) = MIVEFE) . ) (1.8)

L. When f € By(f3: p2) 0 Spegue) (f5:7(p2). By (L&), A(f) — W(f5) > ~AIVE(f5)l,,., By (1.5), for any
such f,

PNLT +MU(f) = U(fF) = Ark = Ord = MIVE(F), .-

2. When f € Su (£ p0) N Braguo) (f£:7(p.)). By (1.8), there holds A((f) — ¥(f3)) = Ap. — MIVE(3)l,.-
2 2
By (1.4), we have PNLf > —0Or} . Combining with p, > +Arf, for any such f,

PNLT +MU(f) = U(f3) = ArE —OrE = MV s py-

Finally, from the definition of p,, we have PNE}: + A(P(f) — ¥(fr)) > 0 in both cases. [ |

When VU is a norm. In this case, one must resort to the sparsity equation, [ .

Definition 5. Let ¥(-) be some norm || - ||. Let 0| - ||(fF) be the sub-differential of || - || evaluated at f3. For any
p,r > 0, when the following equation is satisfied, we say that || - || satisfies the sparsity-equation at scale (p,r).

4
inf (sup ((g, f — f5): g € 07| [I(f5)) : [ € Byy(f:p) N Bragu (f5:7)) > =P

where By (fz1p) by {f € F: |If — fx] < p}.

When the sparsity equation holds, it suffices to replace the term ADy(f, f5) provided by the Bregman divergence
in item 2 of Theorem 1 with A\p; we omit further details here and refer to | ) ].

Before concluding this section, we emphasize that in fact, when F and ¢ are convex and fN is a RERM, ob-
taining the estimation error of f n only requires the homogeneity argument provided by Lemma 1, and the various
fixed points can be combined in different ways. For instance, one could also use only the multiplier fixed point
rm(G,0m) together with the one-sided version of rigo 2 from Definition 4, namely 7is0,—(G,d,5) = min(r >0 :

IP’(sup ((P — PN)EJJJ— fegn BLz(HX)(f;_—;T)> < /@iso7_r%) >1-— 6), where Kiso,— is an absolute constant. This

would still yield conclusions analogous to (1.4) and (1.5), which can then be used to bound the estimation error.
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Computation of multiplier fixed point

The computation of the multiplier fixed point v (G, dm, &, ) is usually relatively straightforward; it requires an
upper bound for the multiplier process. For the sake of simplicity, we assume that the sub-differential of Pyly: is
trivial, i.e., 0" Pyly. = VPn{s-. Here, we refer to the following stochastic process as the multiplier process:

sup (|(VPnlsz, f = f5)

: f €GN Bragu)(fFiTiso(G,K))) - (1.9)

Consequently, we can employ various existing tools for multiplier processes, c.f., | , , ]. More
specifically, if Pylys = % Zf\il U f5(X;) —Y;) for some £ : R — R, then

N
(1.9) = sup (‘fv S X - FP(XD)| 5 fegn BL2(ux)(f}§Tiso(g»’i))> .
i=1

When Pn/{y: is not decomposable, the situation is slightly more complicated, as illustrated by the following example.

Example 13. Let Ly : x € RN  ||z||,, where 1 < g < co. Let (ux, f5. &) be an additive regression problem and let
F={(,v): veRP}. Then VPyxlyr =V Ls(§), where & = ({1, ,EN).

In this case the multipliers are correlated, yet independent of the X;’s; then the following upper bound for the
multiplier process can be used. Its proof may be found in Section 4.9.1 in Chapter 4, see also [P1].

Lemma 2. Let F C L?(ux) be a functions class with sub-Gaussian increments with respect to || - || 2(,y), that is,
there exists an absolute constant § > 1 such that for any f,g € F, ||f —glly, < O f —gllr2(ux)- Letw = (w;), € RN
be a deterministic vector. Let X1, -+, Xy be i.i.d. random vectors distributed as ux. Suppose 0 € F. Then there
exists an absolute constant C' depending only on 0 such that for any t > 0, with probability at least 1 — 2 exp(—t?),

sup (

N
> wi (F(X0) - E[f(X)])‘ i fe F) < Cwlly (v2(Frdrzuy)) + tdiam(F, || - | 22(uy))) 5
1=1

where Yo (F,dr2(,y) s the Talagrand’s ya-functional of F with respect to the distance generated by || - ||p2(uy) while
diam(F, || - |z2(ux)) = 2sup([[fllz2(ux)  f € F).

In Lemma 2, identifying w as VPyn?¢ fx yields an upper bound for this multiplier process.

Corollary 1. Let (ux, f*,€) be any real-valued regression problem (Ezxample 1), f* € F C L*(ux) be a subset of a
Banach space containing 0 and has sub-Gaussian increments with respect to || - || 2(uy). Assume that E[f(X)] = 0

for any f € F. For any localization subset G, let 61 = 2exp(—d.(G)), where d.(G) = (v2(G, || - [ 12(ux))/ diam(G, || -

lL2(ux)))?- Suppose 0~ Pnlys = VPylys is independent with (XN, and suppose that there exist some w > 0 and

0 < 69 < 1 such that IP’(HVPNEf;HQ < w\/ﬁ) >1—0o. Let g = 01 + 82. There then exists an absolute constant ¢
depending on the constant C' in Lemma 2 such that

(G, 0y, 5, 0) < min (7> 05 w2 (G0 Bragua) (f5:7), |+ l2un) < Or¥ V).
The proof of Corollary 1 follows readily and is omitted here.
1.3.3 Uniform convergence argument based on two-sided isomorphic fixed point

The Bernstein’s condition

The Bernstein condition provides an upper bound for || fx — fi|| L2
Pﬁf . We define the following condition:
N

(ux) OT Pﬁ;o’l) = Pé;o’l) — Pﬂ(fo}’l) in terms of
N N J

Definition 6 (Bernstein’s condition and local Bernstein’s condition). Denote 5;2) by ||f — f}“%z(#x) and E;O’l) by

8500’1) — 85&1) respectively. If there exist absolute constants ¢,k > 0 such that the following holds:

1. for every f € F, PEEIQ) < c(PEf)"‘ in a regression problem, or Pﬁgco’l) < c(Pﬁf)” in a classification problem;



12 CHAPTER 1. INTRODUCTION

2. for every f € F O Sp2u)(fF:7), Pﬁf) < c(Pﬁff)’“” in a regression problem, or P[,;O’l) < c(Pﬁf)" n a
classification problem, where Sp2(u\(f5;7) = {f € L*(ux) : |f — [¥ll22(ux) =7} and r > 0 is a parameter.

Then we say that (F, u,£) satisfies the Bernstein condition with parameters (c, k); or that it satisfies a local Bernstein
condition with parameters (¢, k) at scale r, respectively.

The following is a trivial example, see, for instance, | ].

Example 14. Let Qy =R, ¢ be the squared loss, and F be any statistical model. Suppose Y = f3(X)+ & satisfies
EE(f — f2)(X)] = 0 for any f € F, then (F,u, L) satisfies the Bernstein’s condition with parameters (1,1). The
condition E[§(f — f3)(X)] > 0 is satisfied, for instance, when either £ is independent with X and is centered; or
when F is convex.

The Bernstein condition describes the positional relationship between the supervised learning problem (€2, u, £)
and the statistical model F, see | ]. To our knowledge, the Bernstein condition was originally introduced by
[ ] and has been progressively refined and verified in a series of subsequent works, c.f., | , , ,

]. Among these, the Bernstein condition for the 0/1 loss is often verified via Zhang-type inequalities,
[ ] The Bernstein condition heavily relies on the definition of f} € argmin(P¢; : f € F). When we replace [ in
the Bernstein condition with f*, i.e., the Bayes rule, the Bernstein condition reduces to Tsybakov’s margin condition
[ , ], which captures the intrinsic difficulty of the supervised learning problem (€2, p, £), independent of the
choice of statistical model.

When P/, and F are convex. The proof of Bernstein’s condition generally relies on an extra assumption that
P/l and F are convex — though it is only sufficient but not necessary (see the following Proposition 3 for an example of
verifying a local Bernstein’s condition when both F and ¢ are nonconvex, and the Example 14 above for a case where ¢
is convex but F is not necessarily convex). In fact, it is sufficient to studying a lower bound on the smallest eigenvalue
of the Hessian matrix of P¢, around fr. That is, if F is convex, P/, is convex and if f3 € argmin(Pl; : f € F),
then for any g € 07 (P/l.)(f%), there holds (g, f — f3) > 0 for any f € F, hence the second order Taylor expansion
(if exists) gives

1
PEF > [ (=00 = [ VPS5 + 1 = S = L)
Therefore, if the Hessian V?(Pl,) : L?(ux) — L*(ux) of Ple : L?(ux) — R is positive definite in a small neigh-
borhood of f%, say, there exists an interval 7' C [0, 1] such that fT dt > 0 on which for any ¢t € T, and any f € F
(or f € FNSp2qu)(f*;7)), there holds VZ(Ply)(f3 + t(f — f5)) = clp2(uy) for some ¢ > 0, where I2(, ) is the
identity on L?(ux), then there exists some ¢ depending only on ¢ such that (F,u, £) satisfies the (local) Bernstein
condition with parameters (¢/,1), see, for instance | ]

The Bernstein condition depends on pu. We need to emphasize that the Bernstein condition depends on u.
Hence, even for certain special loss functions that possess second derivatives only in a distributional sense, we can
still verify the Bernstein condition because we are examining V2(P/,), and the probability measure p smooths out
this function. To the best of our knowledge, the following Proposition 2 and Proposition 3 are novel.

Proposition 2. In a real-valued regression problem Y = fr(X) + & where X is independent with &, let y =
(Yi,..., YN), €= (&1, ,&N), and X : f € F — (f(X;)X, € RN, Suppose there exists an even real-valued function
Le LIOC(RN) such that Pxly = L(y — Xf), and suppose that € has a probability density function ¢ with respect to
the Lebesgue measure on RY, and that ¢ € C’SO(]RN), then Pl : f € F— R is C*.

Proof. Let g:x € RY s (L * p)( fRN — y)o(y)dy, where ¢ is the probability density function of
& with respect to the Lebesgue measure, and * denoteb convolution. Then g(z) = E¢L(x — &). Since ¢ € C5°(RY)
and L € L] (RY), there holds g € C’OO(RN). By Fubini’s theorem, P¢; = EL(y — Xf) = EL(—¢ + X(fx — f)) =
Eg(X(f3 — f)), indicating that Pl, : f € F — R is C°. [ |

A special case of Proposition 2 is when L(z) = ||z||; or L(x) = ||#|/«, where || - |1 and || - || are the ¢; and ¢
norms on RY respectively.

Proposition 3. Under the assumptions of Proposition 2, if we further assume that for any f € F, Xf has the same
distribution as || f||12(,x)G, where G is a standard Gaussian random vector in RN . Suppose & is a Gaussian random
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variable independent of X with variance og, and L is a-homogeneous, i.e., for any t € R, L(tx) = t*L(x), then there
exists some absolute constant c, depending only on « such that for any r < o¢, (F, i, ) satisfies the local Bernstein’s

a—2
condition with parameters (coE[L(o,* G)],1) at scale 7.

Proof. Forany f € FNSr2(,y)(fF;7), we have X(f7— f) has the same distribution as rG, where G ~ N(0, In)
is a standard Gaussian random vector on RY. Therefore, there exists some absolute constant c, such that, for any
such f, there holds

PLT =E [L (1 2+ aga)} — E[L(0¢G)] = E[L(0¢G)] (1 + ;;) ’ 1

E[L(0¢G)] ] az2
> car® =370 = callf ~ F3 72 ELL(oe ™ )]
3
a—2
Therefore, (F, 1, £) satisfies the local Bernstein’s condition with parameters (coE[L(0,* G)],1) at scale r. [ |

Note that in Proposition 3, we do not assume that L is convex (the properties of L can even be very poor), nor do
we assume that F is a convex set. A special case is L(z) = [|z||Z, where 0 < ¢ < 1 and || - [, is the ¢, pseudo-norm.
Let K C R? be an arbitrary set (not necessarily convex) such that F = {f,(-) = (-,v) : v € K}, and let X be a
Gaussian random vector in RP with an arbitrary covariance matrix. The validity of Proposition 3 stems from the
special nature of p. Therefore, Proposition 3 emphasizes that the Bernstein condition depends on pu.

Due to space constraints, we do not provide the derivation of the upper bound on the estimation error for RERM
via 7is0,2 here—it is entirely consistent with Theorem 1.

1.3.4 General target functions under squared loss

When £ is the squared loss, for a general real-valued regression problem Y = f*(X) + £, we have the freedom
to establish oracle inequalities with respect to an arbitrary target function in F. Consider an arbitrarily chosen
fr € F; in this section, we aim to derive an upper bound for || fx — ffH%Q(MX). Note that here fr is not necessarily
f3 € argmin(P¢; : f € F). This situation arises, for instance, in mean-field shallow neural networks trained
by Wasserstein gradient flow (Example 7 and Example 15). In this example, when f* can be approximated by a
mean-field shallow neural network that is sparse in a certain sense (see [P5]), the complexity term in the residual of
the oracle inequality often becomes infinite for such sparse approximations, rendering the obtained oracle inequality
meaningless. We can transform the problem using the following lemma.

Lemma 3. Let (ux, f*,€) be A real-valued regression problem (Example 1), and let (fN,]:) be a solution to it. Let
fr € F be any function.

1. Define & = f*(X) — fr(X) and ( = £+ &'. Then the supervised regression problem (ux, f*,€) is equivalent
to the scalar-valued regression problem (ux, fr,C) in the sense that, the probability distribution of the pair of
input, response is the same.

2. For any fr € F with ||fr — f*|12(ux) < 00 and any f € F, there holds

Pyly — Pyly, > Pn(f — fr)? = 2|PNE(f — fr)]
= 2|PN(f* = fr)(f = f7) = P(f* = fr)(f = [7) = 2rlf7 — [ |lL2(ux)-

Proof.

1. Conditioned on X, the response of the real-valued regression problem is Y = f*(X) + &; while the response
of the scalar-valued regression problem is Y/ = fz(X) + ¢ = f*(X) + £ They are identically distributed.
Moreover, the input X has the same probability distribution in both cases. This completes the proof.

2. Notice that for any real numbers a, b, we have a? — b* = (a — b)? + 2b(a — b). Applying a,b to £;(X;,Y;) and
0¢.(X;,Y;), respectively, and summing over ¢ = 1 to N, we obtain P/ —Pnl, = Px(f—f7)?+2PnC(f— 7).
From the definition of ( and the fact that { is a centered random variable independent of X, the conclusion
follows directly via the Cauchy—Schwarz inequality.

Combining Lemma 3 with Lemma 1 yields an upper bound for ||fN — [7llL2(ux)- We do not repeat here.
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1.4 The Future of Statistical Learning Theory: When Computation
Comes into Play

Research on complex statistical models, exemplified by neural networks, has a long history, c.f. | ]. However,
constrained by computational power, they were once difficult to apply in practice. In recent years, leaps in computa-
tional capabilities have finally brought such complex statistical models back into the spotlight of the machine learning
field, where they have achieved unexpectedly strong advantages in industrial applications | ]. This glimpse
illustrates a trend in the development of mathematical statistics and statistical learning theory—computational prop-
erties have become a consideration equally important as statistical properties. From the 0/1 loss function to convex
surrogates yielding support vector machines [ ], from minimum /¢y interpolant estimators to basis pursuit
[ ], from infinite-dimensional nonparametric statistics to finite-dimensional statistical learning theory | 1,
from minimax lower bounds to computational lower bounds [ J—this belief has been verified time and again
over decades.

Below we introduce some problems in mathematical statistics that emerge when computational feasibility is taken
into consideration.

1.4.1 Theory associated to Optimization Algorithms: Beyond Mathematical Defini-
tions

Given a supervised learning problem (£, i, £) and one of its solutions ({fN}N€N+ , F), the examination of its statistical
properties typically relies on establishing oracle inequalities. From the perspective of computational properties,
although statisticians intend to construct the estimator fN according to decision rules and to the training samples
(X, Y;)N |, constrained by computational limitations, the estimator actually obtained in practice via a computer
is usually a different one, which we denote as fN. For example, using gradient descent with a constant step size
(say, n > 0) to train a ERM on the set of deep neural networks, initialized with parameters (Wy(0),---,W(0)), see
Example 6. Here, fy is defined as f; := Jwi (), Wy (), Wwhere

Wz(t) ZWg(t—l)—nVWKPfot, Vi</(< L.

We refer to f ~ as the algorithm. Consequently, there is often a discrepancy between the theoretically defined fN and
the practically computed fy, and this gap can sometimes be substantial enough that their statistical properties may
differ significantly. Therefore, if we incorporate into the statistical properties the discrepancy between fN and fn
arising from computational considerations, then in modern statistical learning theory, what we are actually interested
in is the following “decomposition”, c.f., | , Section 5.1]:

PEfN — ng* = (PffN — PEJEN) + (ngzv — Pﬁf}f__) + (Pff;__ — Pﬁf*),

Here, Ply. — Ply~ is the approximation error of the statistical model F; P¢ P Pl is the estimation error of the
“theoretical” estimator; and Pl — P{ jy s the difference in population risk between the output of the “practical”
algorithm and that of the theoretical estimator.

This discrepancy between fy and fy caused by the choice of optimization algorithm (which includes the choice
of parameterization) is referred to as implicit regularization or implicit bias. It means that although the practi-

tioner does not explicitly include regularization in the definition of fN, the algorithm itself implicitly introduces
regularization or bias when actually executed.

Example 15 (Implicit regularization). This example considers linear parameterization and convexr parameterization.

1. Let F be an RKHS H (see Example 4), let fn be the ERM (see Example 8) with the squared loss, i.e.,
fn € argmin (%Hy —XflI3: fe 7-[), and suppose in practice we compute it using gradient descent or gradient

flow starting from O with step size n, stopping at time t. Then the output fN is a spectral algorithm (see
Ezample 9).

2. Take F as the mean-field shallow neural network (see Example 7), and take fx as ERM (see Example 8). If
fn is computed via a Wasserstein gradient flow with parameter A (where X > 0) as the algorithm, then

fn € argmin(Py/, + AEnt™(v) : v € P(©)),

where we establish a correspondence F > f <> v € P(O) and where Ent™ (+) is the negative Shannon entropy
with respect to the Lebesque measure dO. See, for instance, [
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3. Take F as the deep neural networks (see Example 6), and take fN to be the ERM. Suppose fN is computed
in practice in the Neural Tangent Kernel (NTK) regime (see | ]) by a first order method starting from
0 (] /) for infinite time. Then there exists a RKHS H (called the RKHS generated by the NTK kernel)
that is independent with p, such that the output fn is the minimum || - ||%-norm interpolant estimator, see
FEzxzample 10.

Example 15 considers estimators trained using training algorithms with guaranteed convergence. Here, the
convergence guarantee means that, as the training time ¢ go to oo, t — Pn/{;, converges to 0 when initialized
properly—i.e., the global convergence property of the empirical risk/training error. A more challenging problem is
that for some solutions, finding a computationally efficient algorithm with guaranteed convergence is often extremely
difficult. For example, how to design an optimization algorithm that, with theoretically guaranteed convergence, can
efficiently compute the ERM or RERM for deep neural networks has long been a focal research topic in optimization,
that is, how to compute the minimizer of the following problem

fv € argmin (L (X3, Y;))) + NU(f) : f€F),

where F is the class of deep neural networks (Example 6). See [ , ] and the references therein.

A developing trend in statistical learning theory is to establish guarantees on the statistical properties of estimators
in nonconvex models and that depend on training algorithms, particularly by taking implicit regularization into
account, for instance, | , , .

1.4.2 Training-test gap

The problem arising from non-convexity itself appears daunting. Yet even if it were solved—meaning that such
an algorithm with global convergence guarantees existed and could compute the ERM or RERM for statistical
models like deep neural networks efficiently—it would still pose additional challenges for characterizing its statistical
properties: the high complexity of neural networks implies that the loss landscape contains many local minima
and global optima, but the test errors of these points may differ drastically. This leads to the following issue: the
training—test gap, i.e., the empirical (excess) risk may not reflect the population (excess) risk. This is particularly
evident for overfitting estimators, see Example 10.

Definition 7 (Benign, tempered and catastrophic overfitting, | D). In regression and classification problems,
let £ be the excess risk L) of the squared loss () and L of the 0/1 loss (V) | respectively. Suppose dim(F) = co.
We say an estimator is overfitting if Pyl; = 0. Furthermore, given a definition of the limit of {(u, fn, F)}, we

say an overfitting estimator fN exhibits

1. benign overfitting, if lim Pﬁff =0;
N

2. tempered overfitting, if 0 < lim Pﬁf < 00 in regression, and 0 < lim PC? < % in (binary) classification;
N N

3. catastrophic overfitting, if lim PE;I—N — 00 in regression, and lim PE?N = % in (binary) classification.

For overfitting estimators, the classical proof technique for oracle inequalities introduced in Section 1.3 fails.
That is, the uniform convergence argument can only yield the trivial residual PZ;- in the oracle inequality for such
estimators, that is, tempered overfitting, while the actual residual may be much smaller than this trivial bound, for
instance, benign overfitting.

In the case of real-valued regression problem, there exists an empirical-population excess risk gap: that is,
PNﬁff =—(1+ o(l))og, while we wish to show P[ﬁ}E = o(l)ag, wherein the absolute difference between PNﬁff and
N N N
Pﬁf is non-negligible. This requires that the upper bound on the empirical process sup((P — PN)ﬁf{— : fEF) be

N J
of the order of Ug for the uniform convergence method to go through. In fact, the upper bound must be accurate up
toa (1+ 0(1))0? factor, so that it cancels with the —ag in PNL'JJ; , leaving only a 0(1)0? term; this is necessary for
N
benign overfitting to result. This extremely fine precision in the constant is exactly why, at present, benign overfitting
via a uniform convergence method is known only in the Gaussian setting in | , , , ]

If one applies the uniform convergence method to general probability measures, to the best of our knowledge, it is
currently impossible to establish benign overfitting; only tempered overfitting can be obtained (that is, P,CJ]; ~ 0'?),
N

for example, | ]
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Describing necessary and sufficient conditions for the consistency of ERM is one of the most important tasks
in learning theory, [ , Section 1.6]. The emergence of benign overfitting phenomenon challenges the most
fundamental methodological approach in statistical learning theory, especially since such a gap frequently appears
in the practice of neural networks, see, for instance, [ ]. Consequently, a developing trend in statistical learning
theory is to devise a set of analytical methods compatible with interpolant estimators (in particular, it can characterize
the phenomenon of benign overfitting), thereby providing a refinement of the uniform convergence argument that
can be used beyond interpolant estimators.

1.4.3 Feature learning of neural networks

In recent years, as neural networks have extensively outperformed classical statistical methods in various engineering
problems, while its statistical theory has long remained underdeveloped. Among these, comprehending the feature
engineering capability of neural networks is a central concern. In the study of neural network theory, the map
p:x € R olx) =0, 1(Wp 101 2(Wp g0 _3(--- Waoy (Wiz)))) € RV2-1 defined in Example 6 is usually
called the feature or representation learned by the neural network, or referred to as feature engineering ; see | ,

, ]. The academic community largely believes that the unique feature engineering capability of neural
networks is responsible for their remarkable success in industrial practice. However, the definition of neural networks’
feature learning ability—both empirically and mathematically—remains rather vague. For instance, | | refers to
situations where ¢, after training, differs significantly from its initialized state as feature learning, i.e., the feature
evolves during training. This conclusion only describes the change of features from the perspective of training
dynamics and does not involve test error. | ] defines feature learning as a scenario where, using the learned
¢ as the feature map of an RKHS (known as data-dependent conjugate kernel) for linear regression on a specific
supervised learning problem, the resulting test error is smaller than that obtained by linear regression with a generic
RKHS. That is, through training, the neural network learns features relevant to the supervised learning problem,
enabling good performance when these features are used for linear regression. Such a definition only focuses on the
comparison between deep neural networks and classical kernel methods, yet still fails to touch the essence of “how to
understand the learned features.” Besides neural networks, | ] also demonstrates that several other estimators
exhibit, experimentally, feature-engineering phenomena similar to those of neural networks.

Providing a sound mathematical definition of the feature learning property is the first step toward understanding
the unique and mysterious statistical nature of neural networks. Here, by a sound mathematical definition we
mean one that is not only well-defined mathematically, but also capable of characterizing the estimation error of a
neural network. Moreover, it should simultaneously be able to explain the various empirical phenomena regarding
feature learning in neural networks observed in the deep-learning-theory community, such as neural collapse | I,
multiple descent | |, grokking, | ].

How to establish a characterization of the population risk for deep neural networks that incorporates the training
method, so that it can reflect the feature learning capability of neural networks, is an unavoidable question in
statistical learning theory.

1.5 Feature Space Decomposition

“Profound study of nature is the most fertile source of mathematical discoveries.”

— Joseph Fourier, The Analytical Theory of Heat, Ch. 1, p. 7 (1822; English transl. 1878)

In this section we introduce the main methodological contribution of this thesis: the Feature Space Decomposition
(FSD) method. The FSD method was developed in a series of works by [P4, P2, P3, P1]. The Feature Space
Decomposition method is first of all a tool to help theorists analyze the population excess risk; at the same time, it
could also serve as a potential new theoretical framework for statistical learning theory and mathematical statistics,
offering theorists a fresh perspective for understanding the statistical properties of a estimator.

In Section 1.5.1, we present the basic framework of the FSD method for real-valued supervised regression problems
and binary classification problems. In Section 1.5.2 and Section 1.5.3, we discuss the roles of the two subspaces
produced by the FSD method, respectively, and illustrate them with examples from various supervised learning
problems. Finally, in Section 1.5.4, we show how the FSD method can serve as a potential new theoretical framework.
Throughout this section, we always assume that F is a linear space, or at least can be embedded in a linear space.
Following the tradition of statistical learning theory, we then refer to F as the feature space, | ]
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1.5.1 The Feature Space Decomposition method

In this section, we present the FSD method tailored for supervised regression and classification problems. We begin
with real-valued supervised regression problems.

Real-valued supervised regression problem. We recall from Section 1.2 that the goal of a theorist is: given a
real-valued supervised regression problem (ux, f*,€) and one of its solutions (F, fn), to characterize the estimation
error ||fy — f}”%z(ux)-

For the estimation error, there are two fundamentally different ways to bound it from above:

1. Obtain an upper bound for || fx — fEl3e via cancellation between fx and [, i.e., by showing that fn and

(nx)
[% are close under the L?(ux) metric;

2. Use the smallness of ||fN||%2(#X) and ||f}||2L2( , i.e., apply the triangle inequality to get ||fx — f;‘-H%2(Mx) <

201N 122y + IFE T2 ()-

For real-valued supervised regression problems, FSD method can be viewed formally as an interpolation between
these two approaches. To see this, we first define FSD.

Bx)

Definition 8. Any direct-sum decomposition F = Vj @ Vye of F is called a Feature Space Decomposition (FSD)
of F. Denote by Py, the projection operator onto the linear subspace V;, and by Py,. the projection onto Vje;
equivalently, the identity operator Ir = Py, + Py,. on the feature space F is decomposed. In particular, if an FSD
satisfies that V; and Ve are orthogonal with respect to the L?(ux) inner product, we call it an orthogonal FSD, and
denote it by F = V; &+ Viye.

For any f € F, write f; = Py, f and fjc = Py,.f. We abbreviate PVJfN as fJ, Pv,,ch as ch, Py, [+ as f7,
and Py,. f as fj.. Note that we will not confuse f7 with f*, because we can always incorporate the approximation
error into the noise; see Lemma 3. Given any FSD F = V; @ V., the estimation error admits the decomposition

2

~ 2 ~
) 2 =||fr =13, —I—Hch—fjc VN if Vy L Ve in L?(px),
I =I5 ) ) ) ) (5x) ) (1.10)
X 1<2 H — f3 +2 H c— fh , otherwise.
11 fJ L2(ux) 11 fJ L2 (px)

The interpolation between item 7 and item 2 can be expressed as the following inequality.

1 = 503y < min (2055 = 313y + AF5e W) + A5y = F= Vi@ Vi ). (L11)

The FSD method consists in seeking real-valued functions r : (V;,Vje) — r(Vy,Vye) € Ry and 6 : (Vy,Viye) —
d(Vy,Vye) € ]0,1], such that for every (or at least some) FSD, the following inequality holds with probability at least
1 —6(Vy,Vye) (or in expectation, if one desires an upper bound on the expected estimation error),

201 f7 = Fil T2y + 4SBT ATy < 72 (Vi Vire). (1.12)

We call such r the rate function of (ux, f*,€) and (F, fN) Here, saying that we seek a rate function means seeking
a function that is as small as possible; otherwise one could trivially take r(Vy, Vje) = oc.
As a mathematical proof strategy, the core idea of the FSD method is based on the following belief.

1. On the subspace Vj, called the estimation subspace, classical statistics takes place, i.e., f N estimates fr on Vy;

hence the distance between f s and f7 under the L?(ux) metric is small, contributing to the estimation error
via cancellation || f7 — f7172(,)-

2. On the other hand, we believe that fN on Vje does not estimate fz. Therefore we call V. the free subspace.

On this subspace, f ge fulfills certain tasks determined by the definition of f N, but in general not estimation;
consequently, we expect the distance between f 7o and fj. under the L?(ux) metric not necessarily to be small
compared to the sum of their L?(ux) norms, so applying the triangle inequality does not necessarily lead to
an overestimation of || f Je — fJe ||2LQ(HX). In this case, the estimation error receives contributions in the form of

the smallness of || fe 172 (0x) 30 1 F7e 172 -
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Inspecting (1.12), we see that a FSD splits the upper bound on ||fN — f;H%Z(ux) into three components. FEach

component carries its own statistical meaning: || f; — f7| £2(ux) i the estimation error incurred because f; estimates

L2(ux) i the approximation error resulting from the

F53 1 faellp2(ux) is the “energy” of the free part fye; and ||
fact that f 7 does not estimate f7..

Proposition 4. For any FSD F = V; & Vje and any rate function r, we have
i (||fN — ey < rQ(vJ,VJC)) >1—8(Vy, Vie).
Define
(V5, Vi) € argmin (r(Vy,Vye) : F=Vy@ Vye). (1.13)

We call (V},V;.) the optimal FSD for the solution (F, fN) of the real-valued supervised regression problem (ux, f*,€).
Then in particular,

P (I = F5l3a) < 72VFV3)) 2 1= 6(V5, Vi), (1.14)

In the following, we write Py: f as f;,, Pv: [ as fje; write Pyy fN as f J., P, fN as f ge; and write Py: fr as
fi.0 Pvy fras fle.

The classical statistical learning theory introduced in Section 1.3 corresponds to choosing the trivial FSD V; = F.
In this case, classical statistical learning theory expects classical statistics to perform estimation over the entire feature
space, thereby obtaining an upper bound for the estimation error. This approach is intuitive given that when an
estimator fN of fr is consistent, we expect fN to estimate fr and not only a part of it. One key idea exposed by
the FSD method is that it may not be the case, that is, this trivial FSD is not necessarily optimal; consequently, the
upper bound it provides for the estimation error is not always sharp. In fact, for a large class of spectral algorithms—
such as ridge regression, gradient descent, gradient flow, etc., see Example 9, and for every real-valued supervised
regression problem and for any feature space given by some RKHS, with high probability, we can reverse (1.14), i.e.,
for those supervised learning problems and solutions, there exist some absolute constant 0 < ¢ < 1 and some real
number 0 < § < 1, the following inequality holds

B (Ify = £ 320 2 (V7 Vi) 2 16, (1.15)

This implies the following remarkable phenomenon: for this class of (ux, f*,£) and (F, fN), the estimation error
| fv—f }HQL;»( Lx) 18 “characterized” by an interpolation between these two distinct approaches. Here, because || fy —

2 is wi igh probability equivalent to r(V;,V7.), we use the term “characterized”. Moreover, there exists
2 (ux) | ith high probabilit ivalent to r(V7, V7] the t “characterized”. M th ist
no other way to control the estimation error beyond the two avenues described in Proposition 4.

Binary supervised classification problems. In this paragraph we consider the population excess risk for binary
classification problem (ux,n), which we recall is defined as

2
PLYDT — B (Y iy (X) < 0] (X0 YD, ) = P(Yf3(X) < 0),

Pc(f%” =P (YfN(X) < 0|(Xl-,YZ-)§V:1) ~-P (Y (n(X) - 1> < o) , and

where n: ¢ € Qx — P(Y = 1|X = x). As in regression problems, Pﬁ? or PL;  consists of three contributions.

N
Namely, given an arbitrary decomposition 7 = V; @ Vje, let f7 be some function in V; — we will define it later. We
decompose the 0-1 risk of fx as follows:

PL‘%)\;I) —P (YfN(X) < O|(Xi,Yi)£V=1) -P (YfJ(X) < O|(Xi7Yi)£V=1) (1.16)
+P (Y f5(X) < 0](Xi, Y, ) = P(Y£5(X) < 0) (1.17)

FP(YF(X) < 0)—P <Y (n(X) - ;) < o) , (1.18)
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where (1.16) is the error caused by free part f ge; (1.17) is the prediction error caused by f 7 compared to the one of
f7 ; and (1.18) is the prediction error caused by fj compared with the one of the Bayes rule (or, when we replace
n(X) — 1/2 with f3(X), it becomes the approximation error of f5 to f5). These three terms are precisely the
counterparts of ”fJ“”%Q(ux)’ \fr— fj'”%Q(ux)’ and || f7. %Z(ILX) in (1.11).

Analogously to the regression case, the FSD method aims to find a non-trivial rate function r : (Vj,Vje) +—
r(Vy,Vye) € Ry and a confidence function § : (Vy, Vye) — 6(Vy, Vye) € [0,1] such that for every FSD, the following
inequality holds with probability at least 1 — §(Vy, Vye) (or in expectation):

(1.16) + (1.17) 4+ (1.18) < r(Vy, Vo).
Similarly, the following proposition holds.

Proposition 5. For any FSD F = V; @& Vje and any rate function r, we have
P(PLYY <r2(VyVie)) 2 1= 8(Vy, Vi),
Define
(V7, Vi) € argmin (r(Vy, Vye) : F=V; & Vye). (1.19)

We call (V;,V}.) the optimal FSD for the solution (F, fn) of the binary supervised classification problem (jux,n).
Then in particular,

P (Pﬁ}?v’l) < r2(V;,v;c)) >1-6(VE, V). (1.20)

FSD as an analytical method. We emphasize that FSD method serves as a tool to help theorists analyze the
excess risk of any estimator as well as to understand its behavior. That is to say, in the construction of estimators
f N, the practitioners has no control over the choice of V; and Vjc—Dbecause the estimator itself does not take V; or
Ve as input parameters. For instance, the minimum norm interpolating estimator in Example 10 has no tunable
parameters whatsoever. Therefore, we assert that the decomposition of F into two subspaces is performed implicitly
by the estimator, not by the practitioners. Consequently, when practitioners execute this statistical algorithm, this
decomposition occurs as a black-box operation. For estimators with tunable parameters, given a parameter set by
the practitioners, the estimator automatically determines the optimal FSD (V,V}.) based on both this parameter
and the regression problem itself. Certainly, we emphasize that theorists can leverage the new theoretical insights
provided by the FSD method to help design practical methods. For example, using the precise characterization of
the estimation error offered by the FSD method to design an adaptive estimator via Lepski’s method, | ], see
also the survey | ] for other adaptive methods.

Below, in Section 1.5.2 and Section 1.5.3, we separately explain the roles of these two subspaces and how they
specifically assist theorists in their analysis.

1.5.2 V; defines a morphism in the category of supervised learning problems

For convenience, throughout this section we always assume f* € F, and therefore do not distinguish between f*
or for PLOY
L Fx
in binary classification problems via the FSD method, on V;, we need an upper bound for ||f; — f7|[12(uy) or for
P(Y f7(X) < 0[(X;, Y;)X,) — P(Y f4(X) < 0). This is precisely the task of classical statistical learning theory and
mathematical statistics. What, then, is the role of the FSD method on V;?

For any given quintuple (ux, f*, &, F, fN) consisting of a real-valued supervised regression problem and a solution,
the FSD provides, via V}, the following arrow:

ot (x, 6 F, fn) ¥ (px, £3,C, Vi, fr), where ¢ =&+ fre,

through the following relation:

and f5. Before starting this section, we recall that to obtain an upper bound for HfN — f*”QL?(ux)

V=f(X)+&=f1(X)+¢

In other words, the FSD method endows the theorist with the power to pass from handling a supervised regression
problem and its solution (px, f*, &, F, fn) to another supervised regression problem and its solution (ux, f7,¢, Vs, f1).
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Furthermore, if one only wishes to obtain an upper bound for || f N—f* ||2L2( 1x)? then the theorist possesses the freedom
to choose the arrow, i.e., by selecting an FSD, thereby freely selecting the target supervised regression problem and
its solution (ux, f3,¢, Vs, f 7). This can often grant the theorist extra analytical power beyond the classical statistical
learning theory introduced in Section 1.3 — because then it suffices to apply the classical statistical learning theory
on the new model V;, and the new signal f} may be easier to analyze. Of course, if one aims to obtain an upper

bound for ||fN — f*||2Lz(#X)

sense of (1.15), then it is necessary to choose a good FSD (Vy, V), such that the rate function r(Vy, Vye) as small
as possible—or even the optimal FSD (V;,V7}.).
Let us now illustrate this point with some examples.

that is as sharp as possible, or even a precise characterization of || fn— 32 (ux) D the

o ; defines the new fj-

Although f 7 is by definition Py, fN, if V7 is chosen appropriately, f 7 may admit an equivalent characterization other
than Py, fx, which the theorist can then exploit to facilitate the analysis. Three examples follow. Their proofs are
readily thus omitted, see also Proposition 20 later in Chapter 2 for the proof of Proposition 8 below.

Proposition 6 (self-regularization of the minimum | - ||;-norm interpolant estimator). Let p € Ny, F = {{-,8) :
B € RP}. Let eq,...,e, be a basis of RP. Let 1 < g < oo be a real number, and || - ||, be the £, norm on RP with
respect to this basis. Consider the minimum || - ||o-norm interpolant estimator defined in Example 10, that is,

B € argmin(||Bl, : XB = y), where X = [X;]---|Xn]", y = (V1,---, V).
Take any FSD RP = V; & Ve, where V; = span(e; : j € J) for some J C {1,--- ,p}. Define A: p € RN — Alu] €
argmin(||v|lq : Xv = p, v € Vye). Then B ;. = Aly — XB,], and

B e a;génvin (L, (X, YO IL1) + 18,112) » where L, (X5, Vi) L) = [ Aly — X8,][l5 -
J J

Proposition 6 tells us that although BJ is by definition equal to Py, B, as theorists, when we choose a suitable
FSD, we can endow it with a new statistical meaning—a RERM whose loss function Lg, is in fact a stochastic loss

function and |- ||¢ is the self-regularization functional. Because this regularization is imposed by B upon itself, rather
than being explicitly defined by the practitioner, we call it self-regularization. This regularization does not depend
on the specific training algorithm, and therefore differs from implicit regularization introduced in Section 1.4, see

[ , pp- 92].

Proposition 7 (self-regularization of the minimum || - ||2-norm interpolant classifier). If F is identified with RP, and

B is the minimum || - ||2-norm interpolant classifier (Example 10). Take an arbitrary FSD RP = V; & Ve, denote
1=(1,...,1) € RY, and let Xy jo = [Y1Py,. X1|--|YnPv,. Xn]T. Define B: p € RN — Blu] € argmin(||v|y :
Xy gev = ). Then By = B[l — X, fs], and

B € argmin (La, (X5, YOR,) + 18513 fs € Vi), where Ly, (X5, Y0)X,) = |1B1 X, 8,113,

Here, for any a = (a;)Y.; and b = (b;)Y,, we write a = b, if a; > b; for any 1 <i < N.

Similarly, here f; is identified as a RERM whose loss function is a stochastic loss function.

For these two new loss functions, because they incorporate regularization, they do not suffer from overfitting.
Consequently, applying classical statistical learning theory on V; yields an oracle inequality whose residual term can
tend to zero. This is precisely the advantage brought by the new estimator f ; via FSD.

Proposition 8 (effective regularization). If F is identified with an RKHS (H, (-,-)») with feature map ¢, and fx
is the ridge regression on F with parameter t~1, ie., fn = %XT(%XXT + %IN)_ly, where y = (Y1,...,YN) and
X:feH— (p(Xy), FHn),. Take an arbitrary FSD H = V; © Ve, and denote X o = XPjc. Then

fi € argmin (Ly, (X3, Y Ro,) + 1 £5113,) » where Ly, (X0, YO)IL) = 1Q(y = Xf0)ll3,
and Q : RN — Ve is a bounded linear operator such that Q" Q = (%X eX . + ¢t 1Iy)~ .

In other words, f 7 is identified as a RERM whose loss function Ly, is also a stochastic loss function. Here, ridge

regression has a tuning parameter ¢t ~'; thus, for any tuning parameter ¢t~! given by the practitioner, fN itself selects
an FSD, generating a new regularization (%X JCX}—C +t71Iy), which is referred to as effective regularization.



1.5. FEATURE SPACE DECOMPOSITION 21

¢ ; defines the new signal f7.

By choosing an FSD, the theorist can also select a suitable new signal to work with. In this paragraph we present
two examples: latent factor regression and the minimum || - ||3-norm interpolant classifier.

Latent factor regression. Latent factor regression is a special class of real-valued regression problems where the
dependence between (X,Y) is governed by a latent random vector Z, an unknown embedding matrix A, and two
types of noise.

Definition 9 (Latent factor regression problem). Let k < p be two positive integers, let Qx = RP, and let A € RP*F
be a fived but unknown matriz. Let Z € RF be a random vector, called latent factor. Let W € RP be a zero-mean
random vector, independent of Z, with covariance matrix Xy = E[W @ W]. Let £ € R be a zero-mean random
variable with variance Ug, independent of (Z,W). The design vector is defined by X = AZ+W . Thus, in this model,
the observable design vector X arises from a latent factor Z through an unobserved linear transformation A, together
with an unobserved noise perturbation W, so that X = AZ +W.

Let Qy = R, and let Y be defined as follows. Let a* € R be a location vector, and the response variable by
Y = (a*, Z) + £. The response variable Y depends only on the latent factor Z, the unknown signal oa* € RF, and
an unobserved noise perturbation &. In latent factor regression, the most common loss function is the squared loss
0: (y1,y2) €ER x R (y1 — y2)?. See, for instance, [ /.

Let F = {fs(-) = (B,-) : B € RP}. The latent factor regression problem is mis-specified unless (Z, X) is jointly
Gaussian. In fact, the Bayes rule is given by f* : & — (a*,E[Z | X = z]). However, the statistical model F is the
class of linear functionals. The oracle in F is given by f%, identified by a vector 8* through f3(-) = (-, 8"), defined
as 3" € argmin(Plg : B € RP) = argmin(E[((3, X) —Y)?] : B € RP) . Let ¥ = E[X ® X| be the covariance operator
of X. A direct computation yields ¥ = AXz A" + Xy, where X7 = E[Z ® Z] : R¥ — R*. Since Xy is positive
definite, ¥ is also positive definite, and ¥ can be viewed as the rank-k informative component AY.z AT perturbed by
Yw. It is computed in | , Equation 6] that 8* = ¥~ 'AYza*. Let Z: a € RF = ((Z;, @)Y, € RV, In
the latent factor regression problem, the response vector y = Za™* + £, but we need to solve the problem in RP and
the oracle in R? is 3*.

Below we show how, by choosing a good FSD—i.e., a good V;—we can explore the rank-k informative component
AY 7 AT hidden in RP, which is exactly the aim of the latent factor regression problem. Take V; = Range(AXzAT) =
Range(A). In this case, 35 = Py,8* = B*. Consequently, we have the following supervised regression problem
(ux,B%,¢), where ¢ = £ + ((Z,a*) — (X, 37)). Here, the new noise consists of two parts: £ is the original noise,
while (Z, a*) — (X, 8%) = (Z,a*) — (X, B") corresponds to the approximation error of a* on RP. In | ] it is
proved that this term is an irreducible component of the estimation error. Therefore, for the latent factor regression
problem, by choosing a suitable V;, we reduce the dimension of the problem to k, while guaranteeing that the signal
in this space satisfies 375 = 8*.

Minimum ||- |2 norm interpolant classifier. In this paragraph we consider the minimum || - ||2-norm interpolant
classifier defined in Example 10, i.e., we assume F is identified with RP. We now illustrate that by choosing an
FSD appropriately, the approximation error resulting from restricting estimation to Vj;—mnamely, (1.18)—can be
eliminated. We examine the following standard model for binary supervised classification problems:

Definition 10 (Logistic classification problem). Let p € R? be called the signal, and A € RP*P be a positive definite
bounded linear operator. Let X ~ N(0,A) be a Gaussian random vector with mean 0 and covariance operator A. By
definingn(xz) =P(Y =1 | X =) = 1/(1 + exp(=2(A" 1, x))) and P(Y = -1 | X = x) = 1 — n(x), we specify the
distribution of Y. This problem is called the logistic model, [ , Section 11.1.3].

A straightforward calculation shows that the Bayes classifier for the logistic classification problem is f*(-) =
sign((-,A=*p)). Hence, the Bayes classifier can be identified with A=!'u. Therefore, as long as the FSD is chosen so
that f% and A~'p are well aligned, (1.18) becomes zero. Later, in Proposition 11, we prove that if A='p € V;, then
this indeed holds.

The logistic model represents a class of binary supervised classification models; both the Gaussian mixture
classification model [ | and the latent factor classification model | | share the same characteristic—namely,
there exists an optimal linear classifier that corresponds to f*.
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e; reduces the fixed points.

Because we believe that estimation occurs only on V;, as a consequence the theorist should apply classical statistical
learning theory—i.e., the methods from Section 1.3—only on V;. One outcome of doing so is that, since both the
supervised learning problem and its solution have changed, applying classical statistical learning theory on V; may
yield a smaller fixed point, and thus a smaller bound on || fr— fj||2L2( px)* The main reason why the fixed points on
V; are expected to be smaller than the one over F is because we usually have dim(V;) <« dim(F), not because f}
and f 7 have changed. In this section, we illustrate how FSD reduces the fixed points defined in Section 1.3.1, by
using the example of benign overfitting for the minimum || - ||,-norm interpolant estimator. For ridge regression, FSD
can also reduce the multiplier and quadratic fixed points, but the proof is more involved and will not be presented
here (see [P2]).

FSD reduces multiplier fixed point. The formal version and the proof of the following Proposition 9 can be
found in [P1], see also Section 4.3.4; we do not repeat it here. Proving these properties requires the geometric tools
on Vje introduced in Section 1.5.3.

Proposition 9 (informal). Using the notation of Proposition 6.

Under some assumptions, there exist some absolute constants 0 < dy < e, <1, 4, >0 and ' =

1
q ﬁ’ 1
(e, ', 6m) > 1 such that for any localization subset G C Vi, rv(G, om, %,40%) < c”ag(%)mj” when q > 2; and

g9
rv(G, oum, 1,4c’ag_2 0 < c”ag_l(%)% when 1 < ¢ < 2.

FSD reduces quadratic fixed point. For the minimum || - ||;-norm interpolant estimator, the FSD provided by
Proposition 6 can also reduce the quadratic fixed point. The formal version and the proof of the following proposition
can be found in [P1], see also Section 4.3.4 later.

1

Proposition 10 (informal). Under the assumptions of Proposition 9, there exist some absolute constant 0 < 0q < 155

¢ =¢(q), and ¢ = '(q), such that the following hold.

1. When q > 2. Then for any r > 0, and any localization subset G, with probability at least 1 — dq, for any
ﬁJ €gn SLQ(PVJMX)(ﬁ?};T):

q

* * N2
PyLg, = |lAly = X8Il — |- Aly — X835 > (9.8, — B7) + Ar?, where A = e,

and g =Vigs.

2. When 1 < q < 2. Suppose Xj is a centered Gaussian random vector, then for any localization subset G and
any 0 < r < o¢, with probability at least 1 — dq, (G, X, Le) satisfies the local Bernstein’s condition at scale ,
with parameters ($, 1), where

Nigl™?
— 3
O=c 7
Note: the local Bernstein’s condition that holds with high probability in item 2 is due to the fact that in

Proposition 6, the loss function Lg,((X;,Yi)/L,) = [|Aly — XB,]]|¢ is a stochastic loss function that depends on

XPy,.; hence the population excess risk Pﬁg‘; is a conditional expectation Ex J7§PN/.1V‘"] , and the local Bernstein

condition holds with high probability. One can prove that 3% € argmin(P4g, : B; € V) holds almost surely, where

Plg, =Ex, ¢Lg,, see Lemma 21 later.

Proposition 10 tells us that when ¢ > 2, if the FSD is suitably chosen, there exists dq < ﬁ such that for
every localization subset G C Vj, the quadratic fixed point rq(G, dq, %) = 0 when ¢ > 2. Consequently, in this

situation FSD completely eliminates the quadratic fixed point. This implies that in Theorem 1, for any p > 0,

Tiso(p) = 721(G, Om, %, élcN;:2 ). Hence the system of inequalities in Theorem 1 with A = 1 can decouple p and r—the

system can be reduced to the simpler scheme of setting p = Ar# and then solving for the smallest r > 7i5,(p) such
that the inequality Ar# > Orx + )\|||V\Il(f})|||(p) holds; this r becomes 7.. We do not repeat the detailed conclusion
here; see [’ 1], see also Section 4.7.2 later. When 1 < ¢ < 2, because Pyl = L, lacks strong convexity, the quadratic
fixed point is not completely removed. The situation here is more complicated and will not be discussed immediately
in this chapter; see [P1] and Section 4.7.1 for all details.
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e; as a shell wrapping classical mathematical-statistical analysis

The ridge regression and minimum-norm interpolant estimators studied earlier can both be written as RERM (or
their limits). Estimators of this form generally fall within the scope of statistical learning theory, [ ]. In this
section, we show that the FSD method is not only applicable to estimators defined by ERM and RERM, which are
common in statistical learning theory, but also to classical estimators that belong more broadly to the domain of
mathematical statistics: spectral methods (Example 9). Applying the FSD method to the analysis of the estimation
error of such estimators amounts to wrapping a shell around the original mathematical-statistical analysis—i.e.,
confining the analysis of estimation error, which originally covered the whole feature space, to the subspace V;. Even
if this may not necessarily create a new estimator or shrink the fixed points as it does for minimum-norm interpolant
estimators or ridge regression, it still yields a “correct” signal f} to work with.

Classical statistical theory for spectral methods provides ways to obtain an upper bound on ||fN — 2y, for
instance, | , , , , , , , , ]. However, if we first perform
an FSD, then we only need to apply the classical theory to obtain an upper bound on ||fJ — [7ll22(ux)- This means
we have switched from estimating the full signal f* to estimating the “effective signal” f7, and consequently we
can obtain a characterization of the estimation error (in the sense of (1.15))—something that the classical approach
cannot achieve. In Chapter 3, we specifically demonstrate how this analytical approach enables us to characterize
the sharp convergence rate of the population excess risk for nearly arbitrary spectral methods in linear regression
in RP. This implies that for any estimator studied in mathematical statistics for supervised regression problems, we
always have a painless way to handle || fr— I3l L2 (ux)—simply transplant the classical analysis to the subspace V.
However, one needs to handle the “free part” V. that is now what we show how to proceed.

1.5.3 Vjc: new tools from Geometric Aspects of Functional Analysis

Since no estimation of fj. by f je takes place in the free subspace, we say that no statistics occur on that subspace.
Consequently, the tools required for this subspace do not belong to classical mathematical statistics, and for this
reason we still know relatively little about it. Our work therefore constitute the first examples of the analysis of some
estimators in the free space. Of course we used existing tools from the Geometric Aspects of Functional Analysis
(GAFA) that were not previously used in statistics and we had to extend them to fit our statistical framework.
However, we may anticipate that new tools (potentially from GAFA) may be required to fully understand the
statistical properties of estimators in the free space. In this section we offer partial insights into the free subspace
for some special cases.
Regarding the free subspace and the estimator f je on it, we focus primarily on the following two issues:

1. the stochastic properties that the free subspace provides for f 7

2. the energy ||fJ“||L2(ux) of fye.

V;e. provides stochastic properties of fJ

In this section, we consider the minimum || - ||;-norm interpolant estimator (Example 10) and the ridge regression.

1. Minimum || - ||;-norm interpolant estimator.

In Proposition 6, Proposition 9, and Proposition 10 we have already seen that FSD identifies B 7 equivalently
as a RERM whose loss function is given by Lg, : (X;, ;)Y € QN — [|Aly — XB,]||2. Here we recall its
definition: let X; = XPy, and Xy = XPy,.; then A: p € RY — A[pu] € argmin(||v|, : Xjev = p). Thus
A (RN []]l2) = (Vye, ||]l4) is a random embedding operator, and consequently L, is a stochastic loss function.

2. Ridge regression.

Similarly, Proposition 8 tells us that for a ridge regression with parameter ¢!, its f; is also a RERM whose
loss function is Ly, ((X;,Y:)N) = |Q(y — Xf,)||3,, where QT Q = (£X e X]. +t~1Iy)~ L.

Following the FSD credo—apply classical mathematical statistics and statistical learning theory (see Section 1.3) on
V;—we need to study the properties of these stochastic loss functions in order to complete the proofs of Proposition 9
and Proposition 10, as well as to compute the multiplier and quadratic fixed points for ridge regression. The properties
of these stochastic loss functions therefore require analysis using specialized geometric tools. This tool is provided
by the celebrated Dvoretzky—Milman theorem, [ , , ].
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The Dvoretzky—Milman theorem and its role in benign overfitting for the minimum || - ||;-norm inter-
polant estimator. For any compact subset K C RP, we define £,(K) = E(sup(v,G) : v € K) as the Gaussian
mean width of K, where G € RP? is a standard Gaussian random vector. We let diam(K) = max(||v|z : v € K)
be the {5 diameter of K. We denote K° = {v € R? : (v,u) < 1,Vu € K} as the polar body of K. Denote
d«(K) = (£,(K°)/ diam(K°))? to be the Dvoretzky dimension of K. We denote ¢’ by 757 Below is Milman’s version
of Dvoretzky’s theorem; see | ]

Theorem 2 (Dvoretzky-Milman). There are absolute constants kpyr < 1 and ¢y such that the following holds. Let
-l be some norm on RP and denote by B its unit ball. Denote by G := GIN*P) the N x p standard Gaussian
matriz with i.4.d. N(0,1) Gaussian entries. Given any 0 < g1 < 1. Assume that N < rkppyeid.(B). Then with
probability at least 1 — exp(—cie2d,(B)), for every A € RV,

(1—e1) Al €(B*) < [[[GTA[|]| < (1 + 1) [IA[l, £ (B%). (1.21)

For all 0 < €1 < 1, we define the event

O reg(61) = {w\ ERY ¢ Al (1 et (S52BE) < [IXTA[, < 1A, (1 + sl)z*(zlﬁBg)} (1.22)
£l £l
CqvpeRY: < [lA[plll, < : (1.23)
{ (14 e1)0.(SY2BE) T (1 - (Y BY)
It follows from Theorem 2 applied to the norm ||| = HZIJ/CQ - |l that, if X ;e is a Gaussian random vector and

nDMs%d*(E;cl/QBg,) > N, then P(Qpm reg(e1)) > 1 — exp(—clafd*(233/2qu,)). The inclusion from (1.23) follows
from strong duality: for all u € RV,

[ A[]ll, = min (HVHq (X Jev = u) = max (<u,)\> L][X e

. < 1) . (1.24)

Even though A : (RN, f3) — (Vje,£,) is a non-linear metric embedding (except when g = 2), it satisfies a DM
theorem inherited from X}C. Since our loss functions in the estimation part of the features space depend on A in the
regression problem, working on the event Qpa reg(€1) will allow us to greatly simplify its expression because now it is
isomorphic to the £2-norm and so we will work with the classical squared loss function. That is the reason why DM
theorem plays a crucial role in our analysis: we use this isomorphic property from DM to greatly simplify the loss
function appearing in V; and then go back to the classical analysis of regularized ERM with respect to the squared
loss on V.

Below, we demonstrate how to use the Dvoretzky—Milman theorem to prove Proposition 10, item 1.

Proof. (of Proposition 10, item 7) By Example 12, we have

-1
Aly = %,8,5 - Ay = X835 > (9.8~ B3) + L= | Aly = %,8,] - Aly — %,85];.

where g is defined in Proposition 9. From the definition of A, we have || Aly —X;8;] — Aly—X;85]|l, > [ AXs(B;—
B7)]llq- Then using (1.23), we obtain

q—1 |Xs(8,—B5)l3

oo PRI g (1 et (=12 )

Finally, from the assumption dim(Vy) < N and the fact that for any G C V;, we have rrip,— (G) = 0 (see Example 11),
the proof of Proposition 10, item I is completed. [ |

Of course, if one wants to go beyond the Gaussian design case, one needs to extend DM theorem beyond that
case.

The Dvoretzky—Milman theorem for | - ||,-norms under general probability measures. Theorem 2 pro-
vides the Dvoretzky-Milman theorem for Gaussian measures. Because we need to study the case where Xj. is
distributed according to a general probability measure, we require an extension of the Dvoretzky—Milman theorem
for || - ||¢-norms. Extensions of the Dvoretzky-Milman theorem to general probability measures already exist in a
substantial body of literature, e.g., | , , , , , ]. In these works the random
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embedding operator is usually induced by row-independent random matrices or by more complex random-matrix
models; however, in Qpum reg(€) we need a column-independent random-matrix model. Hence, an entirely new
Dvoretzky—Milman theorem for such random matrices is required. The following theorem, taken from [P1], is a
contribution to GAFA that was motivated precisely by the FSD method. Its proof may be found in Section 5.1.
Denote Log(z) = max{1,In(z)}.

Assumption 1. ( = (@j)?:l is a centered, isotropic random vector in RP with i.i.d. coordinates, satisfying E[¢?] = 1,
and there exist absolute constants 0 < k < 1 and & > 0 such that E|(; |mexi42ate} < gmax{d,2q+e}
Theorem 3 ([P1]). Let ¢ be a random vector satisfying Assumption 1, and let ¥ be a positive definite diagonal matriz

on RP, 3 = diag(oy, -+ ,0p). Let X = YV2¢, and let Xq,--- , XN be independent copies of X, forming the random
matriz X = [X1|--- | Xn]T = [Z1] - |Z,], where (Z;)}_, are the column vectors of X. Denote £, = 0,(SY2BP) and

dy = d*(Z_l/QBl’;,). Without loss of generality, assume that d, > 1. There then exists an absolute constant 0 < 6 < 1

such that for any X\ € Sév_l, P(|(Z;,A)| > 8) > k. Moreover, there exist absolute constantsc,c,C,C’,C", kpm,e0 > 0
such that the following facts hold.

1. When q>2. If N < HDMd*Log_Q(pi/d*), then with probability at least

1

a d@ —cmin
1-C'Log (Zzl )eXp —C"kpy———~ | = 2exp (=C'd,) — C'd MO =1 —ppy,
* 20 q’
Log (pd* )
there holds for any X € Sév_l,
clx < [|XTA[|, < CLog(p)¢..

2. When q < 2. If N < kpud.(SY/2BY), then

q’ -2

P (YA€ Syt el <|XTA|ly < Cl) >1—3exp(—cd,) —C'dy = =:1-ppu.

Theorem 3 establishes that, under Assumption 1, the linear span of N independent copies of ¥/2¢ provides a
generalization (up to a logarithmic factor when ¢ > 2) of the Dvoretzky-Milman theorem for the convex body Bf;,
under a general probability measure. We emphasize here that if one focuses solely on the sub-Gaussian case, then
for ¢ > 2, the Log(p) factor in the uniform upper bound for [ X" A||,s can be removed. To the best of our knowledge,
this theorem is the first generalization of the Dvoretzky-Milman theorem for the ||¥!/2 - ||,» norm under such broad
(almost the most general) conditions.

The Dvoretzky—Milman theorem for | - |[-norms under general probability measures. When ¢ = 2,
the Dvoretzky—Milman theorem can hold for more general probability measures, e.g., for feature map generated by
RKHS whose kernel functions are polynomials of finite degree. Recall the definition of RKHS (H, (-, -)3) C L?(ux) in
Example 4. Let ¥ = E[¢(X) ® ¢(X)] : f € H — E[p(X){p(X), f)] € H be its integral operator. Let H = V; &+ Ve
be a FSD. Recall that ¢ jc = Py,.¢, Ljc = EPy,.. Let Tr(-) be the trace, and | - ||op be the H — 7 operator norm.
Let Xye : f € Ve = ((¢ge(Xy), £)2)N, € RY and XJ. : A € RN Zi\; Xi@ e (X;) € Vje be its transpose. For any
A > 0, define
TI‘(EJc) + A

A3 (252 By) = —=L2 T2 (1.25)
1% ¢ llop

Assumption 2. There are absolute constants C; > 1, Co > 1,0 <~ < 1/16, 0 < 4§ < 1/(100y/C3), § < C’fl, e>0
and k > 1 such that

o With probability at least 1 — 7,

e (X2,

G

< .
B <4, (1.26)

where we define £* = 4/ E quJc(X)Hi = /Tr (X ).
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e For any f € Vje, we have
1l 2t uxy < BN L2y - (1.27)

e Depending on the choice of €, there are two cases:

1. if € > 2, then no extra assumption is required.

2. if 0 < e <2, then

P N|Zselo <
N2+ log (N —r ] <. 1.28
K og ( )( T (o) (1.28)

A typical example satisfying Assumption 2 is when ¢ jc is the identity mapping and X; is a sub-Gaussian random
vector; in this case, the result follows from the Hanson—Wright inequality. A more involved example arises when ¢ <
is the feature map of a finite-degree polynomial kernel; see the results in [°2]. The following theorem is proved in
[P2], see also Section 5.2.

Theorem 4. Let X be a random vector distributed as px in a compact set Qx C RY, and let Xq,--- , Xn be i.i.d.
copies of X. Let ¢ : x € Qx — K(x,-) € H be the feature map of the RKHS H. Let Cs, Cy, Cs and Cg be absolute
constants.

1. Suppose that X < C3 Tr (X 5c). Consider 0 < 8,0 < 1 from Assumption 2, define

0= Cyd% + Cu® + 4\/(35 +C56) (146 + Cs) (1.29)

Suppose that for some A > 0, we have N < mDM52d§ (Z}CI/2BH> for a sufficiently small constant kpy < 1

which depends only on k (see [P2, Equation 96] for a precise description). We assume that ¢y satisfies
Assumption 2. Then with probability at least

=:1-ppum,

24€

RV S (g)”e N2 lop log***(N)
N2 1) Tr (X ) N3—1
for all X € RN, it holds that

(1 - 5) VTE(E0) Al < X5, < (1 + 5) VIS 50) Al (1.30)

2. Suppose that A > C3Tr (X je). Suppose that ¢je satisfies the first two points of Assumption 2. Suppose that
for some A > 0, we have N < (KDM/4)d§(E;C1/2BH). Then there exist absolute constants C7 depending on

€ K, kpp, and 0 < co < 1 such that with probability at least

21 2 N 1+€/2 1
17N<(”DM” o8 )) N

-~z = 1 —Pbum,

N2

[(1242€)/e]—1
N >

we have || X eX]. + )\INHOp < CrA+Tr(Xye) and

on(XyeXJe 4+ MN) > oA+ (1 — ¢2)C3 Tr (X e)

Theorem 4 provides a Dvoretzky—Milman theorem for ¢ = 2 (or, more generally, in RKHS settings), and it does
not require any special structure among the coordinates of ¢jc(X). Since ¢ = 2, the theorem can be regarded as
a statement about the spectrum of random matrices. This theorem can be used to study the properties of the loss
function for f; in ridge regression and for 3, in the minimum || - [|o-norm interpolant classifier. Formal statement of
the next proposition and its proof can be found in [P1] or Section 4.3.3.
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Proposition 11 (informal). Assume F is identified with linear functionals on RP. If RP = V; ® Ve is an FSD
Tr(S )
=sellop”

Yje = E[Xje ® X je]. Then with high probability the loss function Lg, defined in Proposition 7 possesses the following
property: for any By € Vy,

where

satisfying the following properties: 1. Y X je is a centered sub-Gaussian random vector; 2. N < kpyd>

N
(140)2Tr(S )

sh N sh
PyegY < Lg, (Xi,Y2)y) < TS )pNng> < Lg, (X, Y)N),
- P

where & is from Theorem /, and PN%S?) = %Ef\il KS?(XZ»,Yi), and (Sﬁl)(m,y) = (1 —y(B,,x))% is the squared

hinge loss. Morevoer, for any binary classification problem (ux,n), if f** = arg min(PE;Sq) : [ is measurable), then
¥ = f*, that is, the Bayes rule.

In proposition, since Y X jc is a sub-Gaussian random vector, Assumption 2 holds naturally, and Theorem 4
therefore applies. Proposition 11 states that for the minimum || - ||-norm interpolant classifier, its loss function
is almost “isometrically” equivalent to a squared hinge loss—a loss function that has been extensively studied in
classical statistical learning theory.

Proof. Applying Theorem 4 to ¢j.(X) = Y X e and to H = RP, we only need to prove the following inclusion
holds

QDM class (9) = {VA ERY : A, (1= O)VTr(Sse) < |IXg seAll, < A5 (1 +9) Tr(ch)} (1.31)
([t 1l [1[e] 11l
cdvpery: —1 < IBlu]ll, < — 7 (1.32)
{ (1+68)y/Tr(S ) 2T (1=0)/Tx(Zye)
where [p]+ = (max(u;,0))Y ;. By standard duality argument, see, for instance, | , Equation 5.11], we obtain

that

Blullly = max (e, X) : A= 0, |

Xy Al <1). (1.33)

Condition on QDM,daSS(S), see (1.31), we have

1 1
max A A, < — <||B < max A A, < — .
oy (w AL S s mm) 151l < gy ((u )AL < s TY@JC))
Let H(p) := {i € [N]: p; <0} and let A~ be the maximizer of the left-hand-side maximization problem and A™ be
the maximizer of the right-hand-side maximization problem. We prove that if ¢ € H(p), then A\, = 0. We prove this

by contradiction. Suppose ¢ € H(u) but A\, > 0, then by letting A = (AL A1 0, A5 1, -+, Ay), we know that
o - 71 N = ;1 , N 5! o= - 1 A\ 1S
(A 2 < IAT 2 < e Moreover, (g, A ) =3, pr Ny > 3y pir Ay = (p, A7) since p;A; < 0. This

implies that X is a feasible solution but with larger objective function value, hence contradicting the assumption
that A” is the maximizer. Recalling the constraint that A = 0, we have: for any i € H(u), we necessarily have
A; = 0. The same also holds for A™. Now, by Cauchy-Schwartz, we have A~ = (u/(||pt]|2(1 4 0)y/Tr(X s¢))) 4, and
AT = (p/(||ll2(1 = 6)y/Tr(S <))+ Therefore, condition on Qpar ciass(9), (1.32) follows. For proofs of properties of
the squared hinge loss, see Section 4.9.3. ]

Energy of the fe.

Apart from supplying favorable stochastic properties for the possible new loss function that defines ,3_], the energy
I f gellL2(ux) of the free part on Ve is the most difficult component to understand. At present our knowledge of this
term remains very limited even though we were able to obtain sharp results of the minimum || - ||-norm interpolant
estimators, ridge regression and spectral methods. In this paragraph we consider the following cases: 1. fN is a
regularized empirical risk minimization; 2. fN is a spectral method; 3. the minimum |- ||,-norm interpolant estimator;
4. LASSO with support recovery.
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Figure 1.1: By Theorem 4, the spectrum of %XTX + ¢~ 'I has a plateau of height % Tr(Xse) +t~! that is different
from Spec(Xc) = {o; : j € J°}. This is the reason why there is no possible estimation over Vje.

Identification of f je.  First, for RERM and the minimum-norm interpolant estimator, we identify that f Je itself
is also a RERM and a minimum-norm interpolant estimator. For the minimum-norm interpolant estimator, this has
already been proved in Proposition 6; therefore we only address RERM here.

We use the notation of Example 8. The following proposition shows that f 7c is a RERM of the residual of f 7.

Proposition 12. Assume there exists differentiable function L : RN — R such that for any f € F, Ly : (Xi, )N, €
ON — Ly — Xf), where X : f € F— (f(X:)Y, andy = (Y1, -+ ,Yn). Let A € R be any real number, let ¥ be a
differentiable function and assume that F is a linear space. Define

fn € argmin (L(y — Xf) + AU(f))
feF

be a RERM. Let F = Vj ® Ve be a FSD. Suppose ¥ : F — R is decomposable with respect to Vy @ Vje, in the sense
that for any f € F, W(f) = V(fs) + ¥(fse). Then

fre € argmin (L(y' — Xfye) + AU(fse)), wherey' =y —Xf;. (1.34)
fiec€Vye

Here, f je is learning the residual of f 7, using X jc that are not necessarily isomorphic to E?/f, see Figure 1.1.

Proof. By assumption, we can expand the map (fy, fse) € Vy X Vye = L(y — Xf) + AU(f) as (fs, fse) €
Vi % Vye s L((y — Xfy) = X[fye) + ANU(f5) + AU(fse). Now fix f; = fy = Py, fn. We know that f must satisfy the
first-order optimality condition, i.e, the gradient of this map equals 0,

0=—2Py,. X VL((y — Xfs) = fre) + MVE)(fse).
This is precisely the first-order necessary condition of the optimization problem defined in (1.34). ]

In the real-valued regression problem (Example 1), y — X;f; = & + Xye f3. + X, (f7 — f3). Yet, unlike classical
theory on RERM, we do not need the estimation error of f;c; we only require an upper bound on its L?(jx) norm.
This task is unprecedented in classical mathematical statistics and statistical learning theory.

Linear estimators and minimum-norm interpolant estimators. Next, we consider an upper bound for
|f7ell22(ux)—an aspect of the FSD method that we were able to study in 4 cases but that requires a deeper un-
derstanding. In fact, at present we have a relatively complete understanding only when f 7o is a linear operator
in y in linear regression problem. Below, we illustrate this using two classes of linear operators—ridge regression



1.5. FEATURE SPACE DECOMPOSITION 29

and spectral methods—and conclude by discussing the case where f je is a minimum-norm interpolant estimator, a
comparatively simple nonlinear operator.

For linear operators in linear regression, i.e., when there exists a random linear operator A : RN — Vj. independent
of (Y;)N, such that fre : (X;,Y;)N, € QN — (-, Ay) € Vje, we identify fse as B,.(y) = Ay. Then, in the additive
regression model, y = XA° +€, and consequently ||| z2ux) < (X, Be (KB o) + 10X Bye (K87 120 +
(X, By (€)) | L2(ux)- For the term [[(X, B ;c(€))|lL2(uy), We have IEE||<X,BJC(£)>||%2(#X) = o} Tr(ATY ;e A), where
Y je = PjcXPjc. This is precisely the strategy we adopt when analyzing spectral methods.

Spectral methods. Recall the spectral methods defined in Example 9. We know that spectral methods are
linear estimators, and in this case A = %gp(f})XT Therefore,

1F 5l 22 0ux) < NPreoe(E)EF5 L2 () + 1P 0e(E)EFTell 2 ) + I Prespr(E)IN T XTIEN L2 (-

We do not continue to show the subsequent handling of these terms here; see [P5].

Ridge regression. An even more special case occurs when f v is ridge regression, i.e., when F is identified with
some RKHS (H, (-,)%), L : w € RN  F[lu|l3, and ¥ : f € H — t7!||f||3,. In this case we not only know that
f 7e is a linear operator, but also that f Je 1s a ridge regression with parameter t~1 applied to y — X f 7. In fact,
Proposition 12 shows that for any FSD, the rldge regression fN with tuning parameter ¢! satisfies

1

fre= XJ«( XJX; +t7 ) Ty — X ). (1.35)

N

From (1.35) we know that ch is a linear operator on y — XJfJ, and since y = X;0% + X 075 + £, the triangle
inequality gives

R 1 1 _ _ * 7
1foellrz(ux) < HNX}C(NXJ"X} + T N) TG = fa)
L2(#X) (1 36)
1 1 1 '
+ HNXIL(NXJCXL TN T K e £ + HNX}”(NXJCX}“ +tTHN)TIE :
L2%(px) L%(ux)

Among these three terms, the first two only require operator norms, whereas the last term ||%X}C(%X JCX}—C —+
t=1In) 7| L2(ux) 18 the most peculiar; we must exploit the randomness of . The following proposition is called the
“upper side” of the Dvoretzky—Milman theorem; its proof can be found in [P2].

Assumption 3. There exist absolute constants v, € (0 01 >0, €>0 and k" > 1 such that

’16)

2
|=0se(x0)
H<146 | >21—m, (1.37)

P
1SN T (2%,

e forany f € Vye, ||f||L4+‘(ux) <K ||f||L2(ux)'

Proposition 13. Suppose Assumption 3 holds. There exist some absolute constants cz and Cg >0 such that with
< CVTr(22.) + CVN|IZ e || op-

a probability of at least 1 — ppary, where ppyy = i + 71, there holds HEIJ/fX}c
op

Therefore, if Proposition 13 and Theorem 4 hold, then from (1.35) we know that there exists an absolute constant
C such that on the intersection of the two random events the following holds:
Tr(32.) + VN |2 e
Nt-1 + TI'(ZJc)

Tr(32.) + VN|Z e
Nt=1 +Tr(Z )

1 ]. — _ * N o 2 *
|, T e 7 ) 5 - ) 2 %,(8, ~ B3)ls and

L2 (pux) (138)

P IX e fre ll2-

1 1 _ _ *
[CEAC SIS VR DI 878

L2(pux)

To bound || +X e (4XseXJe 4+t N) 7 €| 12(ux), We first take expectation over £, yielding

L Sl NS
L2(ux) (Nt 1+ Tr(X )2 — 3 (Nt—1 4+ Tr(S50))2’

1 1 _ _
Be| X 320 (XS + ) g
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holds with high probability.

Minimum || - |[;-norm interpolant estimator. Recall that when B is the minimum || - ||g-norm interpolant
estimator (Example 10), Proposition 6 states: if (Vj,Vjyc) is an FSD of the form defined in Proposition 6, then
Bj. = Aly — X;0,]. This endows 3. with a statistical meaning: B, is the minimum || - ||;-norm interpolant

estimator of the residual of ,fi' 7. Combined with the Dvoretzky-Milman theorem, this statistical interpretation allows
us to obtain the following control on the upper bound for [{(X, B )| r2(ux)-

Proposition 14. Using the notation of Proposition 6. If N < HDMszd*(EbCZBs/), then there exist an absolute
constant C such that on the random event Qpas,req(€), we have

diam(/* BY)

ly — X8,z
(2B !

106, B2 () <

Proof. From Proposition 6, we have B ge = Ay —X JB ], and hence under the Dvoretzky-Milman condition
N < ,%DMEQCZ*(Z%ZBII;,) holds, since ||21JCQ||5 Lo, = diam(21£235), on Qpu reg(€) by (1.23), there holds ||§]1/2 Aly

~ . 1/2 diam (X /"B ~
X58 )z < dinmn(S}/2BY) | Aly — KBl < CLmE R0y — X, .
J q

Proposition 14 states that the energy Hf]c||L2(/LX) of the free part ch is at most the Euclidean norm of the
dlam(E BY)

Y /QBP ) . The Euclidean norm of the residual of B 7 can be obtained readily;

residual of B 7, scaled by the factor

we do not repeat it here.
Minimum || - ||2-norm interpolant classifier. For binary classification problems, we have a more unified
understanding of the energy of fjc. The following proposition is proved in [’1], see also Section 4.8.3.

Proposition 15. Let F = V; ® Vje be any FSD and fN be any estimator. There holds p®™ -

s.,

P (¥ fw () < 0[(X0, YK, ) =P (YF(X) < 0|(X:. YL, ) <P (|ch<X>| > ﬁ(X)\(&m)ﬁV_l) -

LASSO with support recovery. As another example of a nonlinear estimator, we consider in this paragraph
the case where 3 is the LASSO estimator, i.e., 3 € argmin( v lly — XBI3 + A|B]l1). Let B* € R? be an unknown
vector and denote its support by S = supp(,@ ), ie, S={jelp: (B e;) #0}, where we recall that ey,...,e, is
the canonical basis of RP. Let s = |S| and assume s < LCWJ for some constant ¢ < 1. To highlight the FSD
and avoid being distracted by stochastic arguments, we work on the following stochastic event

< 2s
P i
' VN

where Xg = [X1 6]~ |XN’5}—r € R¥*5 be the restriction of X to S, and X s is the restriction of X; to S. When
the event supp([ﬂ) = S occurs, we say that [3 achieves support recovery. Sufficient conditions for this event have
been extensively studied in the theory of LASSO, e.g., in | , Section 5.5.2]. The advantage of working on this
stochastic event is that, if we let J = S and V; = span({e; : j € S}), we have B;. = B%. = 0, which eliminates the

need to consider the energy of ,3 je- The case where support recovery does not necessarily occur remains a particularly
interesting direction for future research. In this case, we have the following proposition.

Proposition 16. Assume that A > o/ % andp > e7s. Then on Qpasso, we have ||B—B%|2 > 250¢\/ %.

Proof. By the definition of 3 and the KKT conditions, we have %Xg(XSB —y)+ /\sign(B) = 0. Substituting
y = XsB% + € and using the fact that sign(3) = sign(8%), we obtain 8 — 85 = (£XIXs) '[Asign(B%) — +X1¢€].
Taking the /5 norm on both sides and applying the triangle inequality, we have

Given that ||sign(85)[|2 = v/s and the assumption A > o¢4/ %7 the proof is complete. [

<10,
op

N 1 1
Qrasso = {supp(ﬁ) =5, NXSXg NXEE

> (A Isign(85)1l; - ?V) . (139
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Proposition 16 indicates that when support recovery occurs, the estimation error bound of LASSO is instance
optimal for this specific 3*. Specifically, if X is an isotropic random vector, then (V}, V}.) is given by V; = span({e; :
j € S}), and in this case ||(X, 3 — B r2(ux) ~ r(V5, Vi), where r(Vy,V}.) = 0¢4/ % with high probability.
This result is stronger than minimax optimality, as it does not merely assert the existence of some 3* for which the
estimation error is no less than this lower bound; instead, the lower bound holds for every 3* that satisfies the support
recovery condition. In fact, from (1.39), we can observe that A||sign(8%)||2 and o¢4/2 correspond respectively to
the bias and variance terms (recall that s = dim(V7})) of the estimation subspace in the FSD rate function (cf. (1.41)

below). Here, since the projections of both 3 and 8 onto the free subspace are 0, there are no bias or variance terms
from the free subspace in the rate function.

Research direction. When fje is a nonlinear estimator—as in the case where fe is the minimum || - ||q-norm
interpolant estimator, LASSO, or a general RERM-—how can we develop a systematic mathematical toolkit that
allows us to obtain a possibly sharp high-probability upper bound for ||fsc||z2(ux)? Here, a systematic method

means one that works for general 1 x and general f jc, and when specialized to ridge regression and spectral methods,
it can recover the sharp upper bounds that were obtained using the knowledge that f Je is a linear estimator, [P4].
For (R)ERM, this constitutes a class of problems that have never been explored; it may spur the development of new
geometric tools.

1.5.4 FSD as a theoretical framework

Through the discussion in Section 1.5.1, Section 1.5.2, and Section 1.5.3, we have explained the role of FSD as
an analytic method. In this section we further argue that FSD method also serves as a theoretical framework for
understanding the properties of how a solution tackles a specific supervised learning problem, offering theorists a
potential new perspective and way of thinking.

In this section we focus on situations where an optimal FSD (V;_, V) can be constructed, such that (1.15)
can be proved. In such cases, the FSD method reveals how an estimator actually employs the feature space for
estimation—which features the estimator uses when solving the problem - and how it uses Ve to handle signal
and noise. This differs from the classical statistical-learning-theory goal of “establishing an oracle inequality that
matches the minimax lower bound” as in Section 1.1; instead, it focuses more on understanding, from a mathematical
perspective, the fitting relationship between the solution and the problem itself. Thus we say that the FSD method
introduces a potential new research paradigm into statistical learning theory.

The FSD method, as a theoretical framework, can—Ilike all successful theoretical frameworks—supply the “right”
definitions. We illustrate this point by defining the following three concepts, namely:

1. a definition of a pre-order on spectral methods for a given supervised regression problem,
2. a definition of the generalized saturation effect and its necessary and sufficient conditions, and
3. a mathematical definition of the feature learning property as well as the signal-features alignment property.

Definitions of these concepts need to be built upon the study of spectral methods via the FSD method. In [P5] we
apply the FSD method to study spectral methods (Example 9) for solving linear regression problems in R?, that is,
we assume H is identified with R? via f(-) = (-, 3); then the spectral method fN is identified with ﬁ, and the signal
f* is identified with 3*.

Definition 11. Recall that o1 > --- are the eigenvalues of . Let b > 0 and t > 1. The estimation dimension of
the spectral method B with filter function ; is defined as

=k, = min{k €lpl:oprs < bt*l}. (1.40)

Let V;, = span(e; : j € Jy), J. = {1,--- ,k*}, (e;); are the eigenvectors of ¥ and 1), is the residual function

defined by 9 (x) =1 — x¢¢(z). Define
2
|/« ] 1/2 g% Tr(37.)
, TN +[ze:

) ———— 1.41
2 +0—£ N ? ( )

r(Va,, Vie) = || (2)85,
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where we recall that we denote ¥;, = Py, X Py, and X;c = Py, XPy,.. The main conclusion of [’7], see also

Chapter 3, is that, under general assumptions, the spectral methods ,3 = %g@t(f})XT'y satisfies the following property
with high probability:

(X, B = B |2 (ux) ~ (Vi Vire). (1.42)

From Section 1.5.1, we know that estimation of 3% occurs only on V;,, while “absorption of noise” occurs on the
free space V.. Equation (1.42) shows that, for any given linear regression problem (X, 3", 0¢) and tuning parameter
t, the space V;, where estimation takes place is determined solely by the spectrum of ¥ and the tuning parameter,
and is independent of the signal 8* to be estimated, the eigenvectors of ¥, and the family of filter functions (p;)¢>1.
This observation indicates the following facts:

1. Since Vj, is independent of (¢;);>1, we know that for a given linear regression problem, all algorithms in the
class of spectral methods (such as ridge regression, gradient descent and gradient flow) decompose the feature
space in the same way to estimate the signal. By examining the definition of r(V;,,Vje) in (1.41), we find

that only the term ||21J£ 2%(2)55* |2 depends on the specific choice of the filter / residual functions. In other
words— the only difference in the statistical properties of different spectral methods for a given linear regression
problem lies in how close the residual function ; is to 0 on {x > 0 : tx > b}—the closer it is to 0, the better
the statistical properties (i.e., the faster the convergence rate).

2. The FSD approach yields some understanding on the behavior of spectral methods. For instance, the estimation
dimension k* tells us that gradient descent at step ¢ is estimating only the first k* coordinates of the signal in
the basis of eigenvectors of X, no more no less. This means that along the path of gradient descent, there are
more and more coordinates (in the eigenbasis of 3) that are estimated; the estimation dimension quantifying
this phenomenon and the estimation space V;« localizing the space where this estimation is happening. We
may suspect that Newton’s method behaves similarly but with an estimation dimension growing faster than
the one of gradient descent.

3. Since k* and Vj, does not depend on the signal, spectral methods do not have the feature learning property
that is defined later in Definition 16, meaning that they are not able to design features in order to improve
their prediction ability.

Pre-order of Spectral Methods

Thanks to the FSD method, (1.42) provides matching upper and lower bounds for arbitrary linear regression problem
R = (X, 8", 0¢), rather than being restricted to a specific spectrum decay or a particular class of 3*. Consequently,
for any R, comparing the population excess risk of two spectral methods is reduced to comparing two real numbers

given by their optimal FSD.
A (A

Since a spectral algorithm is uniquely determined by its filter function, we consider two spectral methods ﬂi A)

(4) (B)
ta tp

- (B
and ,BEB) with parameters t4,tp , and with filter functions ¢ , respectively. By (1.42), there exist

S (A
rt(’:) (VJ(f)7 VJ(?)) and rt(f)(V}*B), VJ(?)) characterizing the squared loss population excess risk ||%/2 (,@EA) — )]z and

~ (B
DRE (,BEB) — B%)||2 for these two spectral methods in this linear regression problem. Given any R = (X, 3%, 0¢) €

RP*P x RP x R, we define the following pre-order “<z” on the set of all spectral methods.

and ¢

Definition 12 (Pre-order of Spectral Algorithms in Linear Regression Problems). For the linear regression problem
R = (X,8",0¢), we write
~(4) ~(B) . A A A B B B
Bl =By, i VIO V) = o(r( P v )))

tp

) ~(B)

=R ﬁtB . It
is straightforward to verify that “<r” defines an equivalence relation on the set of all spectral methods, while <r
defines a pre-order.

A

A (A
as N and p go to infinity. In particular, if rt(A)(VJ(:A),VJ(f‘)) = @(rt(f)(V}:B),VJ(F)D, we write BEA

Definition 12 describes, for a specific linear regression problem R = (X, 8%, 0¢), the relative speed of convergence
- (A . (B
of the population excess risk for any two given spectral methods ﬁi A) and 5,E 5

performance of different spectral methods for that problem.

, thereby characterizing the relative
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In the following, we consider the case when t4 = tp. Since the choice of V;, for a given ¢ > 1 in the optimal
decomposition of the feature space given by (1.42) is universal for any spectral algorithm, it follows that, for any
fixed (3,8%,0¢), (1.42) can be applied to any spectral algorithm to obtain the corresponding r(Vy,,Vye). In the
sense of equality up to a multiplicative constant, the squared loss population excess risk of each spectral algorithm
differs only in the bias term ||21]£21/Jt(§])ﬂ3*
ﬁ 7. and both the bias and variance of ﬁ e are identical - the only difference lies in the convergence rate of [3 7. used
to estimate 3% . Therefore, we have the following corollary.

o of [3 7,- This means that, for any spectral algorithm B, the variance of

A (A (B
Corollary 2. Given any linear regression problem R = (X, 8", 0¢). For any t > 1, ﬁi ) =R BE ) if and only if as
N and p go to infinity
2 > '

The following corollary is a direct consequence of the elementary inequality exp(—tz) < 1/(1 + xt).

|25 )8,

,=o([shuP e,

(GF) <r SD,(gRidgC) (Rldgc) (1’) _

Corollary 3 (GF outperforms Ridge). For any linear regression problem, ¢, , where ¢

(GF)(.’E) _ 1= exp(—tz)

ﬁlt,l is the filter function of ridge regression,; while y; is the filter function of gmdzem‘ flow.

Generalized saturation effect

For a fixed parameter ¢, the difference in population excess risk between different spectral methods arises from the
structure of their residual function v, and this naturally leads to the saturation effect — the cause of the saturation
effect also lies in the properties of the residual function. We first introduce the following generalized definition.

Definition 13 (Generalized Saturation Effect). For any linear regression problem R, any interval I C [1,400) and
families of filter functions {(pEA)}tzl and {SDEB)}tzl; we write {wiA)}tGI =r {<p§B)}t61 if as N and p go to infinity

mf(rtA (Vs Vye) i ta € I) = O(lnf(rt (Vs Vye) i tp € I)) .

. (B
If {gagA)}tej =R {¢§B)}t€,, we say that the spectral algorithm ﬁ( ) defined by the filter function family {@%B)}tzl
is saturated compared to the filter function family {cpEA)}tzl in I. In particular, if I = Ry, we write {cpEA)}tzl =r

.~ (B
{gogB)}tZl and say that the spectral algorithm B( ) defined by the filter function family {gogB)}tzl is saturated compared

to the filter function family {(pEA)}tzl. 1t is straightforward to verify that =g is a pre-order. Similarly, we can define
an equivalence relation <g on families of filter functions. When big-O is replaced by small-o, we denote by < .

Definition 12 describes the relative performance of two spectral methods for given parameters t4 and tp, whereas
Definition 13 concerns their relative performance under their respective optimal parameters within interval I. It is
easy to see that the classical saturation effect defined in [ ] corresponds to the pre-order on the following set
of linear regression problems.

R € Rsob(s,a) := {(E B*,0¢) Zaje]®ej,aj ~ e
j=1

178"z < 00, 0¢ s constant}.

Moreover, in [ 1, {rt )}t>1 is the family of ridge regression. In addition, on Rgen (s, @), the optimal tuning
parameter is t ! ~ N~ T+ where § = sAT and 7 = 2 for ridge regression, 7 = oo for gradlent flow. We say this choice

is optimal, because it achleves the minimax rate on Rsop, | ]. Applying to <p§ ) — (1 — exp(—tx))/z, ie.,
gradient flow, and to @EB) e (ot i e ridge regression, we have the following. For the same t ~ N THea | [P2]
computed that ||El/2 (B)( )3 —THGAD , while the following corollary yields ||X]1/2 (A)(E),B*J* o ~ N~ THas,
Combined with Corollary 2, this recovers the classmal saturation effect in the sense of [ ]. The proof of
Corollary 4 may be found in Section 3.5.1, see also [P5].
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Corollary 4 (Saturation Effect in Sobolev Space). Let gogGF) cx = (1—exp(—tz))/x and @ERidge) cx— (z+t )T

Let R € Rgob(s, ). We have {cp(GF)}tzl =r {@(Ridge)}tzl. Moreover, whent™' ~ N~ T#5a | where § = sA2 for ridge
regression, and § = s for gradient flow, we have (rt(GF)(VJ*7 Viye))? ~ N~ T and (rt(RldgC)(V'JwVJ:))2 ~ N~ TFsa,

Here, however, we offer a geometric perspective on the classical saturation effect: its occurrence is due to the fact
that, on V_, the residual function of ridge regression decays too slowly in the eigen-basis with power decay, compared
to the residual function of gradient flow. We emphasize that Corollary 2 provides not only this most classical example
of the saturation effect in Sobolev spaces, but also necessary and sufficient conditions for the occurrence of more
general saturation effects.

Corollary 5 (Saturation effect in the plateau covariance model). Suppose there exists somek SN Sp—k,0>¢ >0
such that o1 = --- =0, =0, and 41 = --- = 0p = €. Let J = {1,--- ,k} and suppose there exists a real number
a, > 0 such that |(B",e;)| = o for any j € J while (3", e;) =0 otherwise. Let

[=128%)s  oVN
o/ Tr(¥5)

Suppose 4 < SNR < bZ, where b is from (1.40). Let I = {t > 1: b=le <t <o} Then

SNR =

. (GF) ) < min (Ridge) ).
rtnel}lr (VJ*,VJ*) < Itnel}l"" (VJHVJ*)

Moreover, when SNR — oo and o = Q(¢), {ngidgC)}tef <R {(ngF)}tel.

The proof of Corollary 5 may be found in Section 3.5.2, see also [°5]. The quantity SNR in Corollary 5 can be
interpreted as a signal-to-noise ratio, but it is rescaled according to the sample size and the spectrum of . The
lower bound in the condition 4 < SNR < b% is intended to ensure that the signal-to-noise ratio is not too small,

while the upper bound is rather mild. For example, if we take 0 = 1, ¢ = (p — k)~ !, and ||21J£26*||2/05 to be a
constant, then this condition is satisfied. This corollary considers the case where the signal 8" is well aligned with
the covariance structure, and shows that the saturation effect occurs over a rather broad range of tuning parameters
(which is reasonable, since the tuning parameter is neither too large, causing overfitting, nor too small, leading to
underfitting). This illustrates our claim that the saturation effect is a fairly general phenomenon in linear regression
problems.

FSD for defining feature learning property

The following definition provides a mathematical definition, in the realm of deep-learning theory, of what is called
feature learning property (see Section 1.4.3). In the following definition, the top-k eigenvectors involved in the
alignment property are specifically related to the understanding gained from studying spectral methods via the
FSD method—namely, that spectral methods learn using the eigenvectors (features) corresponding to the k largest
eigenvalues, see Definition 11. Roughly speaking, FSD itself provides how an estimator utilizes features in the feature
space, while the feature learning property focuses on how features that are beneficial for solving a specific supervised
learning problem are implicitly constructed and used by estimators, particularly neural networks. Therefore, the role
of FSD in the definition of the feature learning property is to help us understand how these features constructed by
neural networks are related to the specific problem.

Definition 14 (Alignment Property). Let (ux, f*,£) be a supervised regression problem, let H be an RKHS, and
let gy be an estimator taking values in H. Let gy, € argmin{||g — f*|r2(ux) : 9 € H} denote the oracle in H.
Given a monotonically increasing function ® : Ry — Ry, a sequence of non-negative real numbers {’Yj};ikﬂ and
a real number 0 < 6 < 1, we say that gn satisfies the (®,k, ) alignment property with respect to {'yj}?‘;kJrl if with

(wx) S (350, (g3.€5)%), where (g},,e;) is the inner product in

probability at least 1 — 6, there holds ||gn — g51/3 -
H between g3, and e;.

An estimator gy satisfying the alignment property has the following characteristic: when the oracle g3, is well
aligned with the eigenvectors (functions) corresponding to the largest k eigenvalues of the covariance operator X, the
estimator can exploit this structure and thereby achieve a smaller estimation error ||gn — g3 H2L2( x)’ Many estimators
are known to satisfy this property, including ridge regression, gradient flow, gradient descent, principal components
regression, and RERM with regularization terms whose Bregman divergence is non-trivial; see Theorem 1. For
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general RERM, the weights «; may be chosen as 1; for ridge regression gradient flow, gradient descent, and principal
components regression, v; may be chosen as o, see (1.41).

The alignment property characterizes the ability of an estimator to exploit an existing favorable geometric align-
ment; however, such an alignment is not always inherently present. When this alignment relationship is suboptimal,
certain estimators yield large prediction errors. To investigate the impact of the unfavorable alignment between
the oracle g;, and the eigenfunctions of the covariance operator of H on the estimation error of a broad class of
estimators, we introduce the following concept of the efficiency of alignment.

Definition 15. Let (ux, f*,&) be a supervised regression problem, 0? be the variance of £, H an RKHS, and N be
the sample size. Let 0 < o < 1 be a pre-specified threshold. We define the balance dimension k°(N) = min{k € N :
||P;€+1;Oog;‘{||2L2 (ux) < O 2L}, where Pyy1ioo = > j>k €j ® € is the projection onto span(e; : j > k). If k°(N) < aN,

we say that alignment is efficient; if k°(N) > aN, we say that alignment is deficient.

Definition 15 is intended to characterize the relationship between the balance dimension and the sample size N.
Based on the FSD, the projection Py 11.0097, is not estimated and thus enters the estimation error as the price for no
estimation. Meanwhile, og N represents the variance term associated with the estimation subspace. Since both terms
are independent of the specific choice of the estimator, the balance dimension—by describing the equilibrium between
these two components—reveals the impact on the estimation error that depends exclusively on the alignment of g3,
with the eigenvectors of the covariance operator of H, regardless of the specific algorithm.

In the rate function of FSD, the terms || Pri1:0095 /|72 (ux) 2nd og% are universal, meaning that they are inde-
pendent of the specific choice of the estimator and always appear in the rate function. Consequently, the balance
between these two terms characterizes, in an estimator-free sense, the impact of the alignment between g;, and the
eigenvectors of the covariance operator on the estimation error of any estimator. In particular, by the definition of
k°(N), for any k € N (especially for the estimation dimension k*), we always have \\Pko+1:oog;“_t\\%2(ﬂx) + Ug%o <

2(|| Prs1:00 g;‘{”%g(ux) + 024 ). This implies that the optimal rate function of FSD is always subject to a lower bound

provided by 05 N , regardless of which estimator is selected for the FSD. When the balance dimension is excessively
large, this lower bound can be quite substantial, leading to a suboptimal estimation error. A key element of the
feature learning property introduced in the sequel is that feature learning can automatically construct favorable
geometric alignments through the autonomous learning of features.

Definition 16 (Ahgnment property and Feature Learnmg property). Consider a real-valued supervised regression
problem (ux, f*,€). Let fN be an estimator. We say that fN performs feature learning property in solving (ux, f*,€),
if there exist a RKHS Hien with its canonical feature map denoted by ¢sen : Qx — Hiea, and an element gy € Hiea
such that the following conditions hold under the limit when N — oo:

1. gn satisfies the alignment property with estimation dimension k for some k € N, ;

2. () = gn (drea()) where g (frea()) = (G, Gtea () #seas

3. the oracle g3, € argmin{|lg — f*|lz2(ux) : 9 € Hiea} satisfies that ||f* — g3, |l22(ux) = or(1);
4k =0(d), and | Pis1iooGiy,, | 12(ux) = 02(1) where Peiroo = 35, €5 @ €;.

We refer to such Hien as the learned feature subspace.

The meaning of Definition 16 is the following: if f ~ constructs from the training samples a feature subspace Hfea
(which we assume to be an RKHS) such that, for the real-valued regression problem (ux, f*, &), the approximation
error of the constructed feature space Hiea, || f* — (27 |2 (1ux ), is small, and within this feature subspace Hfea, those
features that are helpful for estimating f* are indeed used to estimate f*. In other words: the feature engineering
capability of fN on this regression problem is manifested by the data-constructed feature subspace Hge,, which
possesses small approximation error, and the constructed top k features are beneficial for estimating f* in the sense
that on Hge, there exists a latent estimator gy that is able to utilize the top-k eigenvectors most important for
achieving a small estimation error in order to estimate the oracle g3, . Finally, fN is close to this latent estimator
gy in L?(ux) distance.

Consequently, the phenomenon observed by both practitioners and theorists when f '~ solves the problem (ux, f*,€)
is the following: based on the training data (X;,Y;)N.,, fn appears to automatically construct, within L?(ux), a
feature space Hge, that possesses favorable statistical properties for the problem, learns “within” this space, and
achieves a small estimation error — as if f n itself were an estimator defined on Hg.,. This phenomenon is precisely
what is often referred to as the feature learning property in the theory of deep learning.
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Therefore, if f N possesses the feature learning property when solving (ux, f*,€), then its estimation error (up to
square) can be bounded as follows:

1N = Fllzzux) < NN = anllz2ux) + 1198 = G ll22(ux) + 11950, — F L2 (ux)-

The requirement in Definition 16 that || fn — 9N|lL2(uy) be small cannot be dropped, because under very broad
conditions, for any f* € L?(ux), there always exists a deterministic RKHS #H (with feature map denoted by ¢) such
that there is a gy possessing the alignment property for which [|f* — g3, ||12(.y) is small, where g3, : * € Qx —
E[Y | ¢()] is the regression function in H. In fact, spectral methods with analytic filter functions always possess the
alignment property, and many RKHS H are dense in L?(ux ). Therefore, what Definition 16 emphasizes is that such
an RKHS must be dependent with (X;,Y;)Y , as well as to (F, fx) (which is why we denote it by Hea), and such
that gy is close to fN in the L?(ux) metric. Only then does this latent feature subspace and the latent estimator
gn on it become capable of explaining the feature learning property of f n for the given problem.



Chapter 2

A Geometrical Analysis of Kernel Ridge
Regression

2.1 Introduction

We focus on regression problems in the context of kernel learning. Let A > 0 be a tuning parameter and (#, ||-||,,) be
some Reproducing Kernel Hilbert Space (RKHS) containing functions from the probability space (€2, 1) to R. Given
N independent design vectors (X;) ; distributed as the unknown probability measure p and associated responses
(Y;)X, C R, let the Kernel Ridge Regression (KRR) estimator be

N
fx € argmin (Z (f(X:) = Y)  + A ||f|3-¢> : (2.1)

fer  \iza
KRR is a highly effective and adaptable method utilized in various domains, including finance, biology, natural
language processing, image analysis and partial differential equations, | , , ]. Additionally, it
serves as a tool for developing mathematical foundations for deep neural networkb [ , ]. This paper

presents general bounds for the estimation error of KRR, aiming to investigate various phenomena in KRR and
provide insights in the field of statistical deep learning.

2.1.1 Notation

We use ¢, cg,c1,--+,C,Co,C1, -+ to denote absolute constants. Usually, C' stands for large but finite constants and
¢ stands for small but non-zero constants. Such constants are always assumed to be positive, but may change from
one instance to another. Given two quantities A, B, we write A < B (or A = B) if there exists an absolute constant
C such that A < CB (or A > CB). If a constant is assumed to depend on some parameter (say K), we use the
expression Cg, and write A Sk B (or A 2k B) if there exists a constant Ck such that A < CxB (or A > Cx B). We
write A~ B if B S A< B. We use Oy4(+) (respectively o4(+)) for the big-O (respectively small-O) notation, where d
emphasizes the asymptotic variable. Further, if g(d) = O4(f(d)), we write f = Qq(g) and if g(d) = 04(f(d)), we write
f =wq(g). Given a sequence of random variables (Zy)4 and a deterministic sequence (sq)q, we say Zg = oqp(sq) if
Z4/sq — 0 in probability.

Given r € N, we define [r] := {1,2,--- ,r}. Let (Q, u) be a probability space and, for ¢ € N4, let L, (£, 1) be the

Ly space with the norm [/ f|[, = (fo |f(x)|q)1/q du(z). When there is no ambiguity, we abbreviate L, (£, ) to Ly (u)
or L,. Given a random variable X7, we write Ex, for the conditional expectation with respect to X; conditionally
on all other random variables. Given probability measures pu1, 2, we denote by p; X po the product probability
measure. We say a real-valued random variable X is sub-Gaussian, if | X|[,, := inf (t>0:Eexp (X?/t?) < 2) < .
We write M (0, 1) for the standard Gaussian random variable, and N (0, I;) for the standard Gaussian random vector
in R?.

Given two Hilbert spaces H, G, we characterize H ® G by defining f ® g € H® G as the mapping (f®g) :h € G —
(9,h)g [ € H. We use angle brackets (-, -),, to denote an inner product in some Hilbert space H, and omit it when
M is a Euclidean space. We use ||-||;, to denote the Hilbert norm, and denote the Euclidean norm by ||-||,. Given a

37
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bounded linear operator T': H — G, we denote by T[], _,g the operator norm of T', that is,

1Tl op 26 = sup (IT2lg = ll2lly < 1)

When there is no ambiguity, we abbreviate the operator norm as ||T[,,. For any ONB (¢;)jen of H, if 3,y [|T0; HZ <
o0, we say T is a Hilbert-Schmidt operator from H to G, and denote

2
||THHS.,HHQ = Z ||T<Pj||g-
JEN

One can prove that the HS norm of T is independent of the choice of ONB, for instance, | , Pp.7]. When there
is no ambiguity, we abbreviate the Hilbert-Schmidt norm of 7" to ||T| ;. For any j € N, let He;(x) be the j-th
(probabilist) Hermite polynomial, | , pp-16]. For a Hilbert space (H, ||-[|5,), we set By = {f € H : || fll5 < 1}

and Sy = {f € H: |[flly = 1}

2.1.2 Reproducing Kernel Hilbert Spaces

In this section, essential RKHS background knowledge is presented. Readers who are not familiar with RKHSs can
think of ¢(X) in the upcoming discussion as a Gaussian random vector (which is precisely the essence of the Gaussian
Equivalence Property).

Structural aspect Let Q C R? be a compact Hausdorff space! and y a probability measure on Q. Let Ly (£, 1) be
the space of real-valued, square-integrable functions with respect to u. Suppose K : 2 x 2 — R is a positive definite
continuous function, and without loss of generality, we assume that ||K||_ < 1%. In [’2, Section 5.3], we present a
crucial example of an RKHS that does not satisfy || K| Loo(uxp) < 00 Nevertheless, our analysis remains valid. We
say that a Hilbert space H C La(u) of functions is an RKHS (with RKHS inner product (-, -),, and associated RKHS
norm ||-|,,) over  if for every x € €, there exists a constant C, > 0 (depending on ), such that |f(z)| < Cy || f|4
for every f € H, that is, the evaluation functional ev, : f — f(z), ev, : H — R is a bounded linear functional. By
Riesz’s representation theorem for Hilbert spaces, this is equivalent to saying that the inner product of H can be
characterized as follows: for every x € Q, there exists K(x,-) € H such that (f, K(x,-));, = f(z) = (f, ¢(x))4,. This
is called the Reproducing Property. Given a kernel K, the (canonical) feature map is defined as ¢ : x — K(z,-) € H.
The RKHS can be considered as a linear model on #, where the design vector X € Q C R? is embedded into H via
the feature map ¢; hence ¢(X) plays the role of a design vector and may therefore be called the RKHS design vector.

By mapping X from R? to H, we clarify the prediction function, covariance structure and the design matrix.
Given that ¢(X) now serves as the design vector, its integral operator I' = E[¢p(X) ® ¢(X)] (ie. T : f € H —
E[o(X) (¢(X), f)y] € H) will play the role of the covariance matrix. We denote the operator norm of I' : H — H
by |||, Since [|K][, <1, I' is compact and positive semi-definite, so it has a discrete spectrum of non-negative
eigenvalues. By Mercer’s theorem, see, for instance | , Theorem 12.20] or | , section 4.3], for any x,y € Q,
it holds that K(z,y) = (¢(z), ¢(Y))3, = ;51 i (@)e;(y) = ;51 05hj(@)h;(y) where (p;) en+ are eigenfunctions
of I', and (0;);>1 are the eigenvalues of I' associated to (¢;);>1, and where ¢; = ,/o;h;. It is possible to check
that this decomposition is unique. By | , section 30.5], T" is a trace-class operator, that is, Tr (I') < oo where
Tr(T) = E[¢(X)]5, = EK (X, X) = 3 e 05

Tt is also widely-used to embed H into ¢ by ¢ : x € Q Z;‘;l Vihj(x)e; (we use the same notation as for the
feature map ¢ : * — K(z,-) introduced above; however, which definition of ¢(x) we use is clear from the context).
Therefore for every v € fa, the corresponding element of H is fi(x) = (¢(x),v),,. Therefore, H can be defined
equivalently as the image of ¢ under the map v — f,,, with the inner product (fy, fu);, = (v, u>£2 when o; > 0 for
all j (in case T is of rank r,  is in a one-to-one correspondence with £5).

We will frequently use a decomposition of H so it is necessary to introduce the following notation. Given
p < q¢ € NU{oo} and k € NU{oo}, weset ', = Zpgqu 0 ®p;. Then, I' can be decomposed as I' = 'y + T4 1:00-
We set Hp.q = span(p; : p < j < q) and let P, be the orthogonal projection onto H,.,. For any f € H, denote
Pygf as fpq, for example, ¢p.q(X) = 30 i (9(X), ¥j), ;. Consequently, we decompose H = Hi, B Hit1:00-

*

Given ¢ € N, we denote fZ, := ff,z as S = =1L, T = Pis,_ a and I's, := T — I'«,, where we recall
< i<, <o s < <

I1We emphasize that we do not actually require € to be compact; it suffices for K to have a spectral decomposition.
2We remark that we do not really need IK|| o < 1, but need only the integral operator I' defined below to be a positive, compact,
symmetric trace-class operator.
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that d is the dimension of the design vector X. Also, let P<; be the projection onto the eigen-space of I'<;, and Ps,
its complement.
By the Reproducing Property, for any f € H, it holds that

2
11 s = B, £13 = [T724]| < Tl 715 - (2:2)
Define the RKHS design matrix X, : H — RY as
$(X1)" ((X1), [l f(X1)
Xy = , so that Xy f = = ;
p(Xn)" (P(XN)s fay f(XN)
where for all z € Q, we use ¢ (x) : H — R, that is, the operator ¢ (z) : f — (¢(z), [y = f(z).

Statistical model and closed-form solution to (2.1) In this paper, we always assume f* € H (except in
Remark 4). Let & = (&);c(n) be the noise vector with i.i.d. zero-mean coordinates with variance O’?, which are

independent from the design vectors (X;);c(n]. The kernel ridge estimator f for (X, Yi)ien) C (82 x R)" and the
tuning parameter A > 0 is defined as

f € argmin (||X¢f - 1/”3 +A Hf“?—[) )
feH

where V; = f*(X;) + & and y = (Y,---,Yn) . This coincides with (2.1). By | , Proposition 12.33], fx has an
explicit form:

f>\ = X; (Xd,X; + )\IN>_1 Y.

As (6(Xi))ien) C H, we write Xy g = ((Ppig@(X1))|- - |(Pp;q¢(XN)))T, thus we can decompose X, into two
parts for any k € N:

(Prro(X1))" (Prr1:00¢(X1))
Xy = + .

(Prrp(Xn)) T (Pk+1:oo(;b(XN))T

Recall that fT :g e H — (f,9)y € Rfor all f € H, that is, fTg=1{f, g)y forall g € H.

=: Xp,1:5 + Xg kt1:00-

Key quantities driving the rate of convergence of KRR We first define some key quantities related to the
convergence rate of KRR, and then provide an informal version of the main conclusions of this paper. For the formal
version, please refer to Theorem 5 in Section 3 and [P2, Theorem 6]. Let k € N4, and let xkpps be some absolute
constant. We define

Ji = {j €lkl:o; > mom (42 +J$r (Lietr:co) }a J2 = [\ J1, (23)

and

k —1/2
~_1/2 kpm (4A +Tr (Ti41:00
M= (ajv ( (L ))> ;i ® pj.

1,thre — N
=1
. . . =—1/2 —1/2
For the optimal choice of k, we will have J; = [k] and I'| /- =T,,"".

The main conclusion of this paper is the following:

Theorem 5 (informal). Under certain conditions on the kernel, the design vector and the noise, for any k < N
and A > 0 that satisfies certain conditions, the following fact holds with high probability:

fo—f*

<
Loy MR
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where the convergence rate vy , 1is defined as

. 1] 2jet, O H~—1/2 . ’ 224+ 3Tr Trt1:00)
= —_— —_— r .
Txk =0¢ N +O—§ A\ Tr (Fk+1:oo) + l,threfl.k o N
(2.4)
i HF1/2 f H iy NTr (F%Jrl:oo)
k+1:00/ k+1:00 o 13 A+ Tr (FkJrl:oo) .
Examples concerning 73 , can be found in [P2]. For instance, suppose there exist @« > 1 and s > 0 such

that o; ~ j7% and ||I‘1%f*||;.[ < o0, that is, the Sobolev regression setting. In this case, one can show that if

A\ ~ N'" (7 | then X~ Nﬁﬁ, which is the known minimax rate for this problem, | ]. We provide
some comments on Theorem 5. In general, based on the choice of A and the spectrum of I', KRR automatically
decomposes the feature space H into a direct sum of two subspaces: H = Hi.x B Hit1:00- In Hi.x, KRR estimates
the target function f*, while in Hy41.00, KRR absorbs noise. Here, k is a key quantity that determines this space
decomposition and thus the estimation error of KRR. Therefore, there exists an optimal k that minimizes the
convergence rate ry .. We emphasize that k is a free parameter; that is, for KRR, statisticians do not select a priori
a specific k; rather, ‘this k is needed for analysis. Thus, this &k is determined by KRR itself; somehow KRR learns by
itself the best feature space decomposition.

Let us now provide some explanation on the five terms appearing in the definition of 7k In the space Hi.p
(where estimation happens), [k] is further divided into J; and Jo, which correspond to different parts in the final
bound: the first row of (2.4) is made of three terms, the first two are variance terms (restricted on J; and J3) and the
last one can be interpreted as a bias term on the entire space H1.x. In most applications, J; = [k] and J; = ). In the
classical case (for instance, when A ~ Noy), the dominating term in the definition of fl_tllfe is 0, which means that
KRR does not filter out the largest k eigenvalues. However, theoretically, there may exist choices of k and A such
that KRR filters out only certain eigenvalues, with the number of these eigenvalues being less than k. In Hy41.00,

Jii1:00 18 treated as noise, which leads to the term ||F,1€f1:oof;+1m||q.[ in (2.4). The space Hyt1:00 is responsible for

NTr(l7,,,
m in (2.4). Here, it is necessary for Tr(T'%,..,) to be

relatively small compared to A? and (Tr(I'x41.00))? in order for the estimator to effectively absorb noise. When A
dominates Tr(Tk1.00) (which corresponds to the case of sufficiently strong regularization), then A needs to be large
enough to absorb noise. Conversely, if Tr(T'x+1.00) dominates (which corresponds to insufficient regularization), we
require that the spectrum of I'y4 1.0 is well spread, meaning that the ratio of its ¢ norm to its £; norm must be
sufficiently small.

noise absorption, corresponding to the term o

2.1.3 Restricted Isomorphy Property

The Restricted Isomorphy Property characterizes the geometric properties of the RKHS design matrix restricted to
Hik, that is, Xy 1.,. We will see later that this is the part of the space where estimation happens. It identifies
the set on which, with high probability, the operator Xy 1., : Hi:p — ¢ forms an isomorphism when & < N or a
restricted isomorphism when k& 2 N. This property was used for linear functionals of sub-Gaussian random vectors
in [ ] in the context of benign overfitting in linear regression. In this paper, since we need to study RKHSs, we
must establish a corresponding version of this restricted isomorphy property.

When k£ < N When £ < N, the RKHS design operator Xy 1., behaves like an isomorphy over the entire space
‘H1.x under the following assumption.

Assumption 4. There exist absolute constants " > 1, c19 depending on k" (c19 < W is sufficient), 0 < vy <
1/16, € > 0, d2 > 0 such that
o k < ClgN.
o with probability at least 1 — o,
ro 26 x|l < 6ok 2.5
2| Tk b1:1(X5) 5 < 02k, (2.5)

o forany f € o, [1fllp,,, <" IFL,
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The next result shows the isomorphy property of X4 1., on Hi.; under Assumption 4.

Proposition 17 Under Assumption j, there exist absolute constants c4, c5 and Cqg such that with probability at
least 1 — 7, (=k), for all fi.x € Hi.1,

1/2 1 1/2
1k fl:kHH < N 1Xg,1:6f1:1]l4 < Co HFM fl:kHH7

where c5 can be taken equal to = and Cy equal to 202 1+ c19).

(—Fk) by PripP-

When £k is not necessarily smaller than N When k is not necessarily smaller than IV, the design matrix Xg 1.%
cannot behave like an isomorphy over the entire space Hj., because it has a non-trivial kernel, but it can be an
isomorphy restricted to a subset of H;.,. This set can be taken to be a cone defined below in (2.7). We refer to this
property as the Restricted Isomorphy Property (RIP) as in | ], in reminiscence to the RIP used in Compressed
sensing [ ]. Please note that we can still use the following proposition to replace Proposition 17 when k < N,
albeit at the cost of incurring a logarithmic factor.

Proposition 18. Let Cyg and Cy1 be absolute constants. For any R > 0, let I‘ 1/2

is sufficient), let

=3, cemin (%, 7=) 0 © 5.

For some cg sufficiently small (cg < m

Ry (cg) = inf {R >0: (2.6)

max ||I" o(X;
zej\ﬁHm o(X:)

VN
‘ S Cg .
Ml log N

For any 0 < 03 < 1, there exist absolute constants c5, and Cy depending on 3 such that when R > Ry (cg), then with
probability at least 1 — 03, for all f € cone (C(R)), where

C(R) = R™'By,,, NI,/ Sn,., and cone (C(R)) = {f € Huw : RIfll < Ifll.,} (2.7)

we have

C5HF}:/;§2f1:kH X, 1:6 115 SC'gHFMfl k”

|
\ﬁ
In contrast to Proposition 17, we only have constant probability deviation in Proposition 18. We refer to Propo-

sition 18 as the “Restricted Isomorphic Property under the embedding index condition” because the estimation of

the fixed point Ry (cg) requires the embedding index condition. An example of the estimate of Ry (cg) may be found
in [P2, Section 6.5.4]. The proofs of Proposition 17 and Proposition 18 are postponed to [2, Section 6.5.2].

2.2 Main Results

In this section, we present the upper bounds on the estimation error of KRR.

2.2.1 Review of the Assumptions

Assumption 2 (Recall). There are absolute constants C1 > 1, C3 > 1, 0 < v < 1/16, 0 < § < 1/(100/C2),
§<Cyt, e>0 and k> 1 such that

o With probability at least 1 — -,

6 (X0)ll3,
Prtdln ) < .
max | 11<6 (1.26)
where we define £* = \/E quJn(X)Hil = VT (Xe).
e Forany f € Vje, we have
I L2te sy S BN L2guyy - (1.27)

e Depending on the choice of €, there are two cases:
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1. if € > 2, then no extra assumption is required.

2. if 0 < e <2, then

oo NSselop ) _ -
kN 2:+<2 Jog (N) < T (50 < 6. (1.28)

Assumption 3 (Recall). There exist absolute constants y1 € (O, 1—16), 01 >0, €>0 and K > 1 such that

=200 (x2)

1SN T (2%,

‘ 2
H

P

<140 | >1-m, (1.37)

o forany f € Ve, ||f||L4+€(,uX) < ||f||L2(ux)‘

Assumption 4 (Recall). There exist absolute constants K > 1, c19 depending on k" (c19 < W is sufficient),
0 <7y <1/16, € > 0, 63 > 0 such that

. kgclgN.

o with probability at least 1 — v,

2
—1/2 4 < _
max [P0 <ok, (2.5)

o forany f€Huw, |fllg,.. <E"[IfllL,:

In this chapter, we also assume that the noise £ is independent of X with mean zero and variance ag. We assume
that for some x1 > 0 and 7 > 4, [[{]|, < K10¢.

2.2.2 Our results

As remarked in several works [ , , |, there is a fundamental parameter k which is the dimension
of the space endowed by the top k eigenvectors of I' where ’estimation’ happens whereas, on the orthogonal space,
’absorption of the noise (and even overfitting of the noise when A = 0)’ happens. Our analysis depends on the case
where this parameter is smaller or larger than the number of data IV.

When k < c;9N In this paragraph, we provide conclusions for the case of & < N. This scenario is precisely
what linear regression and Multiple Descents problems are most concerned with. The definition of d} (T’ ,;l{zooBH) is
given in Equation (1.25) and the ones of prrp, Ppum, and ppayry in Proposition 17, Theorem 4, and Proposition 13,

respectively.

Theorem 5. Suppose Assumptions 2, 3 and 4 hold. There then exist absolute constants Cia, c19, c7, cs, C13 (C13
depends on k1) and Chy, such that the following holds. Suppose the noise £ is independent of X with mean zero and
variance ag, We assume that for some k1 > 0 and r > 4, |||, < kio¢. Let A > 0. We assume that there exists
k € N so that Ci2 < N < crepumdy (F,;_}_{?OOB;.O, 01N > kpp(AX + Tr Trt1.00)) and k < c19N. Let pe be some

probability deviation strictly less than 1 (defined later in [P2, Equation 68]). Then with probability at least

4

o Ci3 Tr(Tr41.00)
N |J1|Tr(rk+1:oo)+N (ZJEJZ UJ)

1 —prrp —PoM — PDMU — ~ — Pe —

we have, for 13, defined in (2.4), that fo - f*

< Chiary g
Lo ’
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When k is not necessarily smaller than ci9/N In this paragraph, we provide the informal version of our

conclusion for the case of k is not necessarily smaller than c19/N (the formal version may be found in [P2, Section
5.6]). In fact, for the context of the minimum |-||, norm interpolant estimator in linear regression, the authors
of | ] have already conducted research on this scenario. They have demonstrated that when the design vector

is symmetric, the optimal value of kK — the one that minimizes the estimation error among all possible k& — falls
precisely within the range of k¥ < N if one wants benign overfitting to happen. However, in the case of KRR, there
is no lower bound indicating that the optimal & must satisfy & < N. We therefore present the following theorem.

Theorem 6 (informal, [P2]). Under certain conditions, for any X > 0 and k satisfying the Dwvoretzky-Milman
condition, with constant probability, we have ||fx — f*[|1, <73 where 13 is defined in (2.4).

Remark 4 (Misspecified model). In practical applications, we often encounter cases where f* ¢ H, as exemplified
by our [P2, Proposition 11]. When f* ¢ H, we define f** = argmin(||f* — fllz,(u) : f € H), that is, the orthogonal
projection of f* onto H in the Lo(p) inner product (we could also choose other oracles as we have the liberty to
choose the oracle). We replace the target function in Theorem 5 and [P2, Theorem 6] with f** and replace the noise
€ with e = v+ &, where r = (f*(X;) — f**(X;))Y,. This new noise € is dependent on the kernel design matriz Xy.
See [P2, Proposition 30, Proposition 31] and the subsequent discussion of this property in supplementary material
and [P2, Proposition 11] for an example when f* ¢ H. This conclusion is not contradictory to the counterexamples
provided in [ ] and | ], as indicated in [P2, Remark 9]. For the estimation error in the misspecified
setting, see Proposition 25 in page 58.

Remark 5 (Uniform results in A). [t is possible to have results equivalent to Theorem 5 and [P2, Theorem 6] uniform
in the reqularization parameter \. This type of results is particularly useful when one wants to use a data-dependent
reqularization parameter in order to achieve optimal and adaptive results. It is for instance the case, when \ is chosen

according to the Lepski’s method [ . In that case, our results hold with the same probability and convergence

rates. However, for instance in Theorem 5, we just need to assume that N < d3 (F,:i{:zooBH) for some Ag > 0 and

then the result of Theorem 5 holds uniformly for all A > \g. This may be particularly useful when Ag = 0.

2.3 Proof of Theorem 5 (the £ < N case)

We first provide some definitions. Define

Tr (L) o1 N 1/2
0= , [ ire]
max{ag\/él)\—kTr(FkH;oo) AN+ Tt (Trstio0) S

(2.8)
. AN+ Tr (Tit100)
177l ~ 7
if o1 N < kppr(4X + Tr (Try1:00)); and
|J1] > e O 1/2
0 - s L Ittt
e {05 N T I e (D) T o0 e, (2.9)
Hffl/Q I ‘ 2A +3Tr (T'g+1:00)
1,thre/ 1:k u N )
if 01N > kpar(4X + Tr (Th41:00))- Let A =0OVN/v/kpa (4N + Tr (Tri1:00))-
For any A > 0 and k € N, define
NTr(T2,,..)
Tk i= max ¢ 0, o¢ i (2.10)

A+ Tr (FkJrl:oo)

Define

k
- o o1
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For the sake of simplicity, we denote by A : RV — %, a random matrix with ii.d. column vectors denoted by
B(X1), -, d(Xn): A= [p(X1)|--|p(Xn)] such that for any A € RN, AX = SN N\;¢(X;). In other words, A is

i=1
the adjoint of Xy, ie., A = Xl We denote £* = /E ||¢(X)H?{ =EK(X,X) = /Tr ().
In this section, we establish the proof of Theorem 5. The proof is generally divided into two main parts: the
Stochastic Argument and the Deterministic Argument. In the following subsection, we commence with the Stochastic
Argument.

Stochastic event behind Theorem 5.

Let Cg, Cy5, Cig, 5, and Cgy be absolute constants. We denote by €y the event which we have:

o forall A € RV,

1
(2 Tr(Tit1:00) + A) 1Al < H (X¢,k+1:ooX;k+1:oo + ) AHQ
(2.12)

3
< (31T +4) 1A,

o for all fi., € Hix,

Cs5

P12 ]|, < VI IRk el < Co |03 11| (2.13)

o forall A € RV,

1/2
[T XD e, < Cs (\/Tr (F41) + VN ||rk+1;oo|op) YR (2.14)

* 1/2 *
HX%k-&-l:oofk-i-l:oon < 015R\/N Hrkil;oofk-i-lzooHH (2-15)

2
e Ci6N Tr (T} 41.00) - (2.16)

XN: H (Fllcf1;oo¢k+1:oo) (X5)
i—1

By the definition of §, see (1.29), there exists an absolute constant ¢; such that if 2,82 < ¢7, we have § < 1/2.
When A > C3Tr (T'j+1:00), one may replace the absolute constants 1 and 2 in (2.12) by those in Theorem 4. It
follows from Theorem 4, Proposition 13 and Proposition 17 that if N < crepardy (F;i{?OOBH), then with probability
larger than 1 — prrp — Pom — Pomu, (2.12), (2.13) and (2.14) hold.

For (2.15), we use | , Lemma 3.2] on the L,-norm of a sum of i.i.d. random variables to deduce the following
result.

Lemma 4. There exist absolute constants cy,c19,c11 such that the following holds. Let 1 < r < q, set Z € Ly and
put Zy,--- ,Zn to be independent copies of Z. Fiz 1 < p < N, let jo = [(cop)/ (((q/7) — 1)log (4 + eN/p))] and
t>2. Ifjo=1and 0 < B < (q/r) — 1 then with probability at least 1 — c;1t "IN P,

1/r

N q 1/r
zi' | <ew () t1Z]l, NV
;l ‘ q—(ﬁ—i—l)?“ H HLq

Without loss of generality, we take cjo > 1. Let Z; = fi . (Xs), r = 2, p =1, ¢ = 4 + € (where € is
from Assumption 2, Assumption 3 and Assumption 4) and 5 =1 in Lemma 4, and by the fact that |

fl;k+1:00‘|L4+e <
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k|| oo ||L2, Lemma 4 indicates that if N > (e® —4)/eV c3;, then there exists absolute constant cg with probability
at least 1 — cg/N,

1/2
osiceivinl = (3 Ui < GV |l
S 015'%\/N Hl—‘llcfl:oof/;k-i-LOOHH?

where cg = C11, 015 = C10 (4 + 6)/6.

We are left with checking (2.16). However, this is a simple consequence of Assumption 3. By Assumption 3,
(2.16) holds with probability at least 1 — 7 with constant Ci16 = 1 + 5.

Combining the above probabilistic estimates, we have the following Proposition

Proposition 19. Suppose Assumption 2, Assumption 3 and Assumption / hold. There exist absolute constants cg, c11,
c19, c7 and cg, such that if N > (e®® —4)/eV 3, and if there exists k < c19N, such that N < crkpmdy (Fk+{ OoB;.[)
then

cs

P($0) > 1 — prip — PoM — PDMU — N

We now place ourselves on the event 2y up to the end of the proof of Theorem 5. All the remaining material
does not rely on any stochastic arguments since they all have been collectd in €.

Decomposition of fA

As in the linear situation, the KRR estimator f)\ is decomposed into two components: fl;k € Hip =span(p;: 1 <j<k)
and fiti:00 € Hit1:00 = span(p; : j > k). The two components have their own role in estimating f*: fi.; is used

as a ridge estimator of Py.;f* whereas fk+1:<>o is used to absorb noise, thus is not expected to be a good estimator
of Prit.oof™.

Proposition 20. For any k € N, the KRR defined by (2.1) can be written as fA = fl:k + fk“;oo, where

fix € argmin (||Q (y — Xprfr) 3, + Hfmlli) 7 (2.17)
fre€Hiw
and
~ 1 ~
fk+1200 = X;EkJrl:oo (X¢)7€+1100X;,k+1:00 + )‘IN) (y - X¢711kf12/€) ) (218)

where Q : RN — Hyi1.00 is a bounded linear operator such that

—1
QTQ = (ank—i-l:ocx(;k_t,_l;oo + )\IN)

Such an operator exists because Q' Q is semi positive-definite.

Proof. The empirical regularized loss functional is defined as L : f € H — |y — X¢f||§ + A ||f||3_l As fy is a
minimizer of L(f), we decompose f N = fl:k + fk+1:oo and take the derivative of L with respect to the canonical inner
product on H at f1.x and fri1.00 and set them to 0, as a result, we obtain

(Xqu,l;kX¢,1:k + AI) fre+ X;kacb,kﬂzoofkﬂzoo = Xl,my (2.19)
X;Hl;oqus,mfhk + (X;7k+1:oox¢,k+1:oo + M) frt1i00 = XqTa,kH:ooya (2.20)

where I : H — H is identity operator. Solving (2.20) gives

a 1 ~
Srrtioo = (X§ pt100 Xkt 100 + M) XY 100 (y - X¢,1;kf1:k) ;

which coincides with (2.18) because of the Woodbury formula

-1

X;—,kﬂ:oo (X¢7k+1ZOOX<I,k+1:oo + AIN) = (X;—,k+1:oox¢,k+1:oo + )‘I) X¢ k+1:00°
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For (2.17), we plug (2.18) into (2.19) to obtain

-1 a
(X;kaqs,hk + A — X;,katﬁ,k—&-l:oo (X(—;k+1;oox¢,k+1:oo + ) X;HlmX(j),m) Jik

-1
= Xl,l:k: (I = Xp k+1:00 (X;,kJrl:ooX@&,kJrl:oo + /\I) X;—,k+1:oo) Y.
—1
Let F =1 —Xgrt+1:00 (X;7k+l;oox¢,k+l:oo + )\I) X;Ek_‘_lm. The above equation is then equivalent to

(X(—gvl:kFX¢vlzk + )\I) fl:k = X(l—,l:kFy‘

Applying the Woodbury formula to F gives F'= A (A + Ko p1:00X] p100) - AS K] 15 F X 10 + AL is invertible
(because F' = 0), we have

. _1 -1
Jik = (X;m (/\I + X¢vk+1:OOX4T$,k+1:oo) Xp1:k + I)

) (2.21)
X4k (M +Xp kr1:00Xg 1 1:00) Y-

To check that (2.21) is equivalent to (2.17), we take the gradient of the convex objective function fi.5 — ||Q (y — X¢ 1. 1:) ||3_L+
||f1:k||3{ from (2.17) and set it to 0. This gives f1., = X;l:kQTQ(y—X(b,l;kfl;k). Recall that QT Q = (X¢7k+1;le’k+lm + )\IN)V

and X;LkQTQX@Lk + I is invertible. Hence fl:k from (2.21) is the unique solution to the optimization problem
from (2.17) and so (2.17) holds. u

Estimation properties of the “ridge estimator” fl:k

For any f1.x € Hi.k, we define its (empirical) excess risk as follows (note that KRR’s empirical excess risk includes a
regularization term):

e = 1QW—Eounfra)l + el — (10 W - o nefia) I+ 1 iale)
= H(X¢,k+1:ooX¢T>,k+1zoo + M) Y2 g 1k (ke — ff:k)Hz
+ 2<X$,1:k(X«s,kﬂ:ooxl,kﬂm + MN) T (Xp k100 fhs 100 + &) = Frips 1k — ff;k>7{
e — falla s (2.22)

—1 —-1/2
where we have used the fact that Q T Q = (X(ﬁ,kﬂmX;ka + )\IN> QA = H <X¢,k+1:oox;l;k+1:oo + )\IN> A

from Proposition 20 and ||f1:kH3-L - Hffk”?—[ = |lfix — fkai -2 <f1*;kv ik — fl:k>7-¢'
We denote the three terms of the decomposition (2.22) by Qy,,, My, and Ry, , respectively:

2

2

Qfl:k = H(X¢,k+1:oox<—;k+1:oo + AIJ\/V)71/2§g(25,1:7€(fl:k - fikk)‘ 97 (223)
Mfl:k- = 2<X;£,1:k(X¢7k+1iooxl,k+1:oo + )‘IN)il(X@k-‘rl:oofI:—&-l:oo + 5) - fik:k
7f1:k _fik:k:> ) (224)
H
R = 1k — Fralls - (2.25)

We notice that of these three terms, only the multiplier term My, , can take negative values, whereas the quadratic
term Qy, . and the regularization term Ry, , are always positive.

We will show that with high probability, |[TY/2(f1. — f;k)HH <0 and H Frn — f;:kHH < A, where O, A > 0 will
be defined later. In other words, we want to show that fi.x € fy,, + B where B is the unit ball of the norm ||-||
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defined as

Jrizés]
| Ly 171
711 i= max § =t A7

From the definition of f1 % in (2.17), we know that E < 0 so it suffices to show that for all fi.x ¢ f{, + B
we have Ly, > 0. We denote the border of B in Vi by 8B Let fi.x € Vi, be such that fi.x & fi, + B. There
exists fo € OB and 6 > 1 such that fi.x — ff, = 0(fo — f},)- Using (2.22), it follows from the convexity that
L. > 0Ls. As a consequence, if we prove that Ly, > 0 for all fi.p € f;, + 0B, this will imply that L, > 0
for all fi.p ¢ fi, + B. Hence, we only need to show the positivity of the excess regularized risk Ly, on the border
fix +0B.

For fi., € OB, there are two cases:

L[R2 G = £, = D and I = Fially < Ao

HF1/2 fik— f52) H <0Oand | fi.x — flk”’H*A

We will prove that either we have Qy,, > My, (this occurs in case [1]), or Ry, > My, (this occurs in case
[2]). Combined with (2.22), this will show that L, > 0. To achieve this goal, we need to obtain a lower bound
for Qy,, in case [1] and an upper bound for My, , in case [1] and [2]. The lower bound for Ry, , is straightforward
because this term is not random and is positive.

Bound of the multiplier term We show an upper bound on My, , when fi., € f]., + 0B.
Observe that

IMflzkz|

= 2?61133 ‘<X;1:k(x¢7k+1ioox<;k+1:oo + )‘IN)_I(X¢7k+1:oofl;k+1:oo + ﬁ) - fik:lw f>’H‘ .

Also, for f € Hix, we have [[f[] < Hfl/QfH < V2||f|l where T'1.; is defined in (2.11). Therefore, ||]|’s dual
norm |-, is also equivalent to “FUZ H ’s dual norm which is given by HI‘ 1/2 H : for all f € Hug, 1/V2)IfIl, <
Hr‘l/QfH <|I£Il... Hence, for all fi € fi, + 8B, we have

_1/2 (X;l:k(x@k-&-l:ooxg,kﬂzoo + >\IN)71

(X(Iﬁ,k-‘rllooflj-‘rl:oc + é) - ff:k)

H

< 2\f< HF1 WX 1 (Kt 100X k100 T AN) ™ 1X¢,k+1:oof2+1:ooHH (2.26)

L)

=—1/2 — 1/2
+ Hrlk/ Xll:k(xﬂk'i‘liooxlk-i-l:oo + /\IN) 15”,}_[ + HF / fl :k
We next handle the first two terms in (2.26) in the next two lemmas.
Lemma 5. Under the assumptions of Proposition 19,
—1/2 1 «
HF1 k/ qu 1:k (Xqﬁ k+1: ooX¢ k+1:00 + )‘IN) X¢,k+1:oofk+1:ooH,H

401509,‘43]\[ HFkJrlzooferlioo H
= AN+ Tr (Trs1i00)

(2.27)
Ho (O, N),

where

o0y = TAYm 2D (2.28)
A\/o1, otherwise.
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Proof. On the event {2y we have

1/2
oo x|

because of the isomorphic property of X¢,1:k and

= H&J:kﬁiﬂ

<C\/>HF1/2 1/2

)

op op

H (X¢,k+1:ooxg,k+1;oo + )\IN) !

< .
op — 4\ + Tr (Fk+1:oo)

Hence, on €,

—1/2 —1 *
HF / Xgﬁ 1:k (X‘i)-,k-‘rliOOX;,k-&-l:oo + )\IN) X¢7k+1:oofk+1:ooHH

IN

N I T S

4C15C9r N H 1/2 —1/2 1/2
Nl I e
4>\+’I‘I‘(Fk+loo k+1.oofk+1.oo o

401509/‘6]\[ HFk+1 ookarl:oo H
<
= AN+ Tr (Trstio0)

Ho(O,N),

where the last inequality follows from the definition of I'y.; and I [ |

We define the sets
0\ 2
J1 = {] S [k] 1 0j > (A) }, Jy = [k]\Jl

They will match the definition of J; and J3 in (2.3) once A and O have been chosen.
We prove the following lemma:

Lemma 6. Under the assumptions of Proposition 19. We define

1

JEJ2

t(O,4) =

Recall v and k1 from Theorem 5. There then exists an absolute constant Cy3 depending only on k1 and there exists
an absolute constant C17 such that with probability at least 1 — (Cy3/[t(0, N)|)/* —P(QE),

_ -1
HF 1/2X¢ 1k (X, k+1300X<—£,k+1:oo + Ay) £H7{
8C' 2.30
1705\/7 \/|J1| 2 + A2 Z o;. ( )

T AN+ Tr (Tht1:00 i
Proof. Let D = f;llc/%g;l:k (X¢,k+1.OOX¢,k+1.oo )\IN> . We calculate separately the upper bounds for

VTr(DDT) and || D||,,. For the basis (¢;);en of eigenfunctions I', and since Tr is independent with the choice of
the basis, on Qg we have

T (DD') = Z<DD ©irPiu Z HDT%HQ Z HDT%H;
JE[K]

JjEN

)
(o 1 -1 2
<\/|]7 Y A) H (X¢,k+1:ooX:jl>—,k+1:oo +Aly) X¢,1:k90jH
j=1 ?
k i1 ) . L2 ,
<> T VA H (X, kt1:00X gkt 1200 + AIN) Hop 1X6,1:605 15
j=1
k -2 -2
Vo1 Tr (Fkt1:00) 2
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where the last inequality follows from (2.12). Hence

4CovV N
Tr(DDT J1| 02 + A2 2.31
r )_4)\+Tr (Tk+1:00) \/' 0P+ ZJJ (2:31)

JEJ2
This implies that D is a Hilbert-Schmidt operator. Using the inequality Hl"l/QF 1/2 < o(0,A) we obtain
P
1 ~—1/2
1PNy = 107 [y < || (Kot tioeX s + M) ™ =7
op op
4
<C HF1/2F 1/2 )
9\/7 op 4A —+ TI‘ (Fk+1:oo) (232)
- 4CyV/No (O, )
T A+ Tr (Thito0)
We finish the proof by Proposition 23 with the k& from Proposition 23 set as
b |J1| 0% + A2 Zjng 0j
o2 (0,40)
and with C17 = %Cg |

Bound of the quadratic term and choice of [1 and A In the previous section, we obtained an upper bound
on My, .. Our main approach, as outlined in the previous section, is to separately prove Qy,, > My, in case [1],
and Ry, > My, in case [2]. Now that we have the upper bound for My, , , it only remains to bound Qy,,, in case
[1].

Before we begin, we need to make another classification. This time, the classification is based on the values of
o(d,A). In the upcoming proof, we will firstly start by classifying based on (0, A), and then proceed to prove the
desired propositions separately in cases [1] and [2]. This parameter is crucial in the analysis as it determines whether
the regularization is too strong, potentially completely submerging the signal. One can revisit the classification
discussion regarding o1 N and 4\ 4+ Tr (I'k4+1.00) in Theorem 5. Doing so will reveal that this corresponds to the
classification based on the values of o(0J, A). When o1 N is too small, it signifies excessive regularization that drowns
out the signal.

If o(0,A) = O Let us first study case [1]. Consider f1., € Hi.k such that HF}z/:(fl:k—ff:k)HH = 0O and
| fi:e — fiill, < A, In this case, we show that Qp, , > My, . Notice that on €y we have

-1/2 INTE
Qi = H (X ht1:00X g bt 100 T AN) T X1k (frin — fl:k)H2

-1
(A . 3T<F2k+1w>) AN [P - i (2.33)

22N
2A +3Tr (Ths1i00)

Y

To prove that Qy, , > My, ., it suffices to show that
cEN[P?
V22X +3Tr (Tri1:00))
Hr_l/QX:;l;l:k(X(f?,kJrliOOX(—;l;,kJrl:oo + )‘IN)_lxd) k+1:oofl;k+1:oo H

+HF1’f X g1k (Ko 100X 1100 + AIN) 15“ +HF_1/2flk

Lemma 5 and Lemma 6 then make clear that is suffices to prove that the following conditions hold for well-chosen [J
and A.
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1/2 *
C%NDQ S 401509"{]\] HFk{i-l:ookarlzooH
V2(2A+3Tr (Tri1:00)) AN+ Tr (Ths1i00)

Ho(O,N).

This is equivalent to [ > %/{ ”FUQ

k+1:oofk+1:oo H’H

INO? 8C17V N
05 > 17\/70'5 |J1||:|27
V2(@2A+3Tr (Thrroo)) AN+ Tr (Thiiioo)

which holds if OJ > 24\[017 Ug\/m

2 2
i NO o 8017\F0§ A2 Z o,
V2C2A+3Tr (Thg1i00)) 4N+ Tr (Tht1:00) =
1/2
which holds if 0> (39 Ace\ /25,0 05)

C%N‘:P H~_1/2 %
> (|IT
V22X +3Tr (Try1.00))

‘ f(2A+3Tr(Fk+lw))

which is equivalent to O > \/HF 1/2
cSN

In conclusion, there exists an absolute constant Cig (for example, Cig = %) so that if we have
5

1/2

7 1 .
O > C’lgmmax {0’5 %, AO’E N Z gj s Fllcflzoofk-‘rl!OOH,H’
JET (2.34)

1/2 2A+3Tr (Trt1:00)
VIF s, ’
then Qfl:k > Mfl:k'

N
In case [2]. We consider a function fi.;, € Hi.x such that HF}:/;(fl;k — fl*:k)‘ N

< Dand [[fur = figlly =4O In
this case, we show that Ry, , > My, . Since Ry, = A?, this amounts to showing that

A2>2\erlk X¢1k(X¢k+1ooX¢k+1oo+>\IN) !

1/2
+2\[(HF11€ X410 (Ko e 1:00X g gt 1100 + AIN) 1EHH+HF /flk

W)

By Lemma 5 and Lemma 6, A must satisfy the following conditions:

401509/€N HPk+1 oofk-‘rl'ooH
2 — o (O,0).
A= 4N+ Tr (Fk+1:oo) 7 ( ’ )

8C1VN
AZ> 17V Noe N AR

4\ + Tr (FkJrl;OO)

8017\/N0‘§
N? A2 ;
> AN+ Tr (Thr1:00) j; Oj5

S . 2 64C3, No}
which is equivalent to A? > m > et i)
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"

Hence, there exists an absolute constant Cg (for example, C1g = 64C15C%;). We need to choose

12 g
A? > Ciok ma oLV | N 0¢NYenoi  NU HFkJrlzooka:ooHH
X , , ’
19 AN+ T (Crtrioo)” (A4 Tr (Thyroo))” 4N+ Tr (Drtrio0)

Then Rfl:k > Mfl:k'

While we have shown that Qf,, > My, , in case [1] and Ry, > My, in case [2] if (2.34) and (2.35) hold, our
task is not yet complete because (2.35) and (2.34) do not explicitly define for A and 0. We next derive explicit
definition for [0 and A through these two equations.

We fix A so that

%> |5 fia

(2.35)
vy

O KDM (4/\ + Tr (Fk-l—l:oo))
— = 2.36
A \/ N (2.36)
and take Cyy = C’%gliQnE\f V 2C19k and
|J1] e 1/2
nc il S|
20 Max {05 N o¢ AN+ Tr (Fk-',-l:oo) k+1_oofk+1.oo o (2 37)

s,

One may observe that the second term inside the max is different from the corresponding term in (2.34). However,

RNV
if 0 > Chooe (m) ,and 00, A satisfy (2.36), it follows that

2XA + 3Tt (T jg1:00)
¥ .

O ] 0

- |z——
\/Aosx/}vzje]z 7 e\ N Ljesn %

S e, 0 1/2y 1/2
S \/FEDM (4)\ + Tr (Fk+1;m)) . CQOJE (4)\+’I‘r(I‘k+1:w))
N
ggy/ ¥ 2jet, T
= filp/;\l/[\/ Cao > Cigk.
Hence the new choice of O in (2.37) satisfies (2.34).
We now need to check that for this choice of [, (2.35) is also satisfied.
N2 N AN+ Tr (Tht1:00 C
e . * I‘( il ) > 20 > (ygk.
oc0y/[11IN kpm (AN +Tr (Trt1:00)) 0O/ LN KDM
DT (Tht1o0)
A2 o N (A4 Tr (Ti1ia0))”
UgNngJQ o KDM (4)\+T1“ (Fk—i-l:oo)) O'gNZjer 0j
(AT (Th1:00))°
2 . 2
of: Ejeb 0 N AN+ Tr (Tr41:00)) > Chon.

> O3 :
VAN + Tr (Thprioo) om (A +Tr (Triio)) 02N Y05, 05
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A? ) N AN+ Tr Ty 1:00)

NDHFi{le:oofgi»l:ooH,H KDM (4)\+TI‘ (Fk—i-l:oo)) NO Hrllcfloof/:-&-IOOH
4)\+Tr(1"k+1:oo) : ’ H

Cao

> > Clglﬁl.
RDM
A? N 1 C
120, | 2stM (AN Tr (Trs1i0))  |[F-1/2 252(;[ > Cror.
Hrlzk 1:k ‘H : HF f1 :k ‘

We deduce that with the right choice of the absolute constants, such a choice of O, A satisfies (2.34) and (2.35).
We have established that by selecting appropriate values for 0 and A, we can conclude the following: if fi.,—f7), €
OB, then we necessarily have Ly, > 0, and thanks to a homogeneity argument, it follows that for all fi.x € f{., + B,

we have L, <0 hence fir € fi, + B.
In the beginning of the analysis, we assumed that o (00, A) = O, which is true if and only if o1 > kKpas
/Q(fl.k — fi) H and A is an
H

Notice also that F 1/2 = UD 20T where D vz _, 0D, tlﬁe Hence we can

AMTr(Trq1:00)
N A

Hence if this inequality is satisfied, [J is an upper bound on the estimation error

upper bound on Hfl;k - fl*k‘ o
express [J as in Equation (2.9).

@ Zjer U]
4\ + Tr (].—\kJrl:OO) ’

Hf_1/2 f* ‘ 2A+3TI‘(F]€+1OO)
1,thre/ 1:k ” N :

1/2
k+1:oofk+1200 u

O = (90 max {05

If o(0d,A) = Ay/o1 In this case, it follows by definition that J; = 0, Jo = [k],

Tr (T'y.x)

H(0.0) = =

~ 1
, andDiﬂ:Zdiag(ly“ ,1,0,-00),

where there are k ones in the definition of bi/ ?. Since we have completed a similar proof in the previous paragraph,
we will expedite the presentation in this paragraph.

Suppose that HF}:/,E(fM — fl*:k)HH =0and || fi.r — fiilly <A, As we discussed in the previous subsections, on

2 .
Qo, Qp. > WM. To show that Qy, , > My, ., it suffices to show that

cEN?
V2 (A 43Tt (Thsion))
> "f;ll@/QX;,lzk(X¢7k+1200X<—£,k+1:oo + )‘IN>_1X¢ k+1:oof];:k+1:oo H

o || EA 55 1 (Ko 100X S oo + M)+ [T 211

Recall that Lemma 5 and Lemma 6 hold true for all possible values of [, /A, so we can still use them in the current
setting. Hence:

1/2 N
CgN‘:lQ > 4015C’QI€N Hl—‘k{‘rlzoofk-i-lzooH
\@(2)\—|—3TI' (Fk+1:oo)) 4)‘+ Tr (FkJrl:oo)

o (O,4),

which is equivalent to (12 > 12[01009 [ HANY/ 23] Hrkﬂ ookamHH
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ENO? - 8C17v/Nog
V22X +3Tr (Ths100))  4AA+ Tr (Ttiioo)

which is true since |J1| = 0.

2 2 /
C5N|:| > 8017 NO'g A2 Z ;)
\@(2)\ +3Tr (Fk+1:oo)) AN+ Tr (Fk+1:oo> jeds
which is true if (02 > 2Y2Cz 5, A /T00s),
5

N2
V2 (2N + 3Tr (Dt 100

V1 02,

|
H

which is true if 02 > 7‘/; Hf;}cﬂff:k

‘ 224+Tr(Tk41:00)
H N

We conclude that there exists an absolute constant Co; = 24\/5?72150”5, such that we can take
“5

Tr (k)
N b

TI‘ (Fl:k)
N )

02 > Cyy max {Awﬁol (LT | 7

2)\+3TY(Fk 1:00) —1/2 px
N + Hrl;k/ fl:k

Since Hf‘;i/z

= A\, it suffices to choose
op

0% > Oy max {A\/al HF,lcflzoof,:+1:OOHH e FYAN

2A + 3Tt (Dpttioo .
(T )Anflzkny}-

In the case where Hri/;(flk — fl*k)H < O and Hfl:k — fka = /\, a similar analysis gives us that there exists an
: Pl Py
absolute constant Css depending on x such that we can take

NO'? Tr (T.1)
(AX + Tr (Trs1:00))?

A2 > Cyy max{ 1715
(2.38)

2
1/2 «
01N2 Hrkilzoofk-‘rl:ooHH

(AN +Tr (Trt10)® |

Again, we choose that A = D\/N/ (kpa (AN + Tr (Tk41:00))). There exists an absolute constant Ca3 such that we
can express [ as in (2.8).

Tr (T'1.1) o N 1/2
28 Thax {05\/@ T ) | TN T (D) |1 Ftioeittioo

. AN+ Tt (Trr 1)

In particular, we check that for this choice, A satisfies (2.38).
Summarizing the above arguments, we have established the following proposition.
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Proposition 21. Under the assumption of Theorem 5, there exist absolute constants Coy, C13 and Cas such that the
following holds for all such k’s and all A\ > 0. Recall the definition of t(O,A) from (2.29), with probability at least
1 — (Cy3/1t(0, ) ])7* =P () we have

|02 (Fun = 11 k)H <0, Hfl;k—f{ikHH gm\/ N

Epm (AN + Tr (Tit1:00))
where

1. IfalN < K/DM(4/\+T1"(F]§+1:00))7

TI‘(Fl;;c) 0’1N 1/2
20 Hhax {05\/4)\ + Tr (Pkt1i00) || 4N + T (Dig1:00) ttioo i+t H
% 4A + Tr (Fk+1:oo)
I Fiale ~ -

2. If o1 N > IQDM(4>\—|—T1“ (Fk+1:oo))7

Ji| Ljes; %
O=C \/> (T ’
03 max{ag N %€ AN+ Tr (Tht1:00)

H ,l/gf ‘ 2/\+3Tr(Fk+1m)}
1,thre/ 1:k .

1/2 *
k+1:oofk+1100 u’

N
1/2 2 .
Upper bound on Hrk+1:oo(fk+1=00 — fk+1:w)”y

We do not expect ka:oo to be a good estimator of f; ;... because the minimum ||-||,,-norm estimator f is using
the 'remaining part’ of H endowed by the eigenfunctions (¢;);j>x+1 of I' (we denoted this space by Hiy1:00) tO
absorb the influence of noise introduced by £ and not to estimate f;, ;... which is why we call the error term

kaﬂ oo(fk+1 .00 = Jit1:00) || @ price for noise absorption instead of an estimation error. A consequence is that we
can only upper bound this term by

x /2 ; 1/2 X
Hrk+1 oo(karl:OO - karl:oo)HH < HFkJrlzoofk+1¢O°HH + )‘Fk+1:oofk+1:oo H'H

We then just need to find a high probability upper bound on HI‘,lvfl:oo ka:OOHH
We have for A := X;kﬂm(X(z,’k“:ooX;ka + Mpy)7L,

Hrk_H oofk+1:ooHH = Hl—‘llcflooA(y - Xd),l:kfl:k)HH
< H]‘—‘llcfl:ooAX¢ylik(ff:k - fAlk)HH + "Fllcfl:ooAX¢vk+1:oof:+1:ooH,H + HrltflooAEHH (239)

and now we obtain high probability upper bounds on the three terms in (2.39).
On Qq, for all A € RV,

o2 X sinee]|, < G (VT 1) + VA Ikl ) 1AL (2.40)

Notice that this result holds without any extra assumption on N. We have
1/2 * 2
HFk{&-l:ooAX¢,1:k(f1:k - fl:k)HH
=||rv/2. X X X7 Ay) X P
— ||" k+1lic0N,k41: oo( b k1008 k1100 T N) ¢,1:k(f1;k f1:x) u
1/2 — * 7 .
< Hl—‘k{i-lzooX;—,k—&-l:ooHo H(Xtﬁ,k—&-lzooX;k_._lzoo + )\IN) 1Hop HX¢115k(f1:k — fl:k)HQ (2 41)

( NTI‘(F%+1 oo) + N ||Fk+1100||op)
AN+ Tr(Cgriog)

<4CsCy HF1/2 fiin fl:k)HH
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On Qo,
1/2
"Fk{i-l:ooAX¢vk+1100f:+1:oo H’H

3 LSS R T NS NIV o SO -

(2.42)
S Ll Sk T
>~ 8LU15 AN ¥ Tr(Fk:+1:oo) k+1:00J k+1:00 u
Finally, let D =T}/2 A As Xyt 100Dt 100X g 110 * RY = RY,
1/2
Tr (XQS,k—i-l:ooFk—i-l:ooX;k-&-l:oo) = HX@k-‘rl:ooFkil;wHHS
al 1/2 2
= Z H (Fk+1:oo¢k+1300) (XZ) H
i=1
is the sum of N i.i.d. random variables appearing in (2.16). On o,
a 1/2 2
Z H (Fk/+1:oo¢k+1100) (Xl) o < ClGNTr (Fi+1:oo) '
i=1
So
Tr (X¢’k+1:oork+ltoox—rk+1: ) 16C1g N Tr(T'2
Tr(DDT) = Tr (DT D) < ltle) o 2218 Lyest °°2> (2.43)
[FokrintT o AT X+ b))
op
and
1/2 _
1Dllop = [T K i koK e + )|
1/2 _
< "Fk{l-lzooxl,k+1:oo Hop H(X‘i’vk-‘rlIOOX;,k—}-l:oo + )‘IN) ! Hop
4Cy
Te(I'2 N ITrstioc ) . 2.4
AN+ Tr(Trt1:00) ( (g 1is) + VN [Pesr, lop (2.44)
Set k from Proposition 23 as
2
/C NTF( k+loo) —a/r
b= 1 T — — Cuslpe) " (2.45)
8 T ( k+1: oo)+\/7||Fk+1 OOHop
Then by Proposition 23, with probability at least 1 — pe — P(€2§), we have
1/2 \/ 16C16 N Tr(T 4 1:0c) (2.46)
HFHLDOAfH o¢ '

AN+ Tr(Tra1.00)
Let us summarize the above discussion into the following Proposition:

Proposition 22. Under the assumption of Theorem 5. The following then holds for all such k’s and all X > 0.
With probability at least 1 — pe — P(Q§) we have

I o (VN B )+ N i)
8

g ri/2 ¢ H
. < .
karl.ooHL2 = 4)\+TI'(F]C+1;OO) H (flk flk) o

+4CsCh6k

NTr(TE 1i00) + N T k4100l o
AN+ Tr(Tri1.00)
V16CIN T2 )
AN+ Tr(Ths1:00)

rl/2 1/2
k+1 oofk+1 OOH + HFkJrltookarltooHH

+§0'5

(2.47)
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Concentration of noise

The following lemma is taken from [P4, Lemma 10].

Lemma 7. Let & = (&)Y, be a random vector with independent mean zero and variance o¢ real-valued coordinates.
We assume that for all i’s, ||&ill, < ki0¢ for some k1 > 0 and r > 4. There then exists some absolute constant

C,, (depending only on k1) such that for any matriz D € RP*N the following holds: if for some integer k for which
VEk IDl,, < /Te(DDT) then with probability at least 1 — (Cy, JE)/4,

D€y < (3/2)0¢y/ Te(DDT).

We emphasize that Lemma 7 does not depend on p, so we can set p = oo. Note that there exists an isometric
embedding from H to £z, given by f € H — 3772, (f,¢;),, €;, where we recall that (e;)?2; is ONB of 5. Therefore,
we extend D : RY — £y to D : RY — . As a result, we have the following proposition:

Proposition 23. Let £ = (&)Y, be a random vector with independent mean zero and variance o¢ real-valued
coordinates. We assume that for alli’s, ||&;l|, < kio¢ for some k1 > 0 and r > 4. There then exists some absolute

constant Cy3 (depending only on k1) such that for any Hilbert-Schmidt operator D : RN — H the following holds: if
for some integer k for which \/%HDHOP < /Tr(DDT) then with probability at least 1 — (Cy3/k)"/*,

D€l < (3/2)0¢/ Te(DDT).

Proposition 23 is used to establish Lemma 6, which concerns the concentration property of the noise. To extend
the control of the noise to the model-misspecified setting, we establish the following proposition.

Proposition 24. Suppose f* — f** € Lo, (1) for some e > 0, where we recall that p is the probability distribution
of design vector X. Suppose £,&1,- - ,En are i.i.d. mean zero sub-Gaussian random variables with variance ag and

suppose & is independent with X. Let € = (f*(X;) — f**(X;) + &)X,
1. When A = (X¢7k+1:wxg’k+l:m —+ AIN)71X¢,1Z]€]::‘;I£;X;,1:]€(X¢7k+1ioox(—£,k+1:oo + AIN)fl.
(a) When & > 0. Suppose N > e~1 (exp(2cg/c) —4). Recall the definition of (0, A) from (2.28) and the
definition of t(O, A) from (2.29). There exist absolute constants Ca5 depending on e, Cg and c11 such that

for any t;1 >0 and ts > 2,

16CEN (|| O+ A2 ., 0
P(eTAe <201+ tl)ag ( JQE 2 ])
(AN 4+ Tr (Trt1.00))

(\/ﬁa (D,A)>2
AN+ Tr (Tri1:00))

212 (2.48)

+ 15055 (

7= 1)

| J1] 02 + A2 Ejer 0j
o2 (0,40)

>1—-P(QF) — exp <—c(t% Aty) > - cut;(HE)N_%.

(b) When e =0, (2.48) is still valid with not necessarily N > e~1 (exp(2cq/c) — 4), but with Cas replaced by
Co4, where Cyy = 1603; and c11 replaced by 1.

2. When

A :(X¢7k+1100X<—£,k+1:00 + )‘IN)_1X¢7k+1:ool—‘k+1:ooxl,k+1:oo
(Xt 1:00 X 1200 + AN)

(a) When e > 0. Suppose N > e~ (exp(2c9/e) —4). There exist absolute constants Cag depending on e, Cig,
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Cs and cq1, such that for any t1,t2 > 0 and t3 > 2,
16CT N Tr (I 1.0
(D3 + e[ 1))
Cao (Tr(T311,00) + N [Tt vicc

(D3 e[y 1))
Con (M) + N IPrielly)

T I = 1., )
>1—P(Q5) — exp(—ct3) — cut;(ﬂe)]\f_%

]P’(eTAe <(1+ tl)ag

) VNI = 1,

+ totzoe

2.49
+t3 (2.49)

8C16N Tr (T} 1.00)

—exp | —c(3 A ty) N 5
C3 (Tr(Fk+1 o) +N ||Fk+1:ooHop)

(b) When e =0, (2.49) is still valid with not necessarily N > e~1 (exp(2cq/c) — 4), but with Cas replaced by
32Cgc19 and with c11 replaced by 1.

Proof. Recall that € = r + £. We have:
€ Ae=rTAr+ €T AE+r AL+ ET Ar <2\ Al 7|5 + 26T AL,

By Hanson-Wright inequality, see, for example [ , Theorem 6.2.1], there exists some absolute constant ¢ > 0
such that for any ¢; > 0,

P <€TA£ _ 0’? Tr(A) < tlag Tr(A)) >1—exp (—c(t% A tl)m> .
op

Let Qnoise,1 as the random event on which

409N . A2 < 4CoV/No (0, 2)
< |:|2 2
Tr(4) < AN+ Tr (Tgs1:00) \/'Jl + ]EZJQ o5, and || ”Op T AN+ Tr (Thito0)

By (2.31) and (2.32), P(Qoise,1) > 1 — P(Q5). In Lemma 4, let Z = f*(X) — f**(X), ¢ = 2 + ¢ for some € > 0,
r=2p=1 When N > e~ ! (exp(2co/c) — ) by Lemma 4, we have jo = 1 and thus for § = /4, for any t3 > 2,

with probability at least 1 — cnt;(2+8)N i,

2+€ 1/2
< t * _ k% N.
Il < e (53 —agryy) Bl Y

Combining the above together, we obtain that for any t; > 0 and t3 > 2,

9 I6CIN (|10 +A% 5, 5, 95)
(AM+Tr(Crs1i00))?

( TAe <2(1+t1)0?

VNo(O,A) « )
+t§C§5W”]£ A N)

c B+ A2 5 e, 05
>1 - P(Qf) — exp (C(ﬁ“l) oA >

— Cllt;(2+€)N7%7

1/2
where Cas = 16C3c1g (%) . In particular, when we use Markov’s inequality to replace Lemma 4,
with the probability deviation t;“ instead of cyits ¢ _i, the term o can be improved to
ith the probability deviation ;2 instead of ¢y t; TN, th VN 1o, can b d
VN F* = I,
Similarly, let Qise,2 as the random event on which
16C1gN Tr(I'2 ;.
Tr(A) < o ( k+1'°°2) and
(4/\ + Tr(rk+1:oo))

4C,
||A||‘1’f/’2 ~ AN+ Tl"(sk-&-l ) <V T (T 1:00) + \/N”FHL””OP) ‘
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By (2.43) and (2.44), P(Quoise,2) > 1 — P(25). Repeat the above arguments, we obtain that for any ¢1,¢o > 0 and
ts > 2,

160]?6N Tr(l_‘i—kl oo)
(AN + Tr(Tra1.00))?

o (Tr(rzﬂm) +N ||Fk+1:oo||(2)p)
(4N + Tr(Thy1:00))?
Cog (Tr(l“iﬂ:oo) + N ||Fk+1:00||(2)p> "
(AN 4+ Tr(Trt1.00))? Nl =1 HLHE >
> 1 —P(QS) — exp(—ct2) — cllt;(2+e)N—i

P(eTAe <(1+ tl)Ug

+ t2t30'§

VN = .,

+t3

8016N Tr(l'_‘i-‘rl:oo)
082 (TI'(I‘%+1 OO) + N HFk—‘,-l:OCHop)

—exp [ —c(t3 Aty)

1/2
where Cag = 32Cgc19 (%) :

For simplicity, we only consider the case where 01N > kpar(4X + Tr(Fx41.00)) and & < N. Replace the usage of
Proposition 23 in Section 2.3 with Proposition 24 and repeat the proof. We can conclude as follows:

Proposition 25. Grant the assumptions of Theorem 5 except that f* € H and Proposition 24. Assume that

o1N > kpm (X + Tr(Ti11:00)). Then with the same probability deviation as in Theorem 5 but with Pe replaced by
(2.48) and

013 ’I‘T(Fk+1:oo)
|J1| Tf(rk+1:oo) +N (ZjEJz Uj)

replaced by (2.49), we have:

¢ [l > e, Oi H 1/2
ok < * _ pEk il J 2 F H
Hf)‘ / Ly ™ I =1 ”L2 toe N +oe AN+ Tr (Tri1:00) T e Tirioe
+Hf_1/z el 22+ 3Tr (Triii00) Ao N (T 4 1:00) (2.50)
1,thre/1:k H N 16 f4)\"‘':[‘]:'(]-—‘lﬁtlzoo)
/2
/\/Tr 2 o) + N Titrool?

op **
AN+ Tr(Trt1:00) VNI~ Il

[ , Section 7.5.2] uses inf{|| f* — fHL2 + A ||f||H : f € H} to characterize the approximation error of H, that

is, the trade-off between the approximation error and || f||,,. Our Proposition 25 shows that the approximation error
is actually traded off against Hf;iﬁe i ’ % and llffl IS PR ’ instead of || f**|,.
: : 00|,

We observe that when the following holds, we still have benign overfitting, even though there is model-misspecification,
when o¢ ~ 1: for k£ < N such that N HFkaHOp STr(Crt1:00),

il = 0(V), 3 0 = o(Tr(Thsrion) || T fi e, =
JjE€J2

B—1/2 pax Tr (Dt 1:00)
|Eriasia]|, === = (1),

NTr(T7, ) (2.51)
~————— =0(1), and

’I‘r(rkjtlzoo)

Tr(Tig1:00 Tr(Trt1:00

VN|f* - f r(Crtas ) r(Ckt1:00) AVN

*kk
[P ~
e N/ Fi+1 HFkJrl OOHop
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Remark 6. We emphasize that this conclusion does not contradict the counterexamples presented in [ ] and
/ | in the setting of adversarial noise and model-misspecification. This is because in [ LN =, =
O(o¢) (see [ , Appendiz D]); in | ], f*:x € R exp(z1), where x1 is the first coordinate of x, and
[ = (x,B%) for some B* € RY. Under the probability measure u assumed in | , Evample 1], [|f* — £,
is infcpa Ra(W) in the language of [ , Ezample 1], and it is grater than a constant depending only on .
Therefore, when || f* — f**||L, = O(1), our (2.51) does not necessarily yield benign overfitting, thus not conflicting
with [ , .
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Chapter 3

Sharp convergence rates for spectral
methods via Feature Space
Decomposition method

This paper is the third one in the series on the Feature Space Decomposition following [P4], [P2] and the up-coming
one [P1]. The position of this chapter within the FSD series is as follows: by studying spectral methods and the
saturation effect, it illustrates how the FSD method improves the analysis of the population excess risk for these
classical estimators as it did previously for minimum norm interpolant estimators as well as for ridge regression.

3.1 Introduction

We are concerned with a supervised regression problem where we observe a vector of output y € RY and a design
matrix X € RVXP such that

y=XB"+¢

where X = [X;|---|Xn]T € RNXP, 3" € RP and &€ = (&)Y,. We assume that X;,..., Xy are N ii.d. vectors in
RP with probability distribution denoted by p and &;,...,&n are N ii.d. centered Gaussian random variable with
variance o7 independent of the Xi’s. Let ¥ = E[X ® X| : v € R? = E[(v, X)X] € R? and ¥ = }~7_, 0je; ®e; be the
spectral decomposition of ¥ such that 0y > 09 > -+ > 0, > 0. Given a linear regression problem characterized by a
triple (2, 3", 0¢), our goal is to obtain sharp convergence rates for the estimation error [|[£/2(3 —38%)||3 of estimators
Bin a large class of spectral methods.

3.1.1 Spectral Methods

We now introduce the family of estimators of interest in this chapter, namely, the spectral methods. We denote
Y= %XTX = % Zf\;1 X; ® X; the empirical version of 3.

Definition 17 (Spectral method). Let (p¢)i>1 be a family of real-valued functions defined on R called the filter
functions. For all t > 1, we define the spectral method associated with p; by:

. A 1 A 1 1
B:yeRY — B(y) = N@t(E)XT'y = NXT%(NXXT)ZI (3.1)

where Lpt(i) and @t(%XXT) are defined via the spectral calculus. When there is no ambiguity, we abbreviate B(y)
as 3.

A spectral method is uniquely characterized by its filter function. There is also a compagnion function to a given
filter function that plays an important role regarding the statistical properties of the associated spectral method: it
is called the residual function defined for all t > 1 as 1)y : v € RT™ — 1 —zp;(x). Spectral methods encapsulte several
important estimators and algorithms. We are now listing several of them.
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62 Spectral Methods via FSD

Example 16. » Gradient flow with respect to the square loss and linear parameterization initialized at 0: that
is, the solution of the ODE B, = —(V3k|ly — X |13)(8,) for any t > 1, starting from B, = 0. Then 3 = B, is
the spectral method associated with the filter and residual functions

1—exp(—tz) fo >0

: RT x
poiw e H{ t ifx=0

and 1, : x € RT — exp(—tx). (3.2)

« Ridge regression with regularization parameter t=1, i.e., ,@ = %(%XTX + t_llp)_lx—ry, is the spectral
method for the choice of filter and associated residual functions

1

oi(x) = (t_1 + x)_l and () = w1

(3.3)

o Gradient descent starting at 3, = 0 with step-size 0 < n < 1/8 and at step t € N* for minimizing
B sy —XBl3, ie. By =B,_1 —nV(gxlly — X [3)(Bi_1), is the spectral method for the filter function
oi(x) = (1 = (1 —nx)t)/x and its associated residual function ¢:(x) = (1 — nx)t.

o The heavy-ball method, | , Section 3.2.1] and Nesterov’s acceleration, [ | with variable

parameters are also examples of spectral algorithms (see [ ). Their residual functions admit recursive
definitions with no known closed-form expressions.

« Principle Components Regression (PCR) estimator is 3 € argmin(|jy — X8|12 : B € V<) where Vey, is
the subspace spanned by the first k eigenvectors of $. PCR equals to the spectral method with tuning parameter
Gry1 < bt71 < 6y - where 63, and 64,41 are the k-th and k + 1-th largest eigenvalue offl - for the filter function
and its associated residual function given for some constant b > 0 by

1
or:x €RT s —1(bt ! < z) and Py (x) = 1(bt™* > z).
x
Here, b is an absolute constant. By rescaling the tuning parameter t, it can be removed. We keep b here in
order to maintain the formal consistency with k* defined in (3.5).
We are now describing the class of spectral methods considered in this work.

Assumption 5. The family of filter functions (¢;)i>1 s such that for allt > 1, ¢, has an holomorphic extension to
an open subset of C containing the contour C, defined in Section 3.5.3. Furthermore, there are two absolute constants
0 < c12 < Coy such that for allt > 1 and all x € [0, §]:

Cor
x4t

2 < pi(r) <

3.4
x4+ttt (3.4)

Filter functions of gradient flow, ridge regression and gradient descent all satisfy Assumption 5. Indeed, for
gradient flow, (3.4) holds for all z > 0 if one take ¢; = 1 and C; = 2 and the same does for ridge regression with
¢1 = Cy = 1. For gradient descent, (3.4) holds only for z € [0, 8] and for ¢; = /2 and Cy = 2. In Assumption 5, we
only ask (3.4) to be true for z € [0, 8] because later we will apply this inequality only on an event where both spectra
of ¥ and ¥ are in [0, 8.

We assume the existence of an holomorphic extension for technical reason related to the residual theorem, it
however discards the PCR estimator for which we develop a special analysis. Regarding the assumption on the shape
of the residual functions in (3.4): we ask for the filter function to be equivalent to the one of the ridge estimator with
regularization parameter =1 in (3.4). However, the family of spectral methods satisfying this assumption is pretty
wide. We also note that (3.4) is weaker than the classical assumptions used in the field of spectral methods that we
recall below in Remark 7.

Remark 7 (Classical assumptions). In several works (see for instance, [ ]), the filter function is assumed to
satisfy the following: there exist absolute constants T € Ny U {oo}, Cag = Cag(7) > 1 such that

1. forany 0 < a <1 and anyt > 1, sup(z®p(z) : 0 <2 < 1) < Cort?~%;
2. for any t > 1, sup(|y(z)|(x +¢t71)7: 0< 2 < 1) < Cogt™™;

3. forany0<z<landl<t<oo,cia<(z+t1)p().
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1t is straightforward to see that item 1. for o =0 and a = 1 together with item 3. implies (3.4).

The study of spectral methods, as far as we know, originated with Tikhonov regularization [ | (ridge
regression) and Landweber regularization (gradient descent) for (ill-posed) statistical inverse problems. The classical
analysis of the statistical properties of spectral methods is generally based on regression problems in Sobolev spaces
i.e. under regularity assumptions. Specifically, one assumes that ¥ exhibits power decay, i.e., there exists o > 1
such that o; ~ j~¢ for all j, and that there exists s > 1 such that |52 8* |2 is bounded, known as the Holder
source condition. Under this framework, the properties of spectral methods are well understood; to name a few,
9 ) ) 9 ) }'

However, beyond this setting, the statistical properties of spectral methods are not yet fully understood-even
though such algorithms have existed for almost three decades | ]. We emphasize that in modern mathematical
statistics, particularly in problems motivated by machine learning, a linear regression setup often does not satisfy
the above Hélder source condition. In fact, in such problems, ¥ and 8% may follow arbitrary patterns. Thus, it
is genuinely necessary to understand the statistical properties of spectral methods for arbitrary linear regression
problems.

[ ) ) ) ) ) )

Our first objective is, for a given linear regression problem (3, 3", 0¢), to obtain matching high-probability
upper and lower bounds for ||$Y/2(3 — 8%)||2 where B is a spectral method whose filter function satisfy
Assumption 5. Our second objective is to show how the the Feature Space Decomposition method can be used
on spectral methods to achieve this goal.

3.1.2 Notation

We use a < b (respectively a = b) to represent the fact that there exists an absolute constant C' such that ¢ < Cb
(a>0Cb). Weuse a ~bifa<Sband b <a Wesay a Sk bif C = C(K). For a probability measure p, we write
p®N as its N-fold tensor product. We denote the f2 — ¢5 operator norm of a matrix by || - |lop and by || - || g its
Hilbert-Schmidt norm.

3.2 Main Results

In this section, we present the main results of this chapter. We first gather all the model assumptions.

Assumption 6. We assume that |3, < 1. The noise & satisfies £ ~ N(O,U?) and it is independent with
X. Assume X is sub-Gaussian: there exists an absolute constant C > 0 such that for any v € RP and q > 2,

(X, V)l Laguy < CVAI(X, V)|l 2 -
Next, we introduce the optimal dimension used to split the feature space in the case of spectral methods.

Definition 18. Let b > 0 and t > 1. The estimation dimension of the spectral method B with filter function
is defined as

K=k, = min{k €lpl: ot < bt—l}. (3.5)

Here the absolute constant b does not carry any particular significance; it arises artificially in the course of proving
the lower bound. At present, we do not know how to obtain the result with b = 1, as in the ridge regression case as
in [ , Proposition 2.2].

The estimation dimension £* is the dimension of the space V;, where estimation of the spectral method B with
filter function ¢, happens. It coincides with the optimal one for ridge regression defined in [P2] when Tr[c] < Nt~
In particular, we see that this dimension does not depend on the shape of the filter function but just on its parameter
t. However, the optimal convergence rate of a spectral method depends on its filter function via its residual function
since we will show that it is given by

Tr(¥2.)

| , Tt —x (3.6)

N

r(Va, Vie) = || (2)85,

1/2 %
+ HZJZC Be

2+0’£ N )
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where V;, = span(e; : j € J,), J. = [k*], (e;); are the eigenvectors of ¥ and 1 is the residual function defined in
Definition 17. For concrete examples of 7(V}_, V), the reader is referred to Corollary 4 and Corollary 5 in page 34.

We are now in a position to state our main results: two upper and lower bounds for the excess risk of spectral
methods and a corollary identifying the conditions where the two bounds match, giving the optimal rate from (3.6).
The proof of the following results may be found in Section 3.3 for the upper bound and in Section 3.4 for the lower
bound.

Theorem 7 (Main Result - upper bound). We consider a linear regression model with parameter (3%, X, o¢) satisfying
Assumption 6. Let (¢)i>1 be a family of filter functions satisfying Assumption 5 for ¢o =0. Let t > 1. Then, there
exists an absolute constant ¢ > 0 such that for all0 <O < 1/9, if PN 2 Tr (S(E +¢'1,) ) V1 and O < log ™' (et)
then with probability at least 1 — 2 exp(—c|J.|) — exp(—cJ?N),

. Ope—2
[=28 -8, S r(ve, Vi) + = |52 85,

Theorem 8 (Main result - lower bound). There are absolute positive constants co, ¢, ca and cs such that the following
holds. Let (B",%,0¢) be the parameters of a linear regression model under Assumption 6 where X is assumed to
have independent and centered coordinates with respect to {e1,---,ep}. Let B be a spectral method with filter
function satisfying Assumption 5 for 0 < ¢; < Cy. Let 0 < O < 1/9 be such that O < log™*(et) and 2N >
Tr (E(Z + t’llp)’l) V 1. Let k* be the estimation dimension introduced in Definition 18 for some 0 < b < ¢y and
J. = [k*]. Then, with probability at least 1 — cexp(—k*/c) — exp(—[J>N/c),

Cg,D

HEW(B - B%) ‘ > car(Vy,, Vye) = —— HEJfﬂh

(3.7)

The next result is a high probability upper and lower bound for spectral methods showing that r(V,, V;.) is the
right quantity describing the statistical properties of these estimators for a given linear regression model. It follows
from Theorem 7 and Theorem 8.

Corollary 6. There are absolute positive constants co,c, (Ck)r=2,34,5 such that the following holds. Under the
same assumptions as in Theorem 8. Let t > 1 and 0 < O < 1/9 be such that O < colog™'(et), O?N >
o(Tr (B(S+t71,) ") V1), k* > c and

O a2 .
7 |=e

|, < er (Vi Vi), (3.8)
Then, with probability at least 1 — c3 exp(—k*/c3) — exp(—0*N/c3),

car(Va, Vo) < [2Y2(B - 8Y)

‘2 S C5T(VJ*,VJ:).

Condition (3.8) holds when (O/t) HZ;*% B, H2 is smaller than one of the four terms in r(V;,,Vjc); for instance,
it holds when

1 . (Rid
1. tUs 3 ﬂj* l{v‘ , where we recall that t~'(|X 2 87 ||2 is the bias of ﬁg ) hen ﬂf, M) S the ridge
regression Wlth tuning parameter ¢!, and % may be taken to be k*-s—+(2‘;c);

2. or when % HE;*%ﬁ*‘]* , < HE%th(E),@l , which is the case when 0/t is small enough so that ¥, (x) > (O/t)x
for all z € [0, 1] (recall that we assumed that |||, <1 in Assumption 6) which is equivalent to assume that

pi(x) < (¢ —Oz)/(at).

As mentioned earlier the case of PCR is special since it requires a property on the k*-th spectral gap of X. We
therefore state a result devoted to PCR. The proof of the following result is different from the one of Theorem 7 and
may be found in Section 3.6.

Theorem 9 (Upper bound for PCR). We consider a linear regression model with parameter (8%,%, 0¢) satisfying

Assumption 6. Lett > 1 and 0 < b < 1. Denote by B the PCR estimator with filter function ¢y : x >0 27 1 (z >
bt='). Let 0 < O < 1/9 and assume that O?N 2 Tr (S(X +¢711,)71) V1 and that § > 0 where

0 := min (bt_1 — (Ulc*+1 + 0O(ogy1 + t_l)), (ok* — O(ok~ + t_l)) — bt_l) . (3.9)
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Then, there exists an absolute constant ¢ > 0 such that with probability at least 1 — 2 exp(—c|J,|) — exp(—c0*N),

|z 26— 87

U a2 s
‘2 Sr(Ve, Vie) + 7 HE,]jﬁJ* )

In the case of PCR, the convergence rate r(V,,Vje) contains only the three terms

. |J*|+Ut Tr(E?]*C)
o TSV N TR N

’ = 0 because 1;(¥) = Pye. Note also that compare with Theorem 7 we don’t need to choose
2

1/2 o
|28

since ||/ 01(2)85,
O less than log™!(et) and so one can choose [J to be of the order of a constant. The choice O ~ /k*/N is also
legitimate as long as the sample complexity assumption O?N > Tr (S(X +¢711,)7") V 1 is satisfied that is when
k* 2 Tr (S(X 4 t71,)~') V1 which holds (see the discussion below (3.15)) when k* > ¢ Tr[S je]. This is for instance,
the case when o(X) has a fast decay. However, Theorem 9 requires 6 > 0 that holds iff the k*-th spectral gap of ¥
is large enough:

Op+x — Opt+1 > U (O'k* + Ok*41 +2t_1)

and when bt~ ! € [ak*_H + O(opr41 + t’l)),ak* —O(ok~ + t’l)].
Let us now comment on the consequences of the results above.

3.2.1 Contribution to the understanding of the statistical properties of spectral meth-
ods

For an arbitrary linear regression problem (X, 3, 0¢), Corollary 6 provides, under fairly general conditions, high
probability matching upper and lower bounds (up to a multiplicative constant) for the population excess risk of
spectral methods in this specific regression problem.

1. Compared with classical results in the statistical properties of spectral methods, such as | , , ,
, , , , , , ], we observe that the classical results
are typically restricted to Sobolev spaces (which impose a power decay on the eigenvalues of ¥), or require
certain eigenvalue decay conditions. Among them, [ | does not rely on power decay, but still requires the
eigenvalues to satisfy certain specific decay conditions. In contrast, Theorem 7 imposes no restrictions on the
spectrum of X.

9

2. In addition, the aforementioned classical literature typically assumes that 8" satisfies a certain Holder-type
source condition, namely, that there exists s > 1 such that ||E% 3%||2 is bounded. In contrast, our Theorem 7
requires no assumptions whatsoever on 3%, yet still yields a precise characterization of its statistical properties.

3. ] also examines the population excess risk of gradient descent and gradient flow for general linear
regression problems when 3" is a random vector. However, they upper bound the residual functions of gradient
flow and gradient descent by that of ridge regression, thereby failing to obtain the precise characterization
presented in this work, and consequently, they do not derive conclusions such as the saturation effect and
the generalized saturation effect that are introduced in the next section. After the completion of the main
body of this chapter, we became aware of the concurrent works [ , ], which extend the analysis of
[ | but do not assume 3" is a random vector. Nevertheless, they also upper bound the residual functions of
gradient flow and gradient descent by that of ridge regression, hence they share the same limitations as | ]
Furthermore, the lower bound in Theorem 4.1 of | ] holds only in the overfitting regime, whereas our
primary focus is on appropriate regularization. From this perspective, our findings and those of | ]
are complementary. Furthermore, we provide a sharp bound applicable to arbitrary linear regression problems
under appropriate regularization, whereas the corresponding result in | ] for the properly regularized
regime is far from sharp.

Precisely because Theorem 7 yields a precise (up to a multiplicative constant) characterization of the population
excess risk for any linear regression problem, it allows us to describe the statistical properties of spectral methods in
the most general linear regression setting. To the best of our knowledge, this is the first result that establishes an
universal statistical property of spectral methods valid for any linear regression problem.
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From Section 1.5.1, we know that estimation of 3" occurs only on V,, while absorption of noise occurs on Vje.
Theorem 7 shows that, for any given linear regression problem (3, 3", 0¢) and tuning parameter ¢, the space Vj,
where estimation takes place is determined solely by the spectrum of ¥ and the tuning parameter, and is independent
of the signal 8" to be approximated, the eigenvectors of 3, and the family of filter functions (¢;);>1. This observation
indicates the following facts:

1. Since Vj, is independent of (¢;);>1, we know that for a given linear regression problem, all algorithms in the
class of spectral methods decompose the feature space in the same way to estimate the signal. By examining
the definition of r(V},_, Vye) in (3.6), we find that only the term ||21Ji2¢t(2)ﬁ1 |l depends on the specific choice
of the filter / residual functions. In other words- the only difference in the statistical properties of different
spectral methods for a given linear regression problem lies in how close the residual function ), is to 0 on
{z > 0: tz > b}-the closer it is to 0, the better the statistical properties (i.e., the faster the convergence rate).
For example, when the eigenvalues of 3 satisfy power decay, i.e., there exists & > 1 such that o; ~ 77 for all
j (corresponding to regression problems in Sobolev spaces with sufficient smoothness), the residual function

of ridge regression is () = #4—1’ that of gradient flow is ¢;(x) = exp(—tx), and that of gradient descent is

Pi(z) = (1 — nz)t, see Example 16. For the latter two, when ¢z > b, their convergence to 0 as functions of x is

much faster than that of ridge regression. This provides an explanation of the saturation effect | ]: on

the set {x > 0 : tx > b}, the residual function of ridge regression decays too slowly. We provide more general
situations in [P3].

2. The FSD approach yields some understanding on the behavior of spectral methods. For instance, the estimation
dimension k* tells us that gradient descent at step t is estimating only the first k* coordinates of the signal in
the basis of eigenvectors of ¥, no more no less. This means that along the path of gradient descent, there are
more and more coordinates (in the eigenbasis of ) that are estimated; the estimation dimension quantifying
this phenomenon and the estimation space V;« localizing the space where this estimation is happening. We
may suspect that Newton’s method behaves similarly but with an estimation dimension growing faster than
the one of gradient descent.

3. Corollary 6 may also help us to identify the best possible choice for parameter ¢: for gradient descent, that is
the best possible stopping time and for ridge that is the best regularization parameter. Indeed, the optimal
choice of ¢t depends on the specific regression problem and is given by the one minimizing the optimal rate
7(Vy.,Vye) subject to 02N Z Tr(3(X + ¢ 11,) "), keeping in mind that J, = [k*] and that k* depends on t.
The identification of such an optimal choice for ¢ may help to show that a given data-driven choice for ¢ (see for
instance the Lepski’s method from | ]) is optimal if the resulting spectral method achieves the optimal
rate r(V,, V) for the optimal choice of ¢.

4. Since Vj, is independent of 3%, it follows from Definition 16 that any spectral algorithm satisfying the conditions
of Theorem 7 (such as gradient flow/descent) does not possess the feature learning property. We emphasize
that the gradient flow/descent studied in this chapter refers to ODEs for quadratically minimized problems
with linear parameterization on linear spaces, which differ from the gradient flow/descent in neural network
theory, where Riemannian manifolds | ], [P5] or nonlinear parameterizations | ] are often used.

5. The lack of feature learning capability has the following drawback: if the alignment between #* and ¥ is
poor, spectral methods exhibit unfavorable statistical properties. For example, when the support of 3* satisfies
supp(8*) = Ve, the term HElj/CQﬁf}cHg in 7(Vy,,Vye) reduces to ||(X,8)|12(,), which may be big. Of course,
one can change V; by adjustiﬁg the tuning parameter ¢, but we stress that statisticians usually do not know
the support of 3" in the basis of eigenvectors of ¥ in advance, and hence cannot preselect an appropriate
t. Therefore, unlike statistical algorithms with the sparsity inducing property such as basis pursuit or the
LASSO, the fact that spectral methods lack the feature learning property implies that, when the signal and
the eigenvectors of X are poorly aligned, spectral methods generally have inferior statistical performance. We
discuss further in [P3] on the lack of feature learning of spectral methods.

From Example 16, we know that the residual function of gradient flow is smaller than the one of ridge regression.
Therefore, for a given linear regression problem and for the same tuning parameter, we always have r(GF) (V5.,Vye) <
p(Ridge) (V.,Vye). This means that, from the perspective of population excess risk, whenever one can choose between
ridge regression and gradient flow, gradient flow should always be preferred, regardless of the specific linear regression
problem under consideration. In [P3], we further discuss the notion of partial order on the set of spectral algorithms.
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3.2.2 Contribution within the FSD series of papers

The high-level idea of the proof of Theorem 7 is to wrap the classical analysis of the statistical properties of spectral
methods, such as | ], with a FSD layer-namely, instead of analyzing the statistical properties over the entire
feature space RP, we restrict the analysis to V;, while on V. we perform a signal-free analysis (considering <X , ﬁ*>
as part of the noise). Remarkably, we obtain the precise result of Theorem 7. We therefore believe that the proof of
Theorem 7 itself suggests that the FSD method may serve as a systematic tool in mathematical statistics for deriving
precise non-asymptotic results on the population excess risk of general supervised learning algorithms.

Theorem 7 can be regarded as an extension of the results of | , , , , P2] on ridge regression
to spectral methods. In this theorem, we apply the FSD method for the first time to estimators beyond ridge regression
and the minimum norm interpolant estimator. Unlike the ridge results in [ , P2], in (3.5)

we do not observe an “effective regularization” term of the form Nt=! + Tr(X.). ThlS is becaube we only consider
the well-regularized regime, namely, when the spectral algorithm is far from overfitting. The overfitting regime of
spectral methods-for example, when the running time ¢ of gradient descent/flow tends to infinity-yields the minimum
¢35 norm interpolant estimator, which has already been studied in | | and [P4].

3.3 Proof of the upper bound in Theorem 7

We abbreviate J, by J in this section, i.e. J = [k*] where k* is the estimation dimension from Definition 18.
Following the FSD method, we recall the risk decomposition of 3 given by

o 5], = 22 (3, - ), + 28,

+ H21/2ﬁ]c

(3.10)

where B ;=P JB and B ge = Pje ﬁ The next two sections are devoted to show high probability upper bounds on the
estimation part HE}/Q (BJ — ﬁ}) H and the noise absorption part Hle/CQBJC H appearing in (3.10).

In multiple occasions, we will 2use the following relations that follows f02r instance from SVD: we recall that
P; : RP — RP is the projection operator onto V; and X := [P;X1|---|P;Xn]. We have X; = XPy, X = P;XT
and ¥, = %X;XJ = P;¥P;. Since, V; is an eigen-space of ¥, we also have Pipi(X)X = ¢ (X)X, where
Yy :=E(P;X)(P;X)" = P;XP;. We also define ¥y = ¥ +t~11, and 3, = ¥+t 11,.

It also follows from the definition of k* that b~ 'op-41 < t~' < b~ log-. Consequently,

<y — b and Hz b3y
140

145
7 el

< 1o (3.11)

2%2_5
|=5=7], w <V

<[tz
op

SAEER

We also have from the definition of k* that for all x € V,

2
|=t2] - Hzl/sz T ] < — (3.12)

2

because bt~ ||x||2 < op+

1/2
ol < 2%,

3.3.1 The main property of )y required for the analysis and the event (),

The main uniform property we need 3 to satisfy for the analysis is the one from the following event: let 0 < O < 1 /9
(a typical choice of 0 could be of the order of log™"(et) or \/Tr(X(E + ¢=1)~1)/N), we consider the event

Q= {"2;1/2(2 o 2)2;1/2

e D}. (3.13)

We show in the next result that Q; holds with large probability as long as (12N is larger than the effective rank
T [S(E+¢71,) 7.

Lemma 8. Grant Assumption 6. Let t > 1 and assume that O*°N > Tr [S(S+t7'1,)7!] and O?N > 1. There
exists an absolute constant ¢ > 0 such that €y happens with probability at least 1 — exp(—cJ?N).
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Proof. Tt follows from Theorem 5.5 in | ] on the control of empirical quadratic processes and the sub-gaussian
assumption from Assumption 6 that there is an absolute constant C' > 1 such that for all » > 1, with probability at

least 1 — exp(—1),
Dy % o \/7 r
< — 4+ =+D —+ = 3.14
< C(W + o+ % (3.14)

where 72 = 72(F, [|*[|12(,,)) is Talagrand’s y2-functional of F with respect the L?(p)-norm | , Definition 2.2.19]

and D = diam(F, L?(u)) := sup([|fl 2, = f € F). Applying (3.14) to F' = {{-,v) : v € 2;1/25571} where SE71 is

the unit ¢5-sphere, we have D = diam(F, L?(p)) = HZl/QZ,:l/QH < 1and v (F, [ - [ r2(m) ~ E “21/22;1/26’“2 ~
op

sup 1 Z FAX;) —EfA(X)

\/Tr(Z(Z +t~11,)~!) where G ~ N(0,1,). As a consequence, it follows from the sample complexity assumption
02N 2 Tr [S(2 +t71,) 7] that for r = O2N/(16C?) (which is larger than 1 since we assumed that (?°N > 1),
with probability at least 1 — exp(—[J*N/(16C?)),

Hzt—uz@ _ 2)215—1/2

= sup uTZt_lm(f) - Z)Z;lmu‘

°p uesSy?

A1 — 1 1 —1
= sup I8t g - et g

uesSh™
1 N _1 9 _1 9
= sup —g (%, 2u, X;)° —E(&, 2u, X;)*| <O
p—1 N
u€eSy i=1

The sample complexity assumption (0?°N > Tr [E(Z + t_llp)_l] is classical in the analysis of spectral methods.
It has some consequences on the definition of the estimation dimension k*. Indeed, one has

J— —_ 0-‘ O—- 0—-
T[22 +t1,) 7 =) 0-]_’_7]75—1 =>. P St 7; =
j JjeJ Jj¢J

where we recall that J = {j : o; > bt~'} is of cardinality k*, by definition of k* and so

bE* t
+

- ] < -1 -1 < * .1 .
140 1+bTr[EJ]7Tr[Z(Z+t L)' <k A+t Te[Sse] (3.15)

As a consequence, the sample complexity assumption implies both 0N > bk* - meaning that we require the
estimation dimension to be smaller than N - and (1N > ¢ Tr[Z sc] implying that the estimation dimension of ridge
obtained in [P2] coincides with the one used here in Definition 18, i.e. k** = k*, for other spectral methods.

In the classical analysis of spectral methods, the property induced by the event € is referred as the “Change-of-
Norm argument” (see, for example, | ]). From a geometrical perspective, the event 2, is the union of two type
of events that are part of the FSD method. Indeed, € is equivalent to: for all u € RP,

|

As a consequence, there are two regimes depending on the relative values of H21/2u||2 and HZz/QuH that can be
2

N 2 2 2
21/2uH —Hzl/QuH gDHEt”?uH . (3.16)
2 2 2

described via the following cone

2 1 2
o= fuem o], < 2l
2 2

1 2
_ {u eRP: Ot [|ul? < (2 - D) Hz”%Hg} .

Then, we consider the decomposition of R? as the union: RP = C'U C¢. This decomposition is closed to the one of
the FSD R? = V; @1 V. since one can see that C contains all singular vectors of ¥ with singular values such that

(3.17)
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o; 2 0Ot~ which is, up to the O term, the inequality appearing in the definition of k*. We see that an isomorphic
property restricted to this cone follows from (3.16): for all u € C,

Sl < 2, < 5 e,
V2 2 2 2 2

This type of '"RIP’ (i.e. restricted isomorphic property) is expected in the FSD method on the estimation part of the
feature space i.e. V; or the slightly bigger cone C'. On the 'noise absorption part’ of the feature space, i.e. Vjec - or
the slightly bigger cone C¢, when [ is of the order of a constant - we don’t need such an isomorphic property but
only a control of the largest 'restricted’ singular value of $: for all ¢ C,

) 5 1/2
2 o] =5 [l )
2 2 2
<3V tOully, < VT lulf, .
In particular, we see that, on the event ), for all u € RP, we have

f)l/zuH < max (\/3/2 HEUQUH , Vit Hu\|2> .
2 2

In particular, the following Lemma holds.

Lemma 9. On the event Qy, 61 =

<A4(op +t71).
op

For our proof strategy, it is important to localize the spectrum of 3. Indeed, the spectral method ,6 depends on
the filter function via the term ¢,(3) in its definition from (3.1)). In particular, we will need to tell how ¢, (3) is
close to ¢;(%) . However, it is well-known that for a general non-linear function f (for which the spectral calculus
is well-defined), E[f(2)] ;é f(%); for example, when f(z) = x2. This illustrates that f(3), as a plug-in estimator
for f(X), is a biased estimator (in fact, this is one of the motivations behind | ). Methods for handling this
bias have been developed in [ ], they are based on the residue theorem: for any counterclock-wise contour C;
surrounding both spectra of 3 and Y, we have

o) =) = _% o) (B = 2) 7 = (B - 25) Y] dz
e - (3.18)
=3 p E—2L) T E D) - 2L) T n()dz.

In particular, for the choice of contour C; from Section 3.5.3, we have C; surrounding both spectra of 3 and of ¥ on
the event ) thanks to Lemma 9. So that the residue theorem applies to both ¢:(3) and ¢¢(X) and the formulae
above is valid on €2;. Next, to handle the summand in this integral, we use the following lemma taken from | ]

Lemma 10 ([ ). There exists an absolute constant C > 1 such that the following holds. Let t > 1. For the
contour Cy defined in (3.50) and for any z € C;, we have

1 1
[PHOEEI AR

<C, j{ lot(2)dz| < Clog(t), and % [ (2)dz| < Ct™L.
Ct Ct

op
Moreover, on Qy, for any z € Cy, we further have

<C.

op

1 /. -1 1
Hzg (z - zlp) 7

For the sake of completeness, we provide the proof of Lemma 10 in Section 3.5.3. On the event {2;, other properties
that will be useful in our analysis hold. For instance, to obtain an upper bound for ||ZL1/ (B, =82, we will further
require the following result.

275,72, < 2
t

Lemma 11. Let t > 1 and recall that $; = % +t~'I,. On the event Q;, we have ||E% op <

1.1
and || 3, * 37 |5, <2

2, < |
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Lemma 11 provides the following insight: for a suitably chosen J, the (modified) population covariance and the
(modified) sample covariance can be interchanged. The proof of Lemma 11 may be found in Section 3.5.4

The event €, contains all the properties on 3 that are enough for our analysis. The only remaining stochastic
argument used in the proof from now are only dealing with the noise. As a consequence, if one wants to extend
the conclusion from Theorem 7 beyond Assumption 6, one may only focus on proving that ; happens with large
probability under the new considered setup. Now, that we have dealt with mostly all the stochastic aspect of the
proof we can move to the deterministic one, as long as we work on the event ;.

3.3.2 The estimation property of ,BJ

In this subsection, we investigate the estimation properties of B 7, 1.e. we obtain a high probability upper bound on
/2,7 *
|z, -89,
namely B 7, is similar to the classical analysis of spectral methods but performed over V;. This is because on this
subspace the problem reduces to standard estimation. From this perspective, the FSD method can be viewed as an

additional layer around classical analysis only requiring an isomorphic property on the estimation space instead of
the entire space, thereby providing better estimation properties under smaller sample complexity.

. In the following analysis, we will see that the estimation error analysis for the estimator on V7,

Risk decomposition of the estimation part BJ

We start with a risk decomposition of the estimation part B 7 of the spectral method ,6' Let the “population” spectral
method be defined as 8 = ¢, (2)X8". It is the population version’ of B(X3") = ¢;(3)53* where 3 has been replaced
by ¥; we therefore look at [3 (XB*) as a plug-in estimator of 3 in the noise free case and in the estimation part of the
feature space. Then, by linearity of ,B, we may decompose ,3 7 — % as follows:

Bi(y) = B = B,(XB)) — B + B,(XB). +€)
= (B,(X85) = By) + (B, = B) + Bs(XB5 +©).

Here, 3 J(XB%) — 3 s plays the role of a bias term of the plug-in estimator B ;(XB%) in the free noise case, while
B; — B% denotes an approximation error and 3;(X3%. + £) is considered as a variance term. The following risk
decomposition follows from the decomposition above:

|=@, -85

|, <||=72 B85 - By)||, + [ =3, - 89

’2 (3.19)
=78, %85 + o)

) .

Next, we upper bound the three terms from this sum.

Upper bound on the approximation term “Eb/Q(ﬁJ -B%)

.

It follows from the definition of the residual function 9 : & € RT — 1 — x4 (x) that B, — 8% = (¢:(X)X — I,)8% =
—(X)B% and so

|=28, - 82)

| = [=e@ss

(3.20)

) .

Next, we move to an upper bound on the bias of the plug-in estimator ,@](X,Bj) We will see that the approximation
term above is dominating the bias term.
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Upper bound on the bias term HE}/Z(,BJ(XB ) ﬁJ)H
The filter and residual functions satisfy the relation ¢;(z)z + ¥(x) = 1, hence, we have
B,(XB3) =B, = Pre(X)287 - Pi(pi(X)Z+vi(£)8,
= Proi(2)2(85 — By) — Prvn(£)B,
= Pyou(3)(3 - 2)(85 — By) + Pron(2)S(85 — B) — Prvn(X)B;
= Py (B)(E - D)5 - By) + Pr (0u() - ou(D)) (D)8
+ Py (0a(2) - () Su(2)8
B, = 1(X)3% because V; is an

|l2 on both sides, we obtain

where we used the fact that 3, := P;8 = ¢,(X,)2;8% = ¢.(2)28% and so 3%
eigenspace of ¥ and the fact that 3, ¢,(X) and ¢,(X) commute. Now, by taking ||X /

the following decomposition of the bias term
/2,7 * P 1/2 ;¢ <
I552(8,(%85) - B)lle < [ *0uE)(E - 2185 - B,)],
+ "E§/Q< )Ewt( )85 (3.21)
+ =7 (12 - ) e
Next, we provide upper bounds on the three terms in this sum
Upper bound for ”Zl/cht(f))(f] - 3)(85 - BJ)H We recall that 3, =3 + ¢~ 11,,. We have
2
[=/ ) - )85 - 8))|
1 1 ? 1 1 1 - (322)
<232 lop 127 e (D57 lopl S5 (2 — £)Z F oplISF (85 — Bl
Under Assumption 5, we know that ¢;(z) < Car(z +t~1)~! hence, by Lemma 11, we have, on €,
_1 A1l . Al A1l 1
T e (B)X o P57 = 20 (3.23)

1 1.
||Et @t( )EE [lop < HZE X
1
Moreover, by (3.11), |23, ?|lop < 1. Plugging (3.23) into (3.22) together with (3.13), on €, we have
—B,)ll2
(3.24)

) o),

[=30u®)E - 285 - 8|, < 200115 85
<20 (550 ) o1l - Al <260 (

where we used (3.20) and (3.12) in the last inequality.
To handle this term, we use (3.18) which is valid on €,

Upper bound for HElj/Z(cpt(f]) — (X)X (2) 85 ,

Q;, we have
i - *
Y2 (0e(B) — pu(2)) X0 (2) B
1 1 /. -1 /. B N
—5- ¢ 55 (2 _ z[,,) (2 _ 2) (3 — 2L,) " S0 (D) 8504 (2)
T Cy
1 1 1 1 /.4 -1 1 _1 N _1 1
— 2—% ESINEDE (z - pr) DEDINE (2 - 2) 2,252 (8 - 2,) "' nk
T C

 D39,(2) B (2)d2

o on



72 Spectral Methods via FSD

Taking the || - |2 norm on both sides and applying Lemma 10 yields, on €,
3 < *
=5 () - eu(®) D285
11 1/ -1
<[[Z3%, ® ||0pj{ ‘Etz (Z - ZIp) 2
Ce
HORE SR I DETILE

Ostuss], §, e < Dloseo [2humas]).

1

Hz;% (2 _ 2) R
op

” (3.25)
(2)dz|

<1 from Lemma 10.

< |sf - 2p)ts

op

1 1
where we have used that ¥ < 3; to get HZE (X —2I,)7 122
op

We have on ; and from (3.18) :

Y2 (40(2) - vu(D)) Deu(2)83

Upper bound for

53 () - (D)) e (D)8}
_ ! f 2 (2 - zfp)_l (2 - 2) (8 = 2L,) " Sy (2) 85 (2)dz

T omi
L G e 35} Cig
— 5 % (z—zfp) 52y, (2—2) S, 087 (D - 21,) 7182

J@t( )ﬂﬂ/’t( )dz

Therefore,
|23 (0@ - w®) s8],

1 1 1 /. _1
2 Hth(z—z)th
op

< —
27

IR

e I L e

N —1
% (5-21) = B
(3.26)

- [=hemm |, haae

) and (3.26) all together in (3.21), we obtain that, on €, it holds

- H21J/2</7t(2)53 )

Collecting (3.24), (3.25
) (3.27)

=528, x83) - B)||, 50 (togter) [0 (285

we finally get, on €,

and since ¢;(X) < C1X; !, we obtain HEIJ/ant(E)ﬁjH <y HZ;UQB*J )
2 2

- HE;l/Qﬁj 2) : (3.28)

|58, 0585 - B,)]|, 50 (togter) [/ 0285

Upper bound on the variance term HZlJ/z,E')'J(Xﬁjc + 5)“2
By linearity of the spectral estimator (see (3.1)), we have
IS5/28,0285. + &)l < 125202585 2 + 155 2 S)X ¢l

Now, we prove high probability upper bounds on the two terms from the sum above
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Upper bound for ||E?,/230t(f])f]ﬁ§c\|2 We have

1/2 1/2  enyidy—3 *
1= 60(2)585 N2 = 5 ¥ -y esntsrixxes |

< H21/2 2)21/2 t—1/2XT HX/BTJCHQ.
op VN
It follows from (3.23), (3.11) and Lemma 11, that on the event €,
\F HE—I/QXT L= “2;1/221/2 N <V2
and
H21/2 ) $1/2 < HZ1J/22t—1/2 1/2 ) $1/2 <20y,
op op

Next, it follows from the sub-gaussian property of the design vector X from Assumption 6 and Lemma 13 that, for
some absolute constant ¢ > 0, with probability at least 1 — exp(—cN),

1/2
X3 = < S (X0 B50)° < 20285 B
i=1

For the convenience of the reader, we reproduce Lemma 13 here; its proof will be given on page 80.

Lemma 13 (recall). There is some absolute constant ¢ > 0 such that the following holds. Let X be a sub-gaussian
vector in RP and denote ¥ = EXXT (X is not necessarily centered). Let v € RP. With probability at least
1 —exp(—cN), we have

o 2 3 1 2
(Xiv) < S| 2ho| . (3.47)

2
3[4, <
2 2 — 2

1

N <
K2

As a result, there exist an absolute constants ¢ > 0 such that with probability at least 1 — exp(—c|J|) — P[],

IS5 0i(£) 585 |l2 < 16C1|[Z52 B |- (3.29)

Upper bound for (1/N) HElJ/Qcpt( Y)XTE|IZ We first work conditionally on X and consider the randomness coming

only from the Gaussian vector € so that we can apply the Borel-TIS inequality (see Theorem 7.1 in | ] or

p.56-57 in | ]) in order to get: for almost all X, for all ¢ > 1 with probability at least 1 — exp(—t/2), ||A&|l2 <

oe/Tr[AAT] + o¢ || A, V't where A = 21/ %04(£)XT. This implies that for almost all X, with probability at least

1= exp(—|71/2),

202 2
: 171

op

IS DX €I < 208 Te [£) 00 () Do D8] +

For the weak variance term in the inequality above, we have ﬁli/zwt(i)iwt(f})f}im =< C3,1, and so by Lemma 11 we
get, on ),

= H21/2 E)XT

HE /29015 2)2%(2)21/

op

< |y i/%t@)iwt(i)i S WS (IS 7o

op op

For the strong variance term in the inequality above, we use that cpt(fl)f]got(Z) = 6’2275];1 and apply Lemma 11 to
get, on (),

Tr }”w(z)i%(i)z}“] <z Tr[ $1/25, 12}/2} =2, (Tr {2;1(2, - EJ)} T [i;lj,D
< 3, (e [S73(25 = £0)87 2] +19)

< (1157720 - £0577) | +11) <2031
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As a consequence, we obtain that with probability at least 1 —2exp(—c|J|) — P[], (1/N)||21J/2g0t( VXT3 < 02\J|

Finally, gathering the last inequality together with (3.29) we obtain that with probability at least 1—2 exp(— c|J [)—

P[],
S
2+ 0¢ N

ISY28,(XB% + &)l SIS 85

Conclusion on the estimation property of BJ

It follows from the results obtained in the previous sections, that with probability at least 1 — 2 exp(—c|J|) — P[],

L

O —1/2 %
— |2
+ t H s B 2

|25, - 82)

+ (Olog(t) + 1) sz%(zm*

2 (3.30)

This result finishes our analysis of the statistical property of the estimation part ,é' 7 of the spectral method B
The next step of the FSD method is to handle the 'noise absorption part’ of 3.

3.3.3 Control of the noise absorption part BJC

In this section, we derive an upper bound for ||E ’B,.|l2, where B,. = Pye3. We recall that 3 = N1, ()X Ty
and y = X3 + ¢ = X075 + XB%. + £&. Therefore, we have

ISY2Be]l < Hzl/ﬁpt L0258 +H21/390t E)[N‘le]EH2~ (3:31)

Next, we prove high probability upper bounds on the three terms in the sum above.

Upper bound for

Z%Q%(f])f]gf} 9

By definition of the residual function, we have ¢, ()5 = = I, —Yy( ) and so ElJ/fgot( )88 = —Zl/th( )ﬁj where we

have used the fact that 21/2,8J = 0. Next, we take the f5-norm on both sides and use the fact that EJL W (X)B5 =0
to get

|=320i 20885, = 1552 (0 - 0e(2)) 85

Next, on €, we can apply the residual theorem to ¢,(%) and v;(2) and get a result similar to the one of (3.18)
where ¢, is replaced by ;. Thanks to this result we get (on ;)

|22 @) - v s, = [ =hm ot @®) - w8,
. |=F (wu(®) - wa(=)85

<Vl

g B (S - 2,) 7 E - D)(E - 2L,) 7 Biun(2)dz

b 1. 1
<4 — YL —2L) IR
< 1—|—bfétH £( 21Ip) " X op

ez ny 22| sz
t( Zp) top tﬁJz

_1
< [shar

AE-nst

op

(2)dz|

and so, on £, by applying Lemma 10 we obtain

1/2 O _1
[ eissa; R )

L= | @) - vum) 85

(3.32)
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Upper bound for HElJ/cQQOt (£)287. )

For the convenience of the reader, we recall the following property, which can be found on page 29.

Proposition 13 (Recall). Suppose Assumption 3 holds. There exist some absolute constants ¢z and Cg > 0 such

that with a probability of at least 1 — pppyu, where ppyu = ~& + Y1, there holds HElj/fX}c ) < Csy/Tr(2%.) +

=
Cs VNI g op-

It is straightforward to verify that Assumption 6 implies Assumption 3. It follows from Proposition 13 that under
Assumption 6, there are absolute constants C, ¢ > 0 such that with probability at least 1 — exp(—cN),

i (HE?/EXT _=c (,/mz?,c) + \/N||2Jc||op)> > 1 — exp(—eN). (3.33)

Moreover, we have [|[ X872 < C\FHEl/ZﬁJLHg with probability at least 1 — exp(—cN). Next, we observe that
thanks to Assumption 5, ¢ (z) < Cy(z41t~1)~1 < Cyt so that we have ¢;(3) < C1tI, and (since ¥ and I, commute)

for all x € RP, H(pt(i)x < Cit||z||y. It follows that with probability at least 1 — 2exp(—cN),
2

. 1 S *
HQ%%% X85 5 ﬁHElJ/CQXT%(E)XﬁJC 2

VIR + VN2 1 (331
<CCy L ﬁ]e
VNt-1
Finally, it follows from the definition of &* that o1 = [[Zel|,, < bt~ and from the sample complexity assumption
(ie. 2N 2 Tr [S(S 4 t71,)7t]) - see the discussion below (3.15) - that (2N 2 ¢ Tr[X ] so that

VEE) +VE Sy (ISl [Te®r] IS0
P < op P <VBO+b<2b 3.35
VNt V! N1 T T SVPETRS (3.35)

as long as 0 < b. We conclude that with probability at least 1 — 2 exp(—cN),
Hzﬁ/ﬁpt £)865.|, < cow HE”Q,&,C (3.36)

Upper bound for HZlJ/Ccht(f))[N’le]ﬁHQ

As in the previous section we first condition on X and apply the Borell-TIS inequality: for almost all X, for all r > 0,
with probability at least 1 —exp(—r/2), [|A&|l, < o¢/Tr[AAT|+0¢ | A, /7 where A = S}/2,(S)[N"'XT]. Hence,
we have with probabiltity at least 1 — exp(—|J|/2),

T[S 7 Sp7 ()]
N

2]
op N

7]
N \/; (3.37)

where in the last inequality we used that o;(x) < Cor(x +t~1)~! < Cart. We use the following Lemma 15, whose
proof will be given on page 81.

|=i2eu®INxTIg||, < o +o¢ [B2512%0,(5)

e[S 3]

< 0¢Cort + 0gCort | £3251/2

Lemma 15 (recall). There exists an absolute constant ¢ > 0 such that the following holds. Let X be a sub-gaussian
vector in RP and denote ¥ = EXX T (X is not necessarily centered). Let A be a matriz in RP*?. With probability
at least 1 — exp(—cN),

1 EI/QAT 2 1 al AX 2 3 Zl/QAT 2
- < 12 < 2
2 H HHS - N ZZ:; 14Xl < 2 H HHS
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Next, it follows from Lemma 15 that there exists an absolute constant ¢ > 0 such that with probability at least
1 —exp(—cN),

1 2
Te[S)e8] = + Tr(XEXT) = Z Hzl/ 25| < 2me(zz.).
2

Then, it follows from (3.33) that there are absolute constants C, ¢ > 0 such that with probability at least 1—exp(—cN),

<c ( () |ch||Op> . (3.38)

1/2¢T
X
N

1/2¢
|z5s

= Ye
op f H

Finally, collecting the last two results together with (3.35) in the Borell-TIS inequality above, we get that with
probability at least 1 — 2exp(—c|J|),

o Tr(22.) Tr(22.) ||
[=2e v 1xTIe| S oet N‘]+Jgt< ) s, |y

N N
[J Tr(22.
5 ¢ —|N| + o¢t r(NJ )

Concluding on the noise absorption property

(3.39)

Combining (3.32), (3.36) and (3.39), we obtain that with probability at least 1 — 2 exp(—c|J|) — P[Q¢],

/1] [ Tr(25.)
) + o¢ N + o¢t N (3.40)

3.3.4 End of the proof of the upper bound from Theorem 7

1/2 7 1/2
=85 7285

2N HE zﬁ‘]

Going back to the original risk decomposition from the FSD method in (3.10) and collecting both results on the
estimation part and the noise absorption part from (3.30) and (3.40), we obtain that with probability at least

1 — exp(—c|J]) - P[],

o (3-), < [ 3 ) + s,

(o + [,
O _1

(Bt bm

< oey /1] +H21/Qﬁjb (Dlog(et)+1)"2§/2¢t(z) -

T . _1
+o§t\/TJ+?‘}EJ2ﬂ,

and the result follows if one takes [ < log™ " (et).

+ HE”QBJC

+ (Olog(et) + 1) HEIJ/th(E)ﬂ* Tt

_ 1 «
T HZfﬂJ

T(Ec 1/2
oet\| —5" >+H2/ﬁJc

2

3.4 Proof of the lower bound result from Theorem 8

In this section, we prove the lower bound result from Theorem 8. We first work conditionally to X so that we can use

the concentration inequality of a Lipschitz function of the Gaussian vector £ (see Eq.(2.35) in | ] or Theorem 5.2.2
in | ]): for almost all X, for all r > 0, with probability at least 1 — exp(—7), ¢(§) > Eed(§) — o¢ |9l ;, V21

where (¢) = [SV2(B(XB" +¢) - 87|,

and |||, is the Lipschitz constant of ¢ with respect to the Euclidean
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norm. Moreover, thanks to the concentration of Lipschitz functions of Gaussian vectors recalled above we have: for
almost all X,

Ee(€)? — [Eco(€)]? = Ee [(9(6) — Eco(€))’]
= [T Pe [16©) - Eeol®)] = VA ar < 202 01,

As a consequence, [E¢p(§)]? > E¢[¢(£)?] —207 ||(Z)Hiip and so, for almost all X, with P¢-probability at least 1—exp(—7),

5(6) > Beol€) - o ol ,, v2r = | LA ooy, var, (3.41)

when E¢¢(§)* > 407 ||¢||2Lip. We note that (3.41) also holds when Eg¢(§)* < 407 ||¢H2Lip as long as 7 > 4+/2 since
#(€) > 0 a.s.. As a consequence, we (always) have for all r > 41/2,

0(©) > /AT oo, var

Next, thanks to the linearity of the estimator 8 we have for all &, & € RP, |¢(&1) — ¢(&2)| < HEUQB(& - 52)H2 and
50 8]l 5y < 1AL, where 4 = S1/20,(£)[N~1X7] and

2

2 L. 2 -
==t B - 8|+ e[ =taie)|

= |zt Bxs -8

Ee[6()?] = Ee =4 (B - B")

2

2
+ o¢ Tr[AAT).
2

Finally, we have for almost all X and all » > 41/2, with probability at least 1 — exp(—r),

L oe [ TEef (23]

2 V2 N (3.42)
2r

V5

op

|=tB-8)

= 5 [Sh ey - 8)

‘21/2%(2)5@
VN

In the next two sections, we obtain lower bounds on the three main terms appearing in the right hand side of
(3.42).
,

As before, we decompose the feature space as R? = V; @+ Vje where J = .J, is the optimal decomposition, so that
the bias term can be decomposed as

— o¢

3.4.1 A lower bound for the bias term HE%(B(X,B*) - BY)

2 2

Bx8") - 8, + =4 (b - )

NN

|zt Bxs) - 87

- Hz .
2 2

A lower bound for the bias term on V;

In Section 3.3.2, we introduced 8 = ¢,(X)23* and proved in (3.20) that

|23, - 82)

|, =[5 w 8

2

and in (3.27) that, for some absolute constant C' > 0, on Q,

[=32(8,0285) - B, < €0 (1os(en) | =Y w285

= sy

)
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Next, it follows from Assumption 5 that o;(X) < C1%; ! and so HEIJ/zgot( VB

<5,

. As a conse-
2

quence, as long as (log(e?t) < 1, the following lower bound holds on €:

IS2(B(XB%) — 8|2 > [52(B — B2 — [22(B(XB") - B)l2
> |25¢:(2)83 ]2 — €0 (log(et) IS5 v()B5 112 + 7 ||=)/ 260285
CC1D HE 1/2[3]

)

> (1 - COlog(e?t)) ||E% Vi(2)B5l2 —

Y

1,1 N CC
SIZS w8 - == ||z 85

A lower bound for the bias on V.

We have

=3Bz - 8)

1
> HZ%,@jC -
2

Istaen)|,

and using that B(X8") = B(XB7) + B(XB):) = vi(2)3B) + ¢1(2)XB7. we get

12887z < || DE85 | + =720 )85

In (3.32), we proved that on €,

Sk D -1 *
pocsson], <2 o

Next, it follows from (3.36) that with probability at least 1 — 2 exp(—cN)

Hz}/fgat i)zﬁJc

< Cb Hzl/QﬂJc

and so when b < 1/(2C), we obtain

CO (|14 g+
= |I=7%83), (3.43)

|=tBxen) -8

S5 DBsls + 5 || 25285 -

3.4.2 Lower bound for the conditional variance term E¢||~'/23(¢)|2

In this section, we obtain a lower bound on the conditional (with respect to X) variance of 3: E¢||2Y/28(€)|3. Tt
follows from Assumption 5 that for all ¢ > 1 and « € [0, 8] , we have

C12 Ridge
oule) 2 iy = e @) (3.44)
where we recall (see (3.3)) that ! (z) = (z++~1)~1 is the filter function of ridge regression with regularization
parameter ¢t 1.

Lemma 12. Grant Assumption 6 and assume that X has independent and centered coordinates with respect to the
basis {e1,--- ,ep}. Let B be a spectral algorithm defined in Definition 17 with filter function @, satisfying (3.44).
Then, there exists absolute constants c,ci13 > 0 such that with probability at least 1 — cexp(—N/c) — P[],

I T
N N '

o Tr[Zp7 (53]

05 N = Ee||Z'/?B(€)]3 > 01301205<

Proof. Let >2%_ 10 11; ® &; be the singular value decomposition of ﬁX, where 6; = 0 if j > N, {@,}}Y, is an

orthonormal basis of R and {e; }i_; is an orthonormal basis of RP. It follows from (3.1) that

PO = peDXTE = o) Y en/mang) = 23 Voo @ ge
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and by taking [|X/2 - ||3, we obtain

H21/2ﬁ H O'ngt Uz U;, €>El/2A

2
1
=5 Z 5i6501(60)1(65) (W, €) (. €) (S8, 51/ 28).
i,j=1

Taking expectation with respect to £ and using that E¢[(w;, £)(u;, &)] = §<u“ uj> = 0'6]1{1 —j}, we obtain that for

almost all X,

o2 N
E 21/2 2 75 21/2
¢ A& 2 N Z

The latter result is actually true for any filter function. By applying it to the filter function from ridge regression
and using (3.44), we have on the event Q; (where we know, thanks to Lemma 9, that the spectrum of ¥ is in [0, 8]
because o1,t~1 < 1) that

~ 2 o? N R idee R Ridge)
Ee||[=28(6) = oS > 1o (60))* 15V 23 = chae 525 (g |

i=1
Finally, by | , Lemma 7 and Theorem 2], there exists an absolute constant 0 < ¢34 < 1 such that with
probability at least 1 — cexp(—N/c),
(Ridge)

2
E5H21/2ﬁ |J| NTr(EJC) >

(£)H > C140% ( N ' (Nt=1 4 Tr(Ss.))2

Lemma 12 then follows since Tr(X;c) < Ot7'N < ¢7!N thanks to the sampling complexity assumption (see the
discussion below (3.15)). [

3.4.3 An upper bound for the weak variance term and the conclusion

In this section, we provide a high probability upper bound on the weak variance term coming from Borell’s inequality
in (3.42) ie. o¢ HEl/Qcpt(f])(XT/\/N)H . Tt follows from (3.11) and Lemma 11 that, on the event €, we have
op

1/2
<1 (3.45)
op

[= 260 AR [ DR

V|| < e
op op

where we used Assumption 5 to get Etgot(E)QXAJ =< Clitf];ZE = Cil,
Finally, plugging (3.45) and (3.43) together with Lemma 12 in (3.42), we get that for all » > 41/2, with probability
at least 1 — exp(—r) — cexp(—N/c) — P[],
)

[=28 -89,

cO _1
> (I=hucs >m|2+2Hz”2mc Czstas
2
_"_013(05 /L}\IJ /T ZJL )_ 005\/7
—Coog\/;

as long as b < 1. Finally, the result follows by taking r ~ k* in the inequality above.

>cer(Vy,Vye) — — HE 235




80 Spectral Methods via FSD

3.5 Auxiliaries results

We start with some results on the concentration of sum of independent sub-exponential variables. We first start with
the definition of ¢-norm (see for instance, Chapter 1 in | ). Let ¢ be an Orlicz function. We define the
Orlicz norm of a random variable Z as

121, = inf (¢ : Eyp(|Z]/c) < 9(1)).

Orlicz functions that are of particular interest to us are, for all & > 1, ¢, : t > 0 — exp(¢t*) — 1. It follows from
Theorem 1.1.5 in [ ] that for all & > 1, there is equivalence between:

(a) there is a constant Ky > 0 such that ||Z]|,, < Ki
(b) there is a constant K5 > 0 such that for all p > «, ||Z||Lp < Kop'/®
(c) there exists K3, K4 such that for all ¢t > KJ,

P(|Z| < t) > 1 —exp(—t*/Kg).

Moreover, Ko < 2eK7, K3 < eKs, K4 < e?K5 and K; < 2max(K3, K%). It follows from these equivalence that

1Z]l,
Z ~ su 2.
120, ~sup =

In particular, if X is a sub-gaussian vector as defined in Assumption 6 then there exists some absolute constant C' > 0
such that for all v € RP, H<X7 ’U>H¢2 <C HZ%UH . It is also clear from the definition of the ¥; and 3 norm that for
2

2
all v we have H<X, v>2Hw = ||<X71)>Hi2 <C? HE%vHZ. Finally, the last tool we need is Bernstein’s inequality for
1

the sum of independent 1); variable (see for instance Theorem 1.2.7 in | )): if Zy,..., Zn are independent 1),
random variables then for all ¢ > 1, with probability at least 1 — exp(—ct),

1 & [t t

i=1
where My = maxi<i<n [|Z; — EZ;,, and o2 = (1/N) Zf\il 1Z; — EZiHil. In particular, if we apply this result for

Z; = (X;, v>2 (which is a 1y random variable according to the argument above), we get that with probability at

least 1 — exp(—ct),
t t
—+ = 3.46
) 0

N
% S (Xiv)’ ~ E(X,,v)
i=1

< [[(x,0)* - E(x,0)

and
ooy -], < x|

2
E(X, ‘
¢1+H < 'U>

Y1
2 2 2
< X}, + 11, ECX0)° < € 2t

where we used the subgaussian property of X. As a consequence, we proved the following result.

Lemma 13. There is some absolute constant ¢ > 0 such that the following holds. Let X be a sub-gaussian vector in
RP and denote ¥ = EXX T (X is not necessarily centered). Let v € RP. With probability at least 1 — exp(—cN), we

have
N
1 1|2 1 2 3 IIE
i |5¢: H < = S(x;v) < szf H . 3.47
QH ’02_sz=2< U>_2 v2 ( )
Next we use the classical generic chaining bound for sub-gaussian processes that follows from Theorem 2.2.27 in
[ ]. Note that the following result requires less assumptions than the one required in Hanson-Wright inequality

from Theorem 6.2.1 in | ].
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Lemma 14. There is an absolute constant ¢ > 0 such that the following holds. Let X be a sub-gaussian vector in
R? and denote ¥ = EXX T (X is not necessarily centered). Let A be a matriz in RP*. We have for all t > 0, with
probability at least 1 — exp(—t),

HAXHQ <c (HEUQATHHS + H21/2AT

\/i) )
op
We also have
2
zaxig =],

Proof. We first note that

[AX]l, < AKX —EX)|, + [[AEX]|, .
Then, we write || A(X —EX)||, as the supremum of a centered sub-gaussian process: [|A(X —EX)||, =sup(Z, : z €
AT BY) where Z, = (X —EX, z). The canonical metric associated with this process is (u,v) = (E(Z, — Zv)2)1/2 =
HEé/Q(u - v)’ , where Xy = E [(X — EX)(X —EX)T]. It follows from Theorem 2.2.27 in | ], that for all ¢ > 0,
with probability at least 1 — exp(—t), |[A(X —EX)|, < 72 + VtD where 7o = 72(2(1)/2ATBg,£127) is Talagrand’s

~vo-functional and D is the diameter of E(l)/ ZAT B¢ with respect to £5. Tt follows from Talagrand’s majorizing measure
that

1o (SY2ATBY ) <E HE(I)/QATGHQ < Te[AT AT]Y? = Hzg/QATHHS

and D = HEé/QAT

. We conclude the proof of the exponential bound by using that ||AEX |, + HE(l)/QATH < <
op H
||El/2ATHHS. The result in expectation follows from

E||AX]? = TrE[AXXTAT] = Hzl/QATH;.

Under the same assumptions as in Lemma 14, we get that for all ¢ > [|S1/2AT|| ;g With probability at least
1 —exp (—ct2/ HEl/QATHip), |AX]|, < t. The latter statement coincides with point (¢) above for a = 2, K3 ~

||21/2A—r Hop and K4 ~ H »/2AT HHS meaning that [|AX ||, is a subgaussian variable with subgaussian norm satisfying
AXll,, S [[B7247)
INAXT2ll,, < s
This follows from the equivalence between (a) and (¢) above. As a consequence,

2
[naxi)

2
s |zveat|| =Elaxs,
Y1 HS

and so it follows from (3.46) that for all ¢ > 0, with probability at least 1 — exp(—ct),

N
1 ; 2 2 t t
NZ;HAXHIQ*IEHAXH2 §0E||AX|2< N+N> .

(Note that this results holds even if X is not centered and does not have independent coordinates unlike the Hansen-
Wright inequality from Theorem 6.2.1 in | ]). For t ~ N we just proved the following result.

Lemma 15. There exists an absolute constant ¢ > 0 such that the following holds. Let X be a sub-gaussian vector
in RP and denote ¥ = EXX " (X is not necessarily centered). Let A be a matriz in RP*<. With probability at least
1 —exp(—cN),

1 EI/QAT 2 1 al AX 2 3 Zl/QAT 2
— < — s < = .
2 H HHS - N ZZ:; 14Xl < 2 H HHS
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3.5.1 Proof of Corollary 4

By the proof of Proposition 7 of [’2], if t7! ~ N ~ 7%=, regardless of the relationship between s and 2, we always
have

J. N Tr(s3,
o2lel 4 2 M )
N O (N1

NogN_%, and HEZFﬁJr ~ N~ THas,

The difference is that for ridge, 1/)§B) T

(x) = a:t+1’ hence by the proof of Proposition 7 of [P2],

[=5.0" 85,

‘ ~ N— 1+m_
On the other hand, by Definition 6, item 2., we have

2
[Sue @], = X w8 e’

J*kt—l,b
< C3t° < N~ Tias
As the choice of ¢ is optimal over the class Rgop(s, @) (see, for instance, | 1), we conclude that {p(*)};5; <

{@(B)}Ql for any R € Rgob(s, @).

3.5.2 Proof of Corollary 5

For any t in the interval I = {t : b=le < t71 < g}, it is easy to verify that ki, b= k. Moreover, since we have

assumed that for any 1 < j < k, there holds [(8", e,)| = a., and for any j > k, (8", e;) = 0, we have ||Zl/2ﬂJc||2 = 0.

Moreover, ||ZJ* Ve(X)B7, 12 = (X2 <k o2 (0)a)/? = a, i (0)Vko, and oet, /Tr(%> 5e)/N = ocet/(p— k)/N. We

compute that

N
SNR = 227 | kN
o¢ € p—k
1. When y(z) = ¢{"**(2) = L+ Then
k p—k Vko
(Ridge) N — v :
T (Vo Vie) = 06y 5 + min <Uf€t N +a*at+1>'

Under the assumption that

the minimum is given by

(Ridge) O¢ pik -
min (Vi Vie) 705,/ %\l (2\/SNR 1). (3.48)

2. When 9y (z) = 1/Jt(GF) () = exp(—tz). Then

k —k
‘1 (GF) D= oen | 2 ; R VEo _
minr (Vi.,Vye) = o¢ N + min <0’§€t N + axVko exp( ta)) .

Under the assumption that
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the minimum is given by

mmr<GF>(VJ*,VJC = 051/ fe\ / % (14 log(SNR)). (3.49)

Combining (3.48) and (3.49) and using the fact that 1+ log(SNR) < 2¢/SNR — 1 for any SNR > 1, we know that

(GF) ) < (Ridge) .
Itnel}lT (V5. Vie) Inel}lT V5., Vie).

Moreover, when R — oo, {@ERidge ter <R {<,0t )}tel-

3.5.3 Definition of the contour C; and proof of Lemma 10

In this section, we construct the family of contours (C;)¢>1 used in the formulae (3.18). This formulae follows from
the residue theorem, but, in order to apply this theorem, we need the contour C; to surround both spectra of 3 and
3. By definition, the spectrum of ¥ lies in [0,01] and the one of 3 lies in [0,61]. Moreover, thanks to Lemma 9,
we know that on Q;, we have 61 < 4(01 +t~1). As a consequence, formulae (3.18) is valid on €2; if we construct a
contour C; in such a way that it contains [0,4(c1 +¢~1)]. Moreover, we also need to choose C; so that Lemma 10 and
11 hold on €.

We follow | ] for the construction of such a contour: for all ¢ > 1, define C; = C;1 U Cr o U Cy 3 where
Ce i,k =1,2,3 are defined now. We let L : x € R — ax + /3, where
5(c1 +t71) «a
= - d = —.
« ot 12 and g o

Note that L(—1/(2t)) = 0 and L(o1) = 5(01 +t~1) so that by setting
Cii={x+ L(x)i:ze[-1/(2t),01]},
Cro=A{z— L(x)i:x € [-1/(2t),04]}, (3.50)
Cz={z€C:|z—0y|=5(c1+t7"),Re(z) > 01},

the union Ug—1 23C;  is well defining a contour in C; this is the one we call C; depicted in Figure 3.1.

Im

Ce

/ Re
1 1

L —

2

Figure 3.1: The contour C; defined in (3.50) surrounds both spectra of ¥ and of S on O since, on that event,
61 < 4(oy +t7 1) thanks to Lemma 9.

Proof of Lemma 10

A -1 1 1
Proof. Let z € C;. We first show that HEE (Z —zIp) EE’ < 3C. To that end, we first bound ||Et;(

op
A1
z1,) 7132 ||op from above and then we will conclude using Lemma 11. Using SVD, we have

o+ttt
o—z
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where o(3) denotes the spectrum of 3. We recall that ¢, denotes the largest singular values of 3} so that (%) C
[0,61]. Moreover, by Lemma 9, 61 < 4(oy +t~!) on ©;. As a consequence, on ),

o+t1
o—z

[N

SE(E - ZIp)ilit%

< sup
op 0<o<4(o1+t—1)

We are now considering two cases: either z belongs to the ’linear’ section C;; U C; 2 of the contour C; or to the
semi-circle section C; 3, see the definitions in (3.50). We start with the linear section.
First case, when z =z &+ L(z)i € C;,1 UC; 2, where x € [—1/(2t), 01], we get

oc+t1! 2

g —2Zz

sup
o€a()

Lety=0+t"!, B=x+t"! and C = B? + L(z)?. Then |0 — 2|?> = (¢ — 2)® + L(z)? = (y — B)?> + C — B2, thus

o4t 2

_ Y
o—z | y2-2By+C’
The function y — % is maximized at y = max{%,til}. Therefore when % > t~!, we have the maximum
#, otherwise we have the maximum when y = t~!, when o = 0. Solving ¢t~ = % gives xg = —i + 2t\/11+7.

o If % > t~!, combined with = >

1 2—v2,-1 ; i ol c
—g5;, we have x > —=2={"", and the maximum is given by =5z =
(z+t1)?

1+ m Let 6:753), then
2t
o+t1? 1 (6+1)2 1
= 1+ =~ <5<to).
[s;% o—z sup( Jr042((5—1-%)2 2~ _Ul>

One may show that the maximum is achieved when & = tx(, and

2
2 5 tt
=2+2<1+\/1+a2), Wherea:(UL),
a

o1 +t_1/2

o+ttt
o—z

sup
a>0

e Else, the maximum is given by

2

¢t =2 5(1+a?
sup o+ _ o< ( +2 ).
o>0| 0O — % 132—|—042(1‘—|—2%) o
As a consequence, when z € C; 1 UCy 2, we have
1
sup ot <8&.
oca(S) g—z

Second case, when z € C; 3. We have |0 — z| > 201 + 1! for o € o(3) C [0,61], so, on €, it follows from
Lemma 9 that 61 < 4(o; +¢7!) and so

o+t1
o—z

401 + 5t~ 1
20’1 + 5t1

sup
oco(S)

Recall that from Lemma 11,

1%

Lalio la—19o
22t2 ||Op S 27 and szzt : ||op <2

1 /A -1 1
The upper bound of |33 (E - zIp) Y3 |lop is given by:

1 /4 -1 1
Hzg(z—zfp) 3
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for some absolute constant ¢’ > 1. )
The upper bound for |22 (¥ — z1,) "'X7? ||op is similar but simpler since

o+t1
oc—z

Hzé(z —2L)7ly;

= sup
op oc€o(X)

and o(X) C [0,01], so we omit it.
Finally, we move to the integral of the holomorphic extensions of the filter and residual functions. We have

1
lpi(2)dz| < C

——|dz|.
c e, |2+t

Now we focus on the latter integral. For z € C; 1, we have |z + til\ > /17t~ and thus

1 1
dz| < t7 LG, < C
‘/Ct’1 |Z+t_1|| Z|_ /*17 ‘ t,1|_

for some absolute constant C' > 1, where we notice that |Cy 1| < Ct~!. For Ct,2, we have
1 71 1
——|dz| =2 - V2 dz
/cm |z+t—1|| | /O |z + (z+¢t1/2)i + ¢t~

o1 1
< dx < C'log(t
_C/O xH_lx_Cog(),

where we have used that assumption that oy is at most a constant. For z € C; 3, we have |z +t71| > V/17(0; +t71)

and thus .

1
2| < ————|Ci3| < C,
Lt,{i |Z+t*1‘| | = \/ﬁ(O’l —|—t_1) ‘ t,3| >~

for some absolute constant.

3.5.4 Proof of Lemma 11

Proof. On the event ), we have

1,1 1. 1 _1 /. 1 1
Hzt sz = Hzt 50 i Hzt F(Ea) s
op op op
_1 A _1
_ Hzt 2 (E—E+Z+t’11) 5,2
op
_1 A _1
gHzt 2 (z—z)zt 2| +1<O+1<2
op

Let us now move to the first statemant of Lemma 11. On the event ); we have

2o 2 <o<,

op

as a consequence, we have on that event

H(I—zté (5-3) z;%)_l

because O < 1/2. Next, using (3.11), we observe that

op k=0 °p
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3.6 Statistical analysis of PCR: proof of Theorem 9

In this section we prove Theorem 9. We recall that the Principle Component Regression (PCR) estimator B =
%@t(E)XTy is obtained for the filter function and its associated residual function given for ¢ > 1 by

x>0 (x>0, and oy i x ER = 1 — 2 (x) = 1(z < bt 1)
where 0 < b < 1 is the same parameter used in the definition of
k* := min (k €lpl:ort < btil) ,

the estimation dimension. In this section, we also denote J = J, = [k*].
First note that for all t > 1 and « > 0, we have

1 _ b+1
pi(x) = E]l(:c > bt 1) < P for Cy = 5 (3.51)

so that Assumption 5 is satisfied by PCR’s filter function for ¢; =0 and C; = (b+ 1)/b.

A key observation in the analysis of PCR estimator is that, for a given SDP matrix M, ¢, (M) is the orthogonal
projection on the eigenspace of M spanned by all eigenvectors associated with eigenvalues less than bt ~'. In particular,
V() = Pje = 3 ;- €; @ ej and so for all B € Vy,9(X)B = 0. We also observe that z¢.(z) = 1(z > bt=1) so
that Y, (X) = Py; in particular, for 3, defined in Section 3.3.2 we have B, = ¢,(2)28* = P;3* = B%. Asa
consequence, the risk decomposition of the estimation part from Section 3.3.2 can be made simpler in the PCR case.

Let us now start the risk analysis of the PCR estimator. As in (3.10), we recall the risk decomposition that
follows from the FSD method:

HEl/z (,6' _ ﬁ*) H Hzl/z (ﬁJ ﬁJ)H + ”EWBJ“

+ Hz”zﬁﬂ

Next, as mentioned above, the risk decomposition of the estimation part is simpler for the PCR estimator than in
(3.19) since we have

|=28, - 82)

| <[ 8,65 - 8))

L+ ||=Bs e+ 0|

Now, we upper bound the two terms from this sum. For the first term, we have on §2;

=% B,x85) - 87)

|, = [ @) - w85

N 02 HE 1/2/8J

where the last inequality follows from an adaptation of the argument used in (3.26) to the PCR case for the contour
C; defined in (3.54): thanks to (3.53), we indeed have

1
2 2

|25 (ve(®) - ve()) 85

f{ zé(zﬁ —2L) 7N (S = 2)( - 21,) "1 B5dz
Ct

2

RSN

1 /A -1
i (5-21)

‘EE(Z A

1 _1 A _1
x? Hzt 2 (2 —2> >, 2
op

op

op (3.52)
|dz|

10 5 =578

For the second term, we use exactly the same arguments as in Section 3.3.2: with probability at least 1 —exp(—c|J|) —
P[],

I,

< o=

J
12728, (X85 + &2 £ 125285 T

As a consequence, we conclude that for the estimation part, we have with probability at least 1 —exp(—c|J|) —P[Q2¢],

1
N-

2+ 0¢

Hzl/z (ﬁJ 5J)H S g2 Hz_l/QﬁJ +||El/2ﬁJ°”2+0§
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Now, we prove a high probability upper bound on the 'noise absorption’ part of the PCR estimator, i.e. on the

quantity HZ}/zﬁ Je
the PCR estimator, i.e. the one from (3.54) and where we use Lemma 16 instead of Lemma 10: with probability at

least 1 — 2exp(—cl|J|) — P[Q¢],
[N e
‘l‘ O¢ gt N .

Gathering both controls on the estimation part and the noise absorption part in the risk decomposition of the
PCR estimator that follows from the FSD method, we obtain that with probability at least 1 — cexp(—|J|/c) —

cexp(—0?N/e),
2
+0\/—|J| ety —1 EJC Hz e

(VJaVJC HE 2/6J

. We follow the same analysis as in Section 3.3.3 but for the contour C; specially designed for
2

1/2 7 1/2
|=i85 7285

Hz 8|,

Neg

-

= =,

3.6.1 Construction and properties of the contour for the analysis of PCR

Let C; C C be a contour such that:

(i) C, surrounds the set of all singular values of ¥ and 3 below bt~ i.e. the set [0(Z)U cr(i))] N[0, bt

(ii) all singular values of ¥ and ¥ above bt~1, i.e. the set [o(Z)U a(f])] N [bt~1, +o0] are "outside’ C;.

For a contour C; satisfying the two points above, it follows from | , DP- 39], see also | , pp. 1984] that
¢ _ 1 ¢ -1 -1
$o(E) = Yu(E) = Ppe = P = — 3 (E-2n7 = (=27 az
1 R
=5 (= 2D)"HE =) - 2) "tz (3.53)

where P is the orthogonal projection onto the space spanned by all singular vectors of 3 associated with a singular
value less than bt~!. In particular, we recover a formulae similar to (3.18) but for ;.

Now we define a contour that to satisfies the two requirements above. This contour is a counterclockwise rectangle
Ct = Ci,1 UCy 2 UC 3 UC, s made of the four segments:

Con={-1+iy:—1<y<1},Co={bt""+iy: -1 <y <1},

3.54
Ca={r+i:-1<a<bt™'}andCa={r—i:-1<a<bt'}. o

It is clear from the definition of C; that the two conditions (i) and (7)) are satisfied by this contour. Let us now
turn to properties of C; that will be useful for the statistical analysis of PCR, i.e. to results similar to the one from
Lemma 10. We first recall that the k*-th spectral gap of ¥ is the quantity vyx« = og+ — og=41. The following result
requires g+ to be large enough so that 6 > 0 where we recall that

6 := min (bt_1 — (0k*+1 + O(og41 + t_l)), (O’k* — O(op- + t_l)) — bt_l)

Lemma 16. Lett>1,0<0<1/9 and 0 < b < 1 be such that § > 0. Let C; be the contour defined in (3.54). For
all z € Cy, we have

HE?(E Y R Ok

2
< - and |dz| < 6.
op 0 Cy

1/2 (¢ “1o1/2
Moreover, on Q we have for all z € Cy, ||3,7 (¥ — 21, 3,

< 2/6.

op
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Proof. Let z € C;. We have

1 1 o+t o +t1 ) 2
HEE(E*ZIP) IEtQ 0pmaX<;j—Z‘7€J)SmaX(o_]j—bt_1]€J>§e
Given that bt~! < 1, the length of C; is at most 6 and so fCt |dz| < 6. Next, we have
1/ -1 _1 -1 2
HZE (5-21) | <=2 AR U —
op  Min;[6; —z| 7 min;[6; — bt~
On the event 2, it follows from (3.16) that for all u € RP,
12, |17 -1 2 “1/2, || 12, |17 -1 2
(1-0) Hz uH2 — O )2 < Hz uH2 < (1+0) Hz uH2 + O 2 (3.55)
As a consequence, for all u € V;_, we have
quH2 > [(1 = D)oy — O] flul, (3.56)
and for all u € Ve,
HZUHQ < [+ D)ope g1 + 0t [u,. (3.57)

Given that V;, is of dimension k* (and so V. is of dimension p — k*), it follows from (3.56), (3.57) and the Courant-
Fischer minimax variational formulas (see for instance Theorem 4.2.1 in [ ]) that

Op = max min
V:idim(V)=k* ueV:||ull,=1

EuH > min
2 weVy, jlul,=1

f)uHQ > op — O fope +171].

and

Ok*t1 = min max
V:idim(V)=p—k* ueV:||u|,=1

iu” < max HiuH < opepr +0fopy1 +t71 .
2], < wev ISy o [P, < o+ Do + 7]

As a consequence, on );, we obtain that
min |€rj — bt71| >0
J

and so the result follows. ]



Chapter 4

Benign overfitting property of the
minimum {; norm interpolant estimator
via Feature Space Decomposition

“The unknown thing to be known appeared to me as some stretch of earth or hard marl,
resisting penetration... the sea advances insensibly in silence, nothing seems to happen,
nothing moves, the water is so far off you hardly hear it.. yet it finally surrounds the
resistant substance.”

— Alexandre Grothendieck, Récoltes et Semailles(1985), pp. 552-553.

In this chapter, we apply the FSD method introduced in Section 1.5 to study the benign overfitting phenomenon in
the minimum ¢,-norm interpolant estimator in linear regression and the minimum fy-norm interpolant classifier in
linear classification.

4.1 Introduction

We consider the linear model in this chapter, where the function class is given by F = {fg(-) = (8,-) : B € RP}.
In the following, we will identify fg with 8. In this chapter, all inner products (-,-) are Euclidean inner products.
In this chapter, we always assume that N < p and that o¢ is a constant independent of N and p. Under the linear
model, the regression and classification problems can be formulated as follows.

o Regression problem. Let o¢ > 0 denote a positive real number, referred to as the noise level, and let £ € R be
a centered random variable with variance ag, independent of X. Assume there exists 3* € RP, referred to as

the signal, such that Y = (8", X) + £. It is straightforward to verify that fg- is the minimizer of PE(fQ) and

that Pﬁ(;) =(X,B8 - ﬁ*>||2L2(#X)7 where we use £(?) to emphasize the excess risk for the squared loss.

o Classification problem. Assume that Y € {—1,1}. Let n: & € RP — P(Y =1 | X = x) denote the posterior
distribution function. It is straightforward to verify that, in the classification problem, the Bayes rule is given
by @ € R? — sign(n(z) — 3), where sign(t) = 1 if ¢ > 0; sign(t) = —1 if ¢ < 0; and sign(t) € [-1,1] if ¢ = 0.
This Bayes rule typically does not belong to the linear model. In classification problems we usually compare
with the population excess risk of the Bayes rule. In this case, the population excess risk is

. p ) 1
PLOY — P (sign ((8,X)) # Y |(X5, YOI, ) — P(sign(n(X) - 5) # V). (4.1)
Here we use Lg)’l} to emphasize that this is the excess risk for the 0-1 loss.

Minimum Norm Interpolant Estimator. In this chapter, the estimators ,3 considered are minimum norm
interpolant estimators for various choices of norms. We now introduce the necessary notation to define 3. For any
1<g<oolet | |g:veRr = (320, (v, €;)]7)/4 be the £2 norm with respect to the canonical basis {e1, -, €,}

89
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and | - |lec : v € R? — max(|(v,e;)| : j € [p]) be the ¢, norm, where [p] = {1,---,p}. Suppose ¢ is independent
with NV and p. Sometimes, we also use notation || - ||z to denote the 5 norm in R, but this is usually clear from the
context. In regression and classification problems, we respectively define the minimum ¢, norm interpolant estimator
as follows:

 In the linear regression model, the minimum ¢;-norm interpolant estimator is

B = axgmin (|18, : Vi € [V, (X,.8) = V;). (4:2)
BERP

e In the classification mode, the minimum /¢s-norm interpolant estimator is

B € argmin (|| 8|, : Vi € [N], Y; (X;,8) > 1), (4.3)
BERP

which is called the minimum ¢s-norm/max-margin interpolant classifier, also known as hard margin support
vectors machine.

That is, B achieves zero training error on the training data with PNég) =0or PNééo’l} = 0 and among all estimator

having this property ﬁ is the one with the smallest norm (for some given norm).

Benign overfitting. When an estimator f satisfies P/ i= 0, we refer to it as an interpolant estimator or overfitting
estimator. The research objective of benign overfitting is to investigate the necessary and sufficient conditions under
which overfitting is harmless to generalization, i.e., to determine under what conditions P¢ j remains small even
though it interpolates the data - a property previously considered as an obstacle to generalization. Therefore, we
define the following two types of benign overfitting.

e We say that an overfitting estimator f exhibits exact benign overfitting if, as N,p — oo, the population
excess risk PLJ; = Pﬁf — Pl;- converges to zero.

e We say that an overfitting estimator f exhibits non-exact benign overfitting if there exists 0 < £ < 1 such
that, as N,p — oo, the non-exact population excess risk satisfies lim sup P¢; — (1+¢e)Pty- <0.

In the existing literature, there exists yet another definition. To name a few, | , , , ,

, , , , ]. Although these works also refer to it as “benign overfitting”, we shall

distinguish it in this chapter by calling it “test error benign overfitting”, defined as follows. We say that an overfitting
estimator f exhibits test error benign overfitting if, as N, p — oo, the population risk P/ P 0.

In what follows, unless otherwise specified, benign overfitting refers to exact benign overfitting. To the best of our
knowledge, non-exact benign overfitting is a novel concept, motivated by the notion of non-exact oracle inequalities,
[ ]. Strictly speaking, non-exact benign overfitting belongs to the class of tempered overfitting | ] —
specifically, where PL jis finite but non-zero. Yet it delivers more information than tempered overfitting since ¢ is
small.

If one aims to demonstrate the smallness of P{¢, in many cases it suffices to compare it to (1 + &)P/s- — this
is precisely the motivation of non-exact oracle inequality, | ]. While this is trivial in regression settings when
€ is a constant, it is often effective in classification problems. Test error benign overfitting constitutes precisely
such an example. As test error benign overfitting requires P¢ s 0, the comparison with (1 4+ ¢)P¢¢- in non-
exact benign overfitting implies test error benign overfitting, since the test error benign overfitting implicitly implies
that Pl — 0. In contrast, if we only know that PL; is finite (i.e., tempered overfitting), then we cannot conclude
Pp? 7 — Oeven though PZ;+« may go to 0. On the other hand, the key distinction between non-exact benign overfitting
and test error benign overfitting lies in whether P{¢- tends to zero or not. In classical mathematical statistics, P¢-
typically measures the difficulty level of a statistical problem as it measures the ’size’ of the noise. If Py« — 0,
it indicates that the statistical problem becomes relatively simple as p — 4oc. Therefore, we argue that non-exact
benign overfitting represents an intermediate phenomenon between exact benign overfitting and test error benign
overfitting. Compared to exact benign overfitting, it is more likely to hold, while in more challenging statistical
problems, it can provide richer information about P/ i when test error benign overfitting does not hold because P/ -
may not tend to 0.

As a brief remark, when ¢ is not a fixed constant but instead satisfies ePfs+ = o(1) as N,p — oo, non-exact
benign overfitting in fact implies benign overfitting.
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4.1.1 Our Contributions

1. We develop a feature space decomposition analytical framework for supervised regression and classification prob-
lems. As an improvement over uniform convergence arguments, this method can be applied to any supervised
learning problem to obtain sharper high-probability upper bounds for an estimator’s population excess risk.
This approach potentially refines one of the most fundamental methodologies in mathematical statistics—the
uniform convergence argument.

2. As concrete applications, we investigate the self-regularization properties of minimum ¢,-norm interpolant
estimators for all ¢ > 1, establishing non-asymptotic high-probability upper bounds for: (i) the estimation
error of minimum fg;-norm interpolant estimators in linear regression, and (ii) the 0 — 1 excress risk of the
minimum #o-norm classifiers in linear classification. This yields sufficient conditions for benign overfitting for
these interpolant estimators. Our self-regularization argument may serve as a foundational method for analyzing
statistical properties of minimum ¢, norm interpolant estimators. Remarkably, through self-regularization, we
discover that projections of minimum norm interpolants correspond to classical estimators like the square-
root LASSO, squared hinge loss support vector machines, and regularized M-estimators—a novel phenomenon
previously unrecognized in the literature.

3. We propose a new characterization of benign overfitting called non-exact benign overfitting. This overlooked
phenomenon provides more information than test-error-based benign overfitting while being more broadly
applicable than exact benign overfitting. Consequently, non-exact benign overfitting may emerge as a new
evaluative metric for overfitting estimators. We establish sufficient conditions for the occurrence of non-exact
benign overfitting for the aformentioned minimum ¢,/¢s-norm interpolant estimators.

4. We extend the Dvoretzky—Milman theorem to the || - ||,/-norm under general probability measures. This is a
result of independent interest.

4.1.2 Notation

For any 1 < g < oo, we denote B is the unit ball of || - |4, S? is the unit sphere of it, except Sg_l is preserved for
the unit sphere of || - ||2. For any orthogonal projection P; onto some subspace V; C RP, we denote B;Z] = P;BY,
S;II = P;S%, and Sd = PJngl. We denote Iy, : v € Vj +— v as the identical operator. We use < (or 2) to
denote inequality up to multiplicative constant. We say a random vector is sub-Gaussian, if it satisfies [ ,
Definition 3.4.1]. For a deterministic vector v € R? and a P.S.D. matrix A € RP*?, we denote by N (v, A) the
standard Gaussian random vector whose mean is v and covariance matrix is A. We write dim(V) as the linear
dimension of V;. For a vector B € RP, we write 3; = (3, e;) for each j € [p]. For any convex body K C RP, we
define ¢, (K) = E(sup(v,G) : v € K) as the Gaussian mean width of K, where G € RP is a standard Gaussian
random vector. We denote K° = {v € RP : (v,u) < 1,YVu € K} as the polar body of K. We let diam(K) =
max(|[vl2 : v € K) = max(||lu||xe : w € BY) be the ¢5 diameter of K, where || - ||xo is the norm whose unit ball
is K°. Denote ¢,(K) = Esup((v,G) : v € K) by the Gaussian mean width of K, where G is a standard Gaussian
random vector. Denote d,(K) = (£,(K°)/diam(K°))? to be the Dvoretzky dimension of K. If (;,--- are random
variables, we denote E¢, as the conditional expectation given all other random variables. We say a centered random
vector ¢ € RP is isotropic, if E[¢ ® ¢] = Ige. We say ¢ is centered, if E[¢] : v € RP — E[({,v)] = 0. We denote
by L? the corresponding L? space, where the underlying probability measure is usually clear from the context. Let
Y=E[X ®X]:v eRP— E[X(X,v)] € RP be the population covariance matrix of X. Let 01 > 03 > - > 0, >0
be eigenvalues of ¥. For any matrix A € RP*?, let Tr(A) be its trace, and ||All¢, e, = sup(||Av|lz : [Jv]ly = 1) be
the ¢, — {2 operator norm. In particular, the {2 — ¢ operator norm is denoted by || - ||op-

4.1.3 Structure of this chapter

We present the principal findings of this work in Section 4.2. Before delving into the technical proofs, Section 4.3
examines the phenomenon of self-regularization — the key mechanism enabling benign overfitting — that is explored
in the ’estimation’ subspace V; when applying the features space decomposition method. Section 4.4 then investigates
the noise absorption phenomenon in high-dimensional subspaces. Together, these two components form the analytical
foundation of our main results. The corresponding proofs can be found in Section 4.6, Section 4.7, and Section 4.8,
respectively. Section 4.5 contains the conclusions of this chapter and some future directions.

Since this chapter focuses on the minimum fs-norm interpolating classifier, we select 37 in the following manner.
We first define several quantities that will be used throughout the discussion. The significance of these quantities
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will be explained later. Let £: R x R — R be the squared hinge loss (also called the truncated quadratic loss), that
is,

:(y,y) e (RxR)— (1— yy')i, where (*)4 : ¢ € R = (z)4 = max{z,0}. (4.4)

Given an arbitrary decomposition of R? as V; @+ Ve (in particular, this does not imply that V; or Ve must be
spanned by the eigenvectors of ), we define the oracle in V; for the squared hinge loss as

B € argmin (P&;J (X,Y): B¢ V_]) , where (g(X,Y) =¢((X,3),Y). (4.5)

In Section 4.3.3 later, we show that 3 7 is the RERM corresponding to the squared hinge loss, thereby explaining why
this oracle is chosen. We continue with the main idea of FSD: [3 7 is used for estimation, while [3 Je Serves as noise
interpolation. Thus, we should treat the 0-1 risk of Z‘] ; relative to the oracle 3% as the estimation error, and consider
ﬁJc as the model noise. Additionally, we approximate sign(n(X) — 1/2) by sign({875, X)) as the approximation
error of the model. Our intuition suggests that V is the subspace spanned by the optimal linear classifier, and we
anticipate that the oracle 8% in this subspace aligns with the optimal linear classifier. Consequently, this would
render the estimation error (1.18) equal to zero.

4.2 Main Results

In this section, we present our main results on exact and non-exact benign overfitting for minimum norm interpolant
estimators in both linear regression and classification problems.

4.2.1 Regression problem

We now present the first main result of this chapter: sufficient conditions for the minimum ¢;,-norm interpolant
estimator to exhibit non-exact benign overfitting properties. We begin by introducing some notation and terminology.
For any x > 0 and y € R, let

L0242 if |yl <z
oulay) =20 v = (16
[yl + (2 —1) 29, otherwise.
This function was introduced in | J. For any p > 0, we define the set pKmodet = {v € Vit > .y aq(|B]],v5) <
p?} when g < 2; while pKiodel = pB;Z] otherwise. Define
CagV N —1/2 b
|||ﬁ||| = sup </67u> uE 7Kmodel N E B 9 (47)
(22 BY) T

where Cag = Cag(q) is some absolute constant.

Remark 8. Kpodel s a non-empty conver set containing 37.

Define
1] WD 1/2 o% * * |0(4—2) ﬁé:’%(z}/ﬁg;)
O¢ (W) + 1278 l2 + |H/6J © |87 |H T ,q=>2
Vi, Vie)= 3 G 1/2 o — « " _oy | L= BE 4.8
r(Vy,Vye) Ug (%) + HZJC B2 +Jg 2|H'67 ® |,3J‘®(q 2)” ]\J]% ) 1< g<2 (4.8)
1/2 g%
B+ 1252852 + e10 q=1.

Let Log(z) = max{1,In(z)}. We say that an FSD R? = V; @ V. is admissible if the following conditions are satisfied:
1. V; =span(e; : j € J).
2. X; and X j. are independent.

3. There exist 0 < &1, krrp, kpy < 1 such that kp7p|J| < N < RDMS%CZ*(Z;CI/ZBIZJ’,)Log_2(|JC|1/‘1//d*(2;01/235,))

when ¢ > 2 and KIE}P\J| < N<L RDME%d*(E;}/QBf;,) when 1 < ¢ < 2. When X . follows a Gaussian measure,
this logarithmic factor can be removed.
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The main theorem of this section is stated below. The proof of Theorem 10 can be found in Section 4.7.

Theorem 10. Suppose & is independent with X, E[§] = 0, E[¢?] = o and E[X] = 0. There exists an absolute
constant Csg = C30(q) > 1 such that the following holds. For any admissible FSD (V;,Vje), the following holds with

probability at least as specified in (4.43) later: |(8 — ,8*,X>||i2(ux) < 2||21J/2(BJ - B3 + 2||21J/ (Bye — B5)3
where

N

12528y = B3z < Cao (Vi Vie) and [52(Bye = B5e)ll2 < Caor(Vi, Vie) + Cio PRl
* Jc q/

O¢, (4.9)

provided that, in each of the regimes ¢ = 1, 1 < q < 2, and q > 2, the corresponding assumptions ensuring these
bounds are satisfied.

1. When q > 2,
(a) either there exists a sub-Gaussian random vector Z € Vye with i.i.d. coordinates and a diagonal matriz
Sye such that X e = £ 7;
(b) or X is a Gaussian random vector and %y is not necessarily to be diagonal.
2. When 1 < q <2, assume that X; ~ N(0,%), § ~ N(0,0%). Suppose
(a) either 3. = 0, then the assumption on X j- is the same as in the case ¢ > 2;
(b) or XJC ~ ./\[(O7 EJC).
3. When q =1, assume that % is diagonal, X is a sub-Gaussian random vector, and X jo ~ N (0,% jc). Suppose
-1
there exists an absolute constant c15 < 1 such that (Z*(E}/ﬁBf))z <cisN (ZjGJﬂsupp(ﬁ*) O’;l> . In particular,
when Xje = Iy,., the condition N < KJDMasfd*(Z;cl/ngo) can be improved to N < “DM@g(iﬁ log(|J€]).
Furthermore, if there exists a random vector Z € Vje satisfying Assumption 8 later, and a diagonal matriz ¥ jc such
that X je = E%QZ, then
1. for q > 2, with the same probability, we have ||EL1,/2(§J —B%)|l2 < Csor(Vy, Vye)Loga 1 (|J¢]), and \\Elj/CQ(,éJc —
B3|z < Csor(Vy, Vie)Loga (|J¢]) + Cso, [ ——N o 0e;
(3578
2. for 1 < q< 2, (4.9) still holds under the same conditions and with the same probability.
Therefore, for any ¢ > 1, sufficient conditions for benign overfitting to occur is the existence of an admis-
sible FSD R? = Vj @+ Vje such that »(Vy,Vje) = o(1) and N = o(d*(Z;Cl/QBg,)). Sufficient conditions for

non-exact benign overfitting can be obtained in a similar manner. By | 1, &(ZlJéng)z ~ max;je je 0;log(j +

1). Therefore, a sufficient condition for (E*(ZlJéQBf))Q < ¢15N (Zje,msupp(ﬁ*) 0]71) is maxjcseo;log(j +1) S

<L N
m ~ |supp(B*)[log(|J¢])’

that ¥ = n1 Iy, @ n21v,., then this condition is satisfied. In this case, r(Vy, Vjye) < o¢y/ \supg)v(,ﬂ*ﬂ + o¢ log(Jl\{]c‘)'

In particular, when g = 2, our upper bound on ||Eb/2(BJ —B%)||2 recovers the optimal result of [°4], while the part

-1
N (ZjeJﬁsupp(B*) 0;1) . In particular, if J = supp(8”*) and if there exist 71,12 > 0, such

concerning HElJ/CZ (8. —B%:)||2 does not. This discrepancy arises because, for q # 2, we use ||21J/c2 ll¢,—s¢, together with

the upper bound for ||3 sellg- Note that when ¢ # 2, the operator B je|-] becomes nonlinear, and hence the method

based on the upper side of Dvoretzky—Milman theorem used applied for |2 e - ||2 no longer applies. Therefore, we

regard the convergence rate of ||2542 (f‘] ge — B%e)|l2 characterized in Theorem 10 as quantitatively suboptimal, the

reason being that we currently lack suitable tools to bound ||Eb/2[3 gell2; see the discussion in Section 4.5.

For completeness, we include an estimate of E*(Z}]@Bé’). The proof of the following Lemma 17 may be found in
Section 4.9.6.

Lemma 17. Suppose X jc is diagonal. Then there exist absolute constants c16 < 1 and C31 = C31(q) > 1 such that
c16(; e e o /2)1/q’ < g*(glJé?Bg) < C51(Y e ge ol /2)1/’1/, Moreover, when q < 2, diam(ZLl]CZBg) =max{o; : j €
J°}; when q > 2, diam(S5.2BP) = ||o s

2y where o je = (0})jege.
- 7

2—q
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4.2.2 Classification problem

Before presenting the main results for the classification problem, we first introduce two commonly studied models in
supervised classification.

Definition 19 (Gaussian Mixture classification model and logistic model). Let pu € R? be called the signal, and
A € RP*P be q P.S.D. matriz.

1. Gaussian Mizture classification model. LetY be a Rademacher random variable, i.e., P(Y =1) =P(Y =
—1) = 1/2. Then define the conditional distribution X | Y ~ N (Y u,A). This model is called the Gaussian
Mizture Model (GMM), [ , Section 4.7.1].

2. Logistic model. Let X ~ N(0,A) be a Gaussian random vector with mean 0 and covariance matriz A. By
definingn(z) = PY =1 X =x) = 1/(1 + exp(-2(A"'p,x))) and P(Y = -1 | X = x) = 1 — n(z), we
specify the distribution of Y. This problem is called the logistic model, [ , Section 11.1.3]. Without loss of
generality, we assume |[A" |z > 1.

It is straightforward to verify that in both models, the Bayes classifier f*(-) = sign((A=!pu,-)) is “collinear” to
(A=1p,-). Consequently, the optimal linear classifier 3* mentioned in Section 1.5.1 can be taken as A~'p (up to a
positive multiplicative constant). When selecting V; = span(3*), 37 becomes collinear with 8 in the same direction,
in which case (1.18) equals 0, see also Section 4.9.3.

For the classification problem, our main results rely on a local Bernstein condition. Here, the loss function is
taken to be the squared hinge loss, where 3% serves as the oracle for this loss function, as defined in (4.5).

Assumption 7 (Local Bernstein’s Condition). There exist absolute constants ko > 1 and L1 > 0 and parameters
p,7(p) > 0 defined in (4.67), such that for any B; € B + r(p)E}l/zS'Q] N pBy , we have

2%2

PLg, = Li||=*(8, - 87) (4.10)

2
where £z (X,Y) = (1 -Y(X,8,))3 and Lg, =g, — g
We verify this condition in Lemma 28. In classification problems, we similarly define an interpolation norm

-l = sup((B,u) : u € T(‘;) By N 231/23‘2]), where p and r(p) will be defined in (4.67). The proof of the following
Theorem 11 may be found in Section 4.8.

Theorem 11. Grant Assumption 7 with constants L1 > 0 and ko = 1. There exist absolute constants Krrp, kpy < 1

such that the following holds. Suppose XY is a centered sub-Gaussian random vector. Let 0 < §4 < 1 and define

dim(VJ)
N

1 Tr(EJc)

r(Vy,Vye) = LT " Plg- ~

+ Ly 1871l + Ly 64 PEg- . (4.11)
For any 0 < 6 < 1 depending on 04 (see (1.29) for explicit dependence), suppose the decomposition RP = V; @ Ve

satisfies that

- Tr(X s
Kprpdim(Vy) < N < /-;DM52M. (4.12)
1X7¢ [l op
Then there exist absolute constants c17, c1g < 1, C3o, C33, C34 > 1 such that with probability at least
_ log* (N) , N
1 —ppm(d4) — c17 — exp(—C32dim(Vy)) —exp [ —c18 : " )
max{[|1 — (Y;X;, B3, |11 — (YiXi, B, }
(4.13)

we have HZIJ/Q(,BJ— - 8% ‘2 < Cs37r(Vy, Vye), and P'C[aJ < C34(r(Vy, Vye))? where PLL?J is the excess risk with respect

to the squared hinge loss defined in (4.4) and ppar(d4) may be found in Theorem 4.

Moreover, Assumption 7 is verified with some L1 > 0, ko = 1 for both the Gaussian mizture classification model and
the logistic model, if V; = span(A~'p). Suppose (4.12) holds, 1 < ||SY/28% |2 and r(Vy, Vye) < 4533 412Y28% |2 +
1 — /16||S1/23% |2 + 1). Then there exists an absolute constant Css > 1 such that for any

NiZsellop o (L= 04)? (1128512 — Cssr(Viy, Vie))? — 5(15Y285 |2 + Casr(Vi, Vie))
TI“(EJc) - Cs5 Pfﬁj ’

(4.14)
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under the same probability, there exist absolute constants Csg, C37 and Csg > 1, such that we have the Pﬁg)’l} <
(1.16) + (1.17) + (1.18), where for

1. gaussian mixture classification model,

NI[ZJellop

. <
(1.16) < Csg )

Plg,, (1.17) < Csgrs (V, Vye), and (1.18) =0,

2. and for logistic model,

N”EJCHOP

16) <
(1.16) < Csg Sy

Plg, (1.17) < Cs7 | A2 )| 3%r%(V), Vi), and (1.18) = 0.

Condition (4.14) is of a technical nature. In general classification problems, the quantity ||S!/28%||2 is at least of
constant order. Hence, when N is sufficiently large, there always exists a value of & for which (4.14) holds.

We note that in some literature, the study of benign overfitting for the minimum norm interpolant classifier
concerns the case where the interpolant classifier coincides with the minimum norm interpolant regression solution,
i.c., when 8 € argmin(||8||, : X8 = y). This corresponds to a regression problem with response vector in {—1, 1}V, as

in [ , ]. For convenience, we refer to this as the proliferated classifier. The hard margin support vectors
machine studied in this chapter and the proliferated classifier exhibit different forms of self-regularization. Indeed,
as observed in the regression setting, the proliferated classifier is self-regularized by the ridge penalty, | ], rather

than the squared hinge loss, and hence these are fundamentally different types of classifiers. While the proliferated
classifier coincides with the hard margin support vectors machine under certain special conditions, | , I,
the conclusions of this chapter and those of | , |—though sharing similar terms—are essentially distinct
in nature and require different analysis.

4.3 Self-regularization: B 7 is a regularized estimator

The FSD assigns distinct roles to the two projections of B The aforementioned decomposition holds for arbitrary
estimators. We now apply it specifically to minimum norm interpolant estimators. In this section, we investigate
the estimation properties of ,3 7. We present the key technique for proving the main results — the self-regularization
argument. We emphasize that the development of the features space decomposition and the self-regularization
argument constitutes an important contribution of this chapter, in addition to the main results.

4.3.1 Self-regularization: identify B ; as a regularized, generalized M-estimator.

In the current paragraph, we will establish the relationship between these two projections through self-regularization.
First, we establish the notational conventions to be used throughout. Let J C [p] be a set of indices, and
V; = span(e; : j € J), where ej,--- ,e, is the canonical basis. Define X; = [P;Xi|---|P;Xn]"T : v € RP
(PrX;, )N, e RN and Xje = [PyeXq| -+ |PreXn]T : v € RP = ((PreX;,v))Y, € RY. Define X, = [Y1 X1| -+ [YaXn] T :
B €RP — (Yi(X;,8)X, € RY. We equip a partial order on R by a = b if and only if a; > b; for any i € [N] where
(a;)i, (b;); are coordinates of a,b. Let ¢’ be the conjugate index of ¢, that is, ¢’ such that 1/¢' +1/q = 1.

In the linear regression model. The following non-linear operator plays a key role in our analysis. Define

A:p e RY — Alu] € argmin (”l/”q : Xjev = u) . (4.15)

veERP

By standard duality argument, [|A[p]|lq = min(||v[ly : Xyer = p) = max((X, p) : [XjeAllg < 1). Then by (4.2) we
know that 3 ;. = argmingcy,,. (|8l : X5e8 =y — X;8,) = Aly — X;8,]. Therefore,

By = argmin (118,15 + ALy ~ X8,]]12) (4.16)

BERP
We emphasize that the decomposition in (4.16) must be aligned with the fixed canonical basis {e1, - ,e,} of RP. We
denote Pnlg, = || Aly — X;8,]||# as the empirical risk of this random loss function—termed “random” because the

loss function [|A[-][|¢ depends on the random matrix X ;.. Let Plg, = Ex, ¢||Aly — X;8,]||? denote the conditional
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expectation given X .. This definition is justified since y — X ;3 ; represents the residual of 3; with respect to the
response vector y. As shown later in Lemma 21, 3 precisely minimizes P/g,—making it the oracle for this random
loss function. Thus, statistically speaking, (4.16) demonstrates that ﬁ 7 is a regularized estimator for the regression
problem where:

o (37 serves as the signal,
o y—X;0% =X 8% + & constitutes the noise, and
o Pnlg, : (y,Xy) = [[Aly — X;8,][|¢ is the empirical loss function.

In the classification model. Let 1 = (1,1,---,1) € RN, and Xy jec = [Y1PseXi| - |YnPseXn]T. We have
that (4.3) is equivalent to

B € argmin (|8, : X,8 = 1) = argmin (I8]3 : X,8=1). (4.17)
Define

B:pe RN Blu] € argmin (v, : Xy jev = p). (4.18)
veERP
It is straightforward to see that
B € argmin (18cl; : Xy.eBe = 1= XyB;) = BIL X, 8,]. (4.19)

Moreover, since |32 = ||8,]12 + |8 .]|2 and 3 has the minimum ||.||; norm, we have

B, € argmin L(3,), where L(B,) = 18,2 + |1B1  X,.18,]]1. (4.20)

We emphasize that, due to the rotational invariance of the ¢ norm, (4.20) does not need to be aligned with any
canonical basis. If we wish to handle more general £; norm, we need to choose V; to be well aligned with the basis
associated with these norms, since such norms are not basis-independent. In this chapter, we restrict our attention
to the case ¢ = 2.

In other words, 3 7 can be defined as an estimator that minimizes the random loss function {5, : (y,Xy) —
|B[1 — XyB,]l13 with the regularization term ||3,||3—this is what we refer to as self-regularization. Compared to
the regression problem, identifying the oracle proves challenging in this setting. However, as we shall demonstrate
in Section 4.3.3, thanks to the Dvoretzky-Milman theorem that will be introduced in the next section, the isometric
profile of this loss function can be characterized by the squared hinge loss.

Before concluding this section, let us emphasize that self-regularization and the FSD framework can also handle
the minimum || - ||-norm interpolant estimator defined with respect to general norms. Specifically, when there exist
normed spaces (Vy, [[|-) and (Vye, ||-ll) such that (RP,||-||) = (Vi |IlI) @ Ve, lI-ll), that is, when the feature space
admits a direct-sum decomposition in the sense of normed spaces, we can treat this setting as a block decomposition.

4.3.2 Dvoretzky-Milman theorem.

Up to this point, (4.16) and (4.20) are merely reformulation, since this loss function is defined via the highly complex
random nonlinear maps .4 and B.

In this subsection, we introduce the Dvoretzky-Milman theorem, which allows us to understand this stochastic
nonlinear loss function. Below we present the standard Dvoretzky-Milman theorem, along with its isometric extension
to general probability measures, which are respectively applied in regression and classification problems. More
specifically, we need to apply the Dvoretzky-Milman theorem to approximately solve the two convex optimization
problems defined by [|A[]|lq and |B[]|lz — by characterizing an isomorphy of the norm [[XJ. - [lg (X, Pse - |l
respectively) to simplify the feasible set of this optimization problem.

Dvoretzky-Milman theorem. Below is Milman’s version of Dvoretzky’s theorem; see | l.

Theorem 2 (recall). There are absolute constants kpyr < 1 and ¢1 such that the following holds. Let ||||-|||| be some
norm on R? and denote by B its unit ball. Denote by G := GWV*P) the N x p standard Gaussian matriz with i.i.d.
N(0,1) Gaussian entries. Given any 0 < g1 < 1. Assume that N < nDMefd*(B), Then with probability at least
1 — exp(—c163d.(B)), for every A € RY,

(1= [Nl £(B) < [IET A < (1 -+ 1) Al €.(B"). (1.21)
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For all 0 < €; < 1, we define the event

QDM reg(e1) = {w\ ERN ¢ Al (1= )l (B52BE) < |IXTA||, < Al (1+ gl)z*(zJ;?Bg)} (1.22)
£l £l
CA{VueRY: < || A, < . (1.23)
{ (1+ )0 (S BY) T (1 - e (2B

It follows from Theorem 2 applied to the norm |[||-||| = \\21/2 |l that, if X ;e is a Gaussian random vector and
HD]wE%d*(E;Cl/2B§,) > N, then P(Qpm reg(€1)) > 1 — exp(— clgfd*(E;cl/ZBg,)). The inclusion from (1.23) follows
from strong duality: for all g € RV,

| A[p]]], = min (HIJHq X v = u) = max (<u,)\> : HX}—C)\

. < 1) . (1.24)

Even though A : (R /4y) — (Vje,£,) is a non-linear metric embedding (except when ¢ = 2), it satisfies a DM
theorem inherited from X:,'_C. Since our loss functions in the estimation part of the features space depend on A in the
regression problem, working on the event Qpw reg(€1) will allow us to greatly simplify its expression because now it is
isomorphic to the £3-norm and so we will work with the classical squared loss function. That is the reason why DM
theorem plays a crucial role in our analysis: we use this isomorphic property from DM to greatly simplify the loss
function appearing in V; and then go back to the classical analysis of regularized ERM with respect to the squared
loss on V. Of course, if one wants to go beyond the Gaussian design case, one needs to extend DM theorem beyond
that case.

Dvoretzky-Milman theorem for ¢/, norm under general probability measure assumptions. Theorem 2
provides the Dvoretzky—Milman theorem for Gaussian measures. Because we need to study the case where X jc is
distributed according to a general probability measure, we require an extension of the Dvoretzky—Milman theorem
for || - ||¢-norms. Extensions of the Dvoretzknyilman theorem to general probability measures already exist in a
substantial body of literature, e.g., | , , ]. In these works the random
embedding operator is usually induced by row- mdependent random matrices or by more complex random-matrix
models; however, in Qpu reg(e e) we need a column-independent random-matrix model. Hence, an entirely new
Dvoretzky—Milman theorem for such random matrices is required. The following theorem is a contribution to GAFA
that was motivated precisely by the FSD method. Its proof may be found in Section 5.1.

Assumption 8. ( = (C]) _, is a centered, isotropic random vector in R? with i.i.d. coordinates, satisfying E[¢}] =1,
and there exist absolute constants 0 < k < 1 and & > 0 such that E|(; |maxi42ate} < gmax{d,2q+e}

Theorem 3 (recall). Let ¢ be a random vector satisfying Assumption 8, and let ¥ be a positive definite diagonal
matriz on RP, ¥ = diag(oq,---,0p). Let X = Y2¢, and let Xy, -+, XN be independent copies of X, forming
the random matriz X = [X1|---|XN]" = [Z1]---|Z,], where (Z;)_, are the column vectors of X. Denote . =
Z*(El/QBg) and d, = d*(E_l/QBg,). Without loss of generality, assume that d, > 1. There then exists an absolute

constant 0 < 6 < 1 such that for any X € SY ', P(|(Z;,\)| > 0) > k. Moreover, there exist absolute constants
c,c,C,C",C", kpu,eo > 0 such that the following facts hold.

1. When q>2. If N < /@DMd*Log72(pi/d*), then with probability at least

1

a’ dg —cmin{e,e
1 —C’'Log <Zq ) exp —CHIQDMi% —2exp (—C'd,) — C'd, {eeo} . q — PoM,
* Log ( )
there holds for any X € Sé\[*l,
cl, < H ¢ < CLog(p)Y..

2. When q<2. If N < H‘,DMd*(E_l/QB(I;/), then

P (YA€ SN el < IXTA|ly < CL) > 1—3exp(—cdy) — C'd;F =:1-ppar.
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Theorem 3 establishes that, under Assumption 8, the linear span of N independent copies of ¥'/2¢ provides a
generalization (up to a logarithmic factor when g > 2) of the Dvoretzky-Milman theorem for the convex body qu,
under a general probability measure. We emphasize here that if one focuses solely on the sub-Gaussian case, then
for ¢ > 2, the Log(p) factor in the uniform upper bound for || XT ||, can be removed. To the best of our knowledge,
this theorem is the first generalization of the Dvoretzky-Milman theorem for the ||%/2 - ||,, norm under such broad
(almost the most general) conditions.

Isometric Dvoretzky-Milman theorem for ellipsoid norm. For the case |||-||| being a Hilbert norm, [P2]
established that the isometric Dvoretzky-Milman theorem still holds for random vectors satisfying the concentration
property of || X || and an L*T¢ — L? equivalence condition on the marginal distributions. Notably, this allows for
significant dependencies among the coordinates of X jc, and this is precisely what is required for the classification
problem. Here we employ only the weak sub-Gaussian condition form of the conclusion from [P2]. We have the
following proposition, whose proof can be found in Section 4.8.1.

Proposition 26. Let Y X je be a centered sub-Gaussian random vector, and suppose there exists 0 < 6 < 1 such that

N < kppo? ﬁgif)’ then with probability at least 1 — ppar(ds) (where 04 is defined in (1.29) and ppar may be found

in Theorem J later), the following event happens:

QD ctass(01) == {v,\ ERN ¢ Ally (1= 60)V/Ir(Es0) < ||Xg s All, < A, (14 6) Tr(ch)} (1.31)
N [[pe)+ [[[e2]+ ‘
c {\m R e < Bl < } , (1.32)

where [p] 1 = (max(p;, 0))L,, and X, ;o = [PreX1Y1| - |[Pre XN YnN].

It is worth noting that the passage from (1.31) to (1.32) can be made. We include it below. We include it below.
By standard duality argument, see, for instance, | , Equation 5.11], we obtain that

15[, = max ({1 A) - A= 0, [|5] oA, < 1)

Condition on Qpm class(d4), see (1.31), we have

A=0

1 1
max <<m> Al < < ||Blu]ll, < max <<H,A> Al < ) |

(1+04) TY(ZJC)> (1= 04)y/Tr(Ee)

Let H(p) := {i € [N]: p; <0} and let A~ be the maximizer of the left-hand-side maximization problem and A™ be
the maximizer of the right-hand-side maximization problem. We prove that if ¢ € H(p), then A\, = 0. We prove this
by contradiction. Suppose ¢ € H(u) but A\, > 0, then by letting A = (AL A1 0, A5 1, -+, Ay), we know that

= - - N - o - .
(I 2 < AT ]l2 < W\}m' Moreover, (p, A ) = > . pir Ay > 32—y pir Ay = (1, A7) since p; A, < 0. This

implies that X is a feasible solution but with larger objective function value, hence contradicting the assumption
that A™ is the maximizer. Recalling the constraint that A = 0, we have: for any i € H(u), we necessarily have
A; = 0. The same also holds for A*. Now, by Cauchy-Schwartz, we have A~ = (u/(||p]|2(1 + 64)1/Tr (<)) 4, and
At = (u/(|pll2(1 = 64)/Tr(2s¢)))+. Therefore, condition on Qpa class(94), (1.32) follows.

On the event Qpu class(04), the a priori complicated loss function (y,X;) — ||B[1 — Xy,BJ]Hg appearing in the
estimation space V; will be greatly simplified since it will behave as the square hinge loss. As a consequence, the
analysis of the estimator on the estimation part of the features space will boil down to the study of a regularized
ERM with respect to the square hinge loss function (see more detail in the section below).

4.3.3 Identifying BJ as a regularized ERM

We now employ the Dvoretzky-Milman theorem to analyze the stochastic nonlinear loss functions ||Aly — X;08,]||
and ||B[1 — X, 3,]||3. In this section, we demonstrate the fruitful consequences yielded by combining the Dvoretzky-
Milman theorem with features space decomposition — we show that ,3 s can be identified as classical estimators in both
regression and classification problems, including: squared hinge loss support vector machine; square-root LASSO;
and || - [|2-regularized M-estimators.
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A /5-self-regularized ERM w.r.t. the squared hinge loss in classification

In this section, we establish the self-regularization property of B ; defined by (4.20) by using Dvoretzky-Milman
theorem. Applying (1.32) to p =1 — X, 3, we obtain that L(3;) defined by (4.20) satisfies that: for any 8; € Vy,

11— Xy 8,412
( 54)2 Tr(EJC) ’

I~ XyBy1elly _
(]. + 54)2 TI'(ZJc)

2
18Iz +

L(B,) < 1I8,l5 + (4.21)

Recalling that ||[1 — Xyﬁ(,br”g = Zé\;(l —Yi(X;,B,))%, we know that the estimator B defined in (4.20) is almost a
support vectors machine with squared hinge loss, and tuning parameter of the order of Tr(X c)/N. To the best of our
knowledge, the connection between the minimum ¢s-norm interpolant classifier and the squared hinge loss was first
noted by [ ]. However, | ] only obtained asymptotic results. [ ] also investigated benign overfitting
for the squared hinge loss, but did not establish its connection with the minimum f;-norm interpolant classifier.
Leveraging the Dvoretzky-Milman theorem, we reveal the statistical significance of this relationship through the
isometric profile (4.21) of empirical risk ||B[1 — X,3,]|3, see | , pp. 41] for the definition of isometric profile.

Equation (4.21) establishes the isometric profile of the regularized empirical risk (rather than excess risk) for the
loss function ||B[1 —X,-]||3. This explains why we obtain a non-exact oracle inequality. However, we emphasize that
this non-exact oracle inequality stems from the distortion d,4 in the Dvoretzky-Milman theorem. For the minimum
lo-norm interpolant classifier, we have access to the isometric Dvoretzky-Milman theorem - specifically, we can make
04 in QDM class(d2) arbitrarily close to 0 thanks to the result from [P2]. Consequently, we can derive an exact
oracle inequality from the non-exact version, thereby obtaining benign overfitting from non-exact benign overfitting.
Nevertheless, we conjecture this approach may not be optimal. We hypothesize that a better method would be to
directly investigate the isomorphic profile of the excess risk for the loss function |B[1 — X,-]||3 itself without going
through the squared hinge loss as in (4.21).

A /5-self-regularized ERM w.r.t. the squared loss in linear regression

Similarly, by applying (1.22), we can show that B s defined in (4.16) can be identified as a (generalized) M-estimator
argmin(||y—X,8,[|3+0.(2 1/QBP) 18,117). In particular, when ¢ = 1, [|Aly—X;8,][l1 ~ [[y—X;B|2¢+. Consequently,

in this case [3 7 can be recognized as a square-root LASSO estimator, meaning it is “almost” the solution to the
following problem: argmin(||ly — X 82 + £ |8 s]1)-

4.3.4 Uniform convergence on the low-dimensional subspace V; in regression problem

In the previous subsection, owing to the Dvoretzky-Milman theorem, we have established an understanding of
the statistical problem defined by @ s in both regression (4.16) and classification (4.20) settings. In the current
section, we derive the estimation error of ﬁ 7 in regression problem, that is, ﬁ 7 defined in (4.16). Our fundamental
approach is the uniform convergence argument on Vj;. Let p,7(p) > 0 to be determined later. Recall that in
regression problem, Plg, = Ex, ¢|Aly — X;8,][|§ and Pnlg, = || Aly — X;8,][|§. Let PLg, = Plg, — Plg, and
PyLg, = Pnlg, — Pn{g+. The crux of our analysis for the minimum £,-norm interpolant estimator lies in applying

the uniform convergence argument specifically to 3 ; within the subspace V; (rather than to the full estimator B across
the entire feature space R?). We need to select two real numbers p., r.(ps) > 0 and prove that (with high probability)

B 7 € B5 4 (p« Kmodel N T (p*)Z_l/ QBJ ). The uniform convergence argument employs the following strategy. From
(4.16), if PnLg, + (18,112 = 185]12) > 0 for all B; ¢ B + (p«Kmoder N 7«(ps)X 5 1/23‘]) then it must hold that
,@ 7 € BY + (pxKmodet N7 (p:) X 1/ 2BJ ). The aforementioned lower bound for PyLg, must hold uniformly over all
B ¢ 85+ (p«Kmodel N7 (p*)E_l/ ®By), hence termed the uniform convergence argument. In this problem, since lg,
differs from ¢ 8, (the squared loss function), we additionally require a Bernstein-type property—namely, a lower bound
for PyLg, involving PNE(;} Finally, we will utilize the isomorphic property between PNﬁgJ) = %”X(ﬁ] - B3
and Pﬁgj = ||Eb/2(ﬂj — B%)|13 to obtain the estimation error. Up to this point, we have only applied uniform

convergence to B‘, within V. Below we present the advantages of employing uniform convergence only on V; rather
than on the entire space. We will deal later with V. onto which another argument is used, namely the DM theorem.
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FSD reduces the RIP complexity fixed point

In this section, we investigate the isomorphy between PNﬁgj and Pﬁ(ﬁz}. We define the following random event:

* - - 1 .
nae = {85 € 85 + [pHoaa 070157255 s caor(p) < < 1008, - B9, < o)} (422
where ¢19 < 1 and Csg > 1 are absolute constants, and r(p) = Csor(Vy, V) where r(V;, Vye) defined in (4.8) and Csg
is some absolute constant. The property characterized by the random event Qgp is called the Restricted Isomorphic
Property (RIP) in [P4] because it extends the classical RIP introduced in | ] to other subset of the ¢3-sphere.

This property establishes the concentration between the population excess risk P£(2) ||El/ 2(B, — B2 (for the

squared loss) and its empirical counterpart PNL(;) = +|IX,(8, — B%)||3 uniformly over a subset of a ¢>-sphere
centered at 37%. For a given radius p, if |J| 2 N, there exists a smallest real number rrip(p) > 0, called the RIP
fixed point, such that for all #(p) > rrip(p), Qrrp holds with high probability. If |J| < kgrrpN for some absolute
constant 0 < kgrp < 1, then rrip(p) = 0 (see Section 2.2 of [P4]). In the latter case, X; behaves as an isometry on
the entire sphere without restriction.

It is well-known that the RIP fixed point constitutes part of the upper bound for the excess risk of ERM, RERM,
and their generalizations, | , |. However, since we have the freedom to select J, we may choose
|J| < krrpN, thereby reducing the RIP fixed point on V; to 0 — meaning the RIP holds on the entire space V7,
which we sometimes refer to as the isomorphic property. In other words, the features space decomposition method
enables us to obtain a smaller RIP complexity fixed point rgip(p) and so a better convergence rate for B ;- However,
the choice of V such that |J| < N may not be the optimal one. In that case, one may have |J| 2 N and so X is an
isomorphy only on a restricted cone in V;. We will not explore that case in this work but it is possible to do it and
we refer the reader to [P4] where this analysis was done for the minimum ¢s-norm interpolant estimator in linear
regression.

This features space decomposition method holds not only for interpolant estimators. We emphasize that for
ridge regression [’2] and more generally spectral algorithms (such as gradient descent/flow) [’3], the same method
achieves an exact description of the excess risk (up to multiplicative constant) by eliminating the RIP fixed point
when possible (that is when it is possible to choose |J| < N) or at least by reducing it (since it is a property of X on
V; a smaller set than RP). We expect the features space decomposition method to be useful for the analysis of other
type of estimators in particular when the cost of uniform convergence over the entire features space is too high, see
other papers in this series [’2],[’3] for implementations of this idea.

FSD reduces multiplier fixed point

As mentioned in the beginning of Section 4.3.4, we need to establish a lower bound for PyLg, that incorporates

ﬁ( ) Here, the lower bound for PyLg, = Pn{g, — Pn{g+ consists of two components, originating from the linear
and quadratlc terms in the Taylor expansion of Py/, at 37, where the linear term is referred to as the multiplier
process, that is, (g,3; — 37%) where g € (07 Pnl.)(8%) is a sub-gradient of Py/fe evaluated at 3%. We will compute
this gradient in (4.29) of Lemma 21. First, we emphasize that this random loss function is a well-defined loss function,
in the sense that 3% is a minimizer of its population risk, that is, (VP{,)(B85) = 0. We will prove this claim in
Lemma 21.

The multiplier fixed point is the fixed point used in supervised learning theory to control the first-order expansion,

[ ]. Roughly speaking, for any 0 < § < 1 (typically § > 1/2), the multiplier fixed point rs(p,d) is defined as
(g=1)cf
2quQ(1+alf)<1

is the absolute constant in Qgryp, see (4.22). Let O = N%&fq(ZlJ/czB}]’) when ¢ > 2; and O = N%ag*"’e;q(z},{QBg)
when 1 < ¢ < 2. Define

follows. Let 68; = i023 for some absolute constant ca3 when 1 < ¢ < 2 and 6, = when ¢ > 2 where cyg

(g,u)| < 6,0r™Ma2t | > 5

ryv(p,d) =min | P sup inf

~ 0 _ *
> uepKrnodclmTle/2Bé] geEPN Le(B7)

Here, the multiplier fixed point we define compares an upper bound of a multiplier process with Cr™in{a:2} The
classical multiplier fixed point is used for the squared loss and therefore is usually compared with r2, [ ]
The choice of O and the exponent min{q,2} is made so that the upper bound of the multiplier process does not
exceed the lower bound of the empirical excess risk PyLg, when 8 ; belongs to the set defined in (4.22). In many
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supervised learning theories, the multiplier fixed point is typically large. However, thanks to FSD, we now restrict
it to a low-dimensional subspace V;, and thereby reduce its magnitude. Note that if we take V; to be the entire
feature space R?, then rj(p, d) reduces to the classical multiplier fixed point in supervised learning theory. In other
words, choosing this trivial FSD returns us to the standard setting, where the entire space is used to approximate
B*. Thanks to FSD, however, we may select a suitable subspace V; to approximate 3", thereby reducing the
multiplier fixed point. In fact, in Lemma 23 we will show that there exists a sequence of (dx)n, tending to 0
(almost exponentially) as N grows, for which, for any N, ras(p,dn) Sq (0¢ + ||21J/c B Hg)(l—;\],l)’é‘(qil*l) when ¢ > 2 and

J — 1/2 %
rar(p.on) S \/ Boe + o7 S8

constant Cyg = Cyo(q) € (1,00) for any 1 < ¢ < oo, such that for any r, p > 0, the following random event holds with
high probability (see Proposition 30 for the exact probability deviation).

g_l) when 1 < g < 2. In fact, we will prove that there exists an absolute

q—1 1/2 o 1g—1 a1
. —1/2 (08 + 2Bl IN= /]|
Q?n>u%ti = {Sup (gea}—’gff ) <g,u>| HUAS TEJ / Bé] r-]p[(rnodd) S C40 £ Eq 1/2 op e,
o H(XBg)

(4.23)

where 07 Pyle(3%) is computed later in Lemma 21. This explains the origin of the term 05(%) @ in r(Vy, Vje)
when ¢ > 2. When 1 < g < 2, the contribution of the multiplier fixed point becomes a higher-order term relative to
the corresponding quadratic fixed point, and therefore does not appear explicitly in r(Vy, V).

FSD reduces quadratic fixed point

The first-order Taylor expansion of Py{g, is insufficient to obtain PEI(BQJ), hence this subsection considers its second-
order Taylor expansion. This is commonly referred to as the quadratic fixed point/ Bernstein-type property for

historical reasons—specifically, a lower bound for PyLg, involving PNﬁgJ), or a lower bound for PLg, involving
PLy.
J

Here, we only consider the local Bernstein’s condition developed in | , ], which holds on the set

85 + (r(p)E;lpSQJ N pKmode) — this suffices for us to obtain an upper bound for PE(;). Generally speaking, the
J

local Bernstein’s condition describes a property on the local curvature of the excess risk around 375, | ] : there

exist some scaling factor o > 0 and some constant £ > 1 such that for any 8; € 85 + (r(p)E;l/QSQJ N pKmodel), We

have PLg, > a||E?/ (B, — B%)|12*. Such a property may follow from a lower bound on the smallest eigenvalue of
the Hessian of the population excess risk PLo at 3%.

Analogously to the multiplier fixed point associated with the first-order condition, supervised learning theory
features another fixed point, called the quadratic fixed point, which characterizes the minimal r(p) for which PyLg,

can be compared with its quadratic approximation PNE(ﬁzj, defined as

ro(p,6) =min [ P | Vu € pKmoder N 7"2;1/2551, PnLg, > Ar" + sup (g,u) | >1-46],
r>0 gGB*PNf-(ﬁj)

where, /A is some parameter and k > 0 is some real number. We will see below that, once again thanks to FSD,
when ¢ > 2, for any p > 0 there exists a sequence (d5)n tending to 0 at a nearly exponential rate as N increases,
such that for every dn in this sequence, one may take rg(p,dn) = 0. When 1 < ¢ < 2, we will require the following
local Bernstein condition together with a quadratic fixed point. For ¢ = 1, we will directly employ the D-M to study
the squared loss, for which the loss is itself quadratic. Here we focus exclusively on the case ¢ > 1 which is more
problematic. In this section, we do not consider the Bernstein condition for the squared hinge loss in classification
problems, namely Assumption 7, which will be proved later in Lemma 28.

When ¢ > 2. The following lemma shows that there exist 6 and x = ¢ such that, for any p > 0, one may take
ro(p,d) = 0 — once again illustrating the strength of FSD. The proof of the following Lemma 18 may be found in
Section 4.7.2.

Lemma 18. Suppose ¢ > 2. For any r > 0, condition on the event Qpasreg(€1) N Qrip, we have for all B; €
/6; + [meodel N TE;1/255_1 ;

qg—1 cIgN 37 .
PyLg, > +  sup  (g,8,-08)). 4.24
T2 (14 ), (SY2BE)  geo-pytasy (424
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The proof relies on structural properties of the loss function Py/,, in particular on the fact that the norm || - ||,
q 9
is g-uniformly convex in this regime, | , Section 10.1]. Here, A = %1 619N21/2 , which also explains the

P2 (14e1) 1. (S BY)
choices of #; and O in the definition of ry(p, 0).
When 1 < ¢ < 2. When 1 < ¢ < 2, the norm || - ||, is no longer g-uniformly convex. In this case r¢ is no longer

zero, but with the aid of the local Bernstein assumption below, we can still identify rg(p, 9).

Assumption 9 (local Bernstein’s condition for random loss generated by ¢, norm). There exist absolute constants

0 <ec<1,k>1 and parameters p,r(p) > 0 defined by (4.8) such that for any B; € B + (r(p)Z}l/zsg N pBy{),
there holds

N%UEFQ

N%JékQ
C—————7T
(252 BY)

2K c
(352 BY)

PLg, > (p) = IS%(8, - 853", (4.25)

where Plg, = Ex, ¢ || Aly — X 8,5 and PLg, = Plg, — Plg-.

In the following Lemma 19, we prove that if X; is a Gaussian random vector, then conditioned on Qpu reg(€1),
Assumption 9 holds. The proof of Lemma 19 may be found in Section 4.9.5.

Lemma 19. Suppose X; ~ N(0,%;), & ~ N(O,a?IN), and suppose X is independent with &. Suppose either
Xje ~ N(0,%,¢), or B5. = 0. Condition on the event Qpasreq(e1), then Assumption 9 holds with k = 1 and
c= ﬁ for some absolute constant Cy; .

We conjecture that Assumption 9 remains valid for more general probability measures than the Gaussian one.
Its proof would require studying the lower bound of the smallest eigenvalue of the Hessian of ||A[][[ around §. This
constitutes an interesting problem in stochastic geometry in its own right, but lies beyond the scope of the present
work.

Define

ro(p) := min (r >0: L (r(p)Sy N pElJ/zBlJ) < ﬁ305_2r4(p)\/]v> .

We prove in Proposition 29 that under some assumptions, when r > rg(p), then with high probability, for any

407
B, € B+ (r(p)z;l/ZSéf N pBY), there holds PyLg, > %Czsﬁﬁ(p) for some absolute constant caz. This
FISTANET

explains the choice of §; and O in the definition of r3;(p,d). When 1 < ¢ < 2, the estimate for rq yields aé (%)é,
which explains the origin of the corresponding term in r(Vjy, Vjye) for 1 < ¢ < 2—namely, this is the quadratic fixed
point.

At this point, all the ingredients required to handle ,@ 7 have been introduced. Before proceeding to the next
section, where we analyze ﬁ e, let us briefly summarize these ingredients: the Dvoretzky—-Milman theorem provides a
simplification of the nonlinear loss function £g ; the multiplier process with dependent multipliers captures the first-
order information of the excess risk; and Bernstein’s property provides its second-order information. In regression
problems, the second-order information corresponds to the population excess risk (or estimation error). Therefore,
on the space V;, we can apply the uniform convergence argument together with the localization technique to obtain

a high-probability upper bound on the population excess risk ||E}/ Q(B 7= B3

4.4 Price for overfitting of BJC

In this section, we consider the other subspace Vjc appearing in the features space decomposition. As pointed out
in Section 1.5.1, in this subspace, B‘,c absorbs noise rather than estimates 3%.. This space is not considered in the
classical uniform convergence analysis of estimators. It requires the use of Dvoretzky-Milman theorem which has
been introduced in Section 1.5.3.

For regression problems, we directly apply the triangle inequality: ||21‘/,_2 (Bye—B%)]2 < HE},{: B e ||2+||21J/62,8§C Il2,
and thus in this section we investigate the high-probability upper bound of ||21J/ZB Je

2. This quantifies the impact
of ﬁ Je absorbing noise (rather than estimating the signal) on Pﬁg). We establish its upper bound in Section 4.4.1.

Using the triangle inequality as we did above seems inefficient if B se was expected to be an estimator of 3%. but, as
we said, this is not the case: 3 uses the space Vje (via 3 .) to absorbs noise (in particular, to make 3 interpolating
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the response vector y) and does not aim to estimate the signal on that part of the space. This decomposition appears
to be optimal in the ¢ = 2 case (see the lower bound in [P4]), in the ridge regression case [°2] and the more general
spectral methods case [P3].

For the classification problem, we use (1.16) to characterize how B je absorbing noise may potentially flip the

prediction sign((X, ﬂ,)), and consequently its effect on Pﬁgj’l}. We establish its upper bound in Section 4.4.2.

4.4.1 Price for Overfitting in Regression problem

When the Dvoretzky-Milman condition N < fiDME%d*(ZlJéng,) holds, since ||E‘1,/2 Gty = diam(Ell/Cng), on

- . - diam(2Y,2BP -
QDM reg, there holds =52 Aly — Xs8,]|l2 < diam(S52B2) [ Aly — Xs8,]ll, < N (E(l/éBp ‘;) ly — Xs8,|l2. Then the
(By2 B,

Jc

upper bound for |y—X ;3,2 = [|X;(85—B,)+X e B%.+&||2 follows from RIP, the upper bound for ||21J/2(,3J—,Bj)||2.

4.4.2 Price for Overfitting in Classification problem

In this section, we investigate a high-probability upper bound for (1.16). This will demonstrate the cost of the noise
interpolation behavior of 3 Je in terms of P,Céo’l} . In this section, all probabilities are understood to be conditional
on (X;,Y)N,. R .
The analysis remains centered on the marginal behavior of 3 ., specifically on the magnitude of (X, 3 ;.). Notably,
this quantity concentrates around ||21]/CZB gell2 — just as in the case of regression problems. We use Proposition 15.
If we do not impose any conditions on X, it is clear that we cannot obtain an upper bound for P(|(X, BJC>| >

(X, 3,)]) that decays to zero as HZ?,?QIC |l = 0. Therefore, in what follows we restrict our analysis to the setup of
the Gaussian mixture classification and logistic models. The proof of the following Proposition 27 can be found in
Section 4.8.3.

Proposition 27. In Gaussian mixture classification model and logistic model, we have

I=/28,12
1128515 = 1=1/28,

. . 2 .
P((X, Be) > (X, B,)|D) < ;IIE”zﬁJcHz

2
2
where D = (y,X).

Up to this point, we observe the following fact: the impact of noise interpolation / absorption by B e on prediction
primarily depends on whether ||Eb/2ﬁ gell2 is sufficiently small as well as if ||21J/CzB gell2 is significantly smaller (like
half) than ||E‘1,/2,6",||2. Next, we analyze an upper bound for ||E.1]/cz,éja||2. Here, B;. = B[1 — X,3,] constitutes a
nonlinear operator, and consequently we employ only the simplest upper bound on its operator norm, that is, on
W ctass(8)s [£728 eIz < 1 E e o’ I B[L = Xy B,

Proposition 28. Suppose the choice of V; satisfies that N||Ee|lop < kpad? Tr(Eye). Suppose 3 < 12128% |2
and r(Vy,Vye) < ﬁ(élHEl/Qﬁ*JHg +1—/16]|21/28% |5 + 1), where r(Vy,Vye) and Cs3 are defined in Theorem 11.
Then for Css defined in Theorem 11, in the Gaussian mizture classification model and the logistic model, for any &

satisfying (4.14), with the same probability as in (4.13) and for Csg in Theorem 11, we have

(1.16) = P (Y(X, B) < 0|D) P (Y(X,BJ> < 0|D) < Ciysd [Pl (4.26)

The proof of Proposition 28 may be found in Section 4.8.3.

4.5 Conclusions and Research Perspectives

Conclusions.

1. This chapter establishes an analytical framework for the features space decomposition method and, through
the self-regularization property, applies it to derive non-asymptotic upper bounds for: (i) the population excess
risk of minimum ¢,-norm interpolant estimators in linear regression problems, and (ii) minimum ¢;-norm
interpolant classifiers in linear classification problems. This method has the potential to improve one of the
most fundamental approaches in mathematical statistics — the uniform convergence argument.
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2. We introduce a new class of benign overfitting phenomena, termed non-exact benign overfitting. Building upon
our main results, we provide sufficient conditions for: (a) minimum ¢,-norm interpolant estimators to exhibit
non-exact and exact benign overfitting in regression settings, and (b) minimum ¢s-norm interpolant classifiers to
achieve both non-exact and exact benign overfitting in classification problems. This phenomenon lies between
benign overfitting and test-error benign overfitting, and it still provides useful information about the population
risk of overfitting estimators. We believe that this phenomenon deserves further attention.

3. Our technical approach deliberately avoids the convex min-max theorem that requires the Gaussian assumption.
Instead, we incorporate geometric tools from GAFA combined with the features space decomposition method,
thereby offering a geometric perspective for understanding benign overfitting phenomena in minimum-norm
interpolant estimators. This suggests that in supervised learning problems, particularly in high-dimensional
statistics, it is necessary to introduce more tools from GAFA.

We now highlight several potential future research directions related to the problem of benign overfitting, as well as
new questions in probability theory and random geometry that this line of inquiry may inspire.

Research Perspectives.

1. Beyond the minimum ¢, norm interpolant estimator, other interesting interpolant estimators motivated by
neural network theory include the minimum Schatten—1 norm interpolant estimator, which corresponds to the
implicit regularization of shallow linear neural networks, and the minimum Schatten—¢g quasi-norm interpolant
estimator, which corresponds to the implicit regularization of depth-L = [2/¢]| deep linear neural networks,
[ , , |. Investigating the exact and non-exact benign overfitting properties of these inter-
polant estimators would be of significant interest.

2. Moreover, this chapter establishes only sufficient conditions for the occurrence of exact and non-exact benign

overfitting, and studying the necessary conditions represents another important research direction. For instance,

in our analysis of the minimum ¢ norm interpolant estimator, we did not, unlike previous works [ ,

], assume that V is chosen as the eigenspace of 3. However, since the result obtained for the minimum

{5 norm interpolant classifier corresponds to non-exact benign overfitting, a direct comparison with existing

works is not possible. Establishing necessary conditions would therefore help determine which subspace the
feature space decomposition of the minimum ¢ norm interpolant classifier actually selects.

3. We still lack mathematical tools to handle ||EL1/c AJ€ + ¢]||2 in Section 4.4, where ¢ = X 8% + X, (8% — 3,)
satisfies ||¢||2 = o(v/N) with high probability. In the case ¢ = 2, the analysis in [4] relies on the fact that A is
a linear operator, and in this case, the “correct” tool is the upper side of Dvoretzky-Milman theorem applied
to norm ||X se - ||2. When g # 2, we aim to seek an alternative to capture the non-linearity of EgHE}/CzA[S +¢J3.
This may require introducing certain tools from random geometry especially when g = 1, | ]. When ¢ =1,
we conjecture that under the assumptions of Theorem 10, there exists an absolute constant C' > 1 such that,
with high probability, one has [|A[€ + (]||l2 < %HA[S +¢]|l1. In other words, viewed as the solution to the

basis pursuit problem, the vector Aly — X JB ;] is supported on N coordinates, and the magnitudes of these N
nonzero coordinates are nearly of the same order. Since, with probability one, the vector y — X JB 7 does not
lie in any subspace of dimension strictly smaller than N, the classical compressed sensing theory does not, to
the best of our knowledge, provide any guarantees for such vectors [ ]. Hence, the above conjecture lies
outside the scope of existing compressed sensing results.
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4.6 Proof: Properties of the nonlinear map A and B

In this section, we gather all the properties we need on the nonlinear operators A and B appearing in the decom-
position of B in regression and classification. We start with .4 and we recall its definition and the associated dual
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problem. Let 1 < ¢,¢' be such that 1/q + 1/¢' = 1. For all u € RY, A[u] is solution to the optimization problem
min <||u||q : Xjev = y), whose dual problem is

max (<u,)\> : HX—JFC)\

We denote by A*[p] a solution to the dual problem. We recall that by strong duality (see the von Neuman-Sion
minmax theorem), we have

[A[p]l, = min (HVHq :Xjev = u) = max (<u,)\> XA

. < 1) . (4.27)

S 1) = (p, X" [u]).-

Lemma 20. Let 1 < ¢ < oo and denote by ¢’ its conjugate number. The non-linear maps A[-] : RV — RP and
X[ RN — RN satisfy the following properties:

1. For any a > 0 and p € RN, Alap] = aAlp], and Alp] = 0 if and only if p = 0; X [ap] = X*[u);
IA[ ]l is sub-additive and is a norm;
fOT all [PAS RNvA[_H’] = _A[H‘];

On the event Qpa,reg(€1) defined in (1.22), ||A[-]|lq is a Lipschitz function with Lipschitz constant 1/[(1—e1)l,]
where {, = £, (ElJ/cng). As a consequence, for any p € RN || Al + ]||q is Lipschitz with the same constant.

o

5. Let u # 0. For any solution X*[u] of the dual problem, we have
AL © Al = ALl KN ) (4.28)
In particular, when q = 1, XJ.X*[u] = sign(A[u]).
6. Let ¢ € RN be a symmetric random vector independent of Xje, then X*[¢] and A[(] are symmetric random
variables and, in particular, E[A*[¢]|X ] = 0 and E[A[C]|X:] = 0.
7. For any q > 1 and any R > 0, on the random event Qpu reg(gl) I A[]I|E s %Rqﬂ—l]ipschim in RBY.

Moreover, (x,y) € RBY — [|Alz + y]||2 — ||Aly]||d is R Lipschitz for some absolute constant

(1- al)qlq
Cy > 1.

Proof.

1. By the definition of A, we know that || Alau]|l; = min(||v|lg : Xyer = ap) = min(|[v]ly 1 2Xev = p). Let
v = 1v, then v = ar and hence ||Alop]|l; = min([ap||y : Xjer = p) = amin(||D||q : Xjer = p) = af Alp]l|q.
This 1mphes that || A[-]||, is positive 1-homogeneous. When p = 0, then argmin(||v||, : Xjev = 0) = 0; on the
other side, since p = X e A[u], when A[p] = 0, we know that p = 0. It is clear that A*[ap] = X" [u].

2. For any vi,v2 € RY | || A[v1 +v2]|l4 < || A[v1]+ Ava]|l4- This is because X je A[v +v2] = v1 +vs = Xje Alvi]+
X jeAlva]. Hence Avq]+ Alvs] belongs to {v : X e = v1 +wva}, the feasible set in the definition of Afvy + va).
Since A[v1 + v2] has the smallest | - ||, norm on this feasible set we get that [|A[v1 + va]|[, < [[A[v1] + Afva]]],-
The sub-aditivity of ||.A[-]||, follows from the triangle inequality. Together with convexity item 1., we conclude
that ||A[]||4 is & norm and so it is convex.

3. This point is clear from by definition of A[].

4. By standard functional analysis, we only need to prove that any sub-gradient of ||.A[-]||4 has its f2-norm bounded
by 1/[(1 —e1)¢.]. We recall that by strong duality we obtained that [|A[u]|, = max (( A) | Je )

Hence, p — |l A[p]||, is the maximal function of a set of linear functions and so its sub- dlfferentlal at a
point g is given by all the N’s achieving this max, ie of the dual problem. As a consequence, we obtain
O~ Alp] = {X*[p] : A*[p] is solution of the dual problem}. Moreover, on the event Qpn reg(€1) we have

IX [kl (1 — £ (SY2BE) < [|XT. A (1]

<1
. <

where the last inequality follows from the fact that A*[u] belongs to the feasible set of the dual problem. We
conclude that [|A*[p]ll2 < 1/[(1 — e1)¢.] and since it holds uniformly for all g, this implies that [|A[][|, is
Lipschitz with constant 1/[(1 — e1)¢,] on the event Qpu reg(€1)
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5. Let us first start with two observations: let u,v,w € Vje be such that ||w|, =1. a)if w € 07| - ||(w) then
w € 07| - |lg(u); and b) if w € 07||.||q(v) then w € 07|.||(aw) for any o > 0. These two observations easily
follow from the characterization: w € 9~ ||.||4(v) iif [|u|ly =1 and (v, u) = ||v||4.

Next, by first order condition of convex optimization problem and Lagrangian duality the following holds: let
A*[p] be a solution of the dual problem then A[u] € argmin(||3 |l : XjeB . = p) iff the KKT conditions
are satisfied: X}XZ[N] € 07| l4(A[p]) and XjeA[p] = p. Since p # 0, by item 1., A[p] # 0 and hence
O |I.lq(Alp]) € S and, as a result, Xj.A*[u] # 0. Applying previous observation to u = Xj.A*[u] and
v = Alpl, then u € 07 ||.|[¢(v), and hence u € 9~ ||.||q(v/[|v|y). This further implies v/||v|lq € 07| ¢ (u),
that is, Alp] € [|A[p]llg0~ (|4 (X X" [p]).

The sub-differential of ||-|| , at v follows from: (g,v) =3, . vj2.|vj|q’—2||v||§,—¢ = [Jv]ly and ||g]l, = 1.

Finally, since 3%;0/\*[/,&] € 07||./l4(Alp]), we have |XJ.A*[u]lly = 1 hence A*[u] is feasible. By item /.,
A [lll2 < =7

Since 07| - [lq(Aln]) = [A[p]|®9=2 © A[p]||A[p]]|=9 (because p # 0 and so A[u] # 0). The result follows
from these two observations.

6. By item 8. and the assumption that ¢ is symmetric, —A[{] = A[—(] has the same distribution as A[(]
conditionally on X je. Hence, A[(] is a symmetric variable and so it is centered conditionally on X e. Similarly,
one may check that A*[—¢] = —A*[¢] and so the same result hold for A*[¢].

7. For any p,, py € RBY, applying the Lagrange mean value theorem to the map a € Ry — a9 yields ||| A[u,]]|9—
A1 < a(I Al ]llEH + [AL] 1) (1Al ]llg — [A[po]llg. By the triangle inequality and item / of

. q—1pqg—1
Lemma 20, we obtain |[[Alp]§ — [Alpo]llf] < F=—-Samllm1 — pall2. Moreover, for any (z1,y,), (22,9,) €
RBY x RBY, ||| Aler + yi] 1§ — [ Aly]llE — (lAlz2 + ya]ll§ — [Aly2]1D)] < [l + i)l — [Alz2 +yo]ll2] +

ALy g = A2 So m=ar B I, 91) = (T2, 90) |-

|
The following are corollaries of Lemma 20.

Lemma 21. 1. Let ¢ > 1. We consider the empirical loss function Pyle : B; € Vj = Pnlg, = || Aly —X,08,]|4
and denote by 0~ Pn/e its sub-differential. We have for all B; € V;

O~ Pnle(By) = {—q lAly — XJﬁJ]HZ_l XIN [y —XyB,] : X[y — X;8,] is solution to the dual problem (4.27)} .
(4.29)

2. For all B; € V;, we define the risk Plg, = E[Pnlg,|X ] = Ex, ¢l|Aly — Xs8,][|Z. Suppose XjeB5. + & is
independent of X; and E[X;] = 0, then B is a minimizer of the risk function B; — Plg, over V.

Proof.
1. Equation (4.29) follows from the chain rule and the fact that

9™ [|A[Il, (1) = {A"[p] solution to the dual problem (4.27)}.

2. By convexity of the risk function, to show that 3% is a minimum of the risk function over Vy, it is enough to
show that 0 is a sub-gradient of the risk function at 3%. First note that, by convexity, for all 3; € V;, we have
0~ Plg, =E[0~ Pylg,|Xe]. Let X*[y —X;087] be a solution to (4.27) for u =y — X;87. From the first item,
We only need to show that

E[IlAly - X,85118 X) A" [y — X,85]1%:| = 0.
We note that y — X;8% = X375 + £ is independent of X; hence,
E A4l - X850 XT A Ty - Xs8311%se | = EeBx, [IIAX 85 + €l XTA" X e + €]
= B [JlARX e85 + €107 Ex, [X]) X' [Xe 5. +€]] =0

because X is centered.
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Next, we turn to the study of the map B that appears in the classification problem. For this problem, we only
considered the minimum f>-norm interpolant estimator. However, unlike the regression problem, where A is a linear
operator for ¢ = 2, this is not the case in classification: B is in general a non-linear map. We first recall its definition,
the strong duality property it satisfies and the notation Xy, jo = [Y1Pye Xq]|--- |YNPjeXn]T. For all u € RY, Blu] is
solution to the optimization problem

min (]l : Xy sev = p)

whose dual problem is
max ({1, A) s A= 0, %7 1A, < 1)

We denote by A*[u] a solution to the dual problem. We recall that by strong duality (see the von Neuman-Sion
minmax theorem), we have

1Blaa] |l = min (] Xy,ev = 1) = max (v, A) s A= 0, [ X7 oA, < 1) = (X [u])-

Lemma 22. The non-linear maps B[] : RN — Vje and X*[[] : RN — RN satisfy the following properties:
1. For any p € RN and a > 0, Blap] = aB[u], and Blu] = 0 if and only if p < 0; X' [ap] = X*[u];
2. ||1B[]ll2 is sub-additive and conver;

3. On the event Qpu, ciass(04) (defined in Proposition 26), |B[-]||2 is a Lipschitz function with Lipschitz constant
1/[(1 — e1)¢s] where £, = E*(Z}/CQBg). As a consequence, for any p € RN, ||Blp + ]||2 is Lipschitz with the
same constant.

4. Let p be any vector in RN that does not satisfy p < 0, then X*[u] satisfies that Xy JeA [u] #0, and

Blu] € [B[plll, 07 [I-ll5 (Xy,5eA"[]) -
Moreover, on the event Qpa, ciass(04), |A"[p]]]2 < m.
5. Let p be any vector in RN that does not satisfy p < 0, then

Blp] = ||Blu]lly Xy, s X" ). (4.30)

6. Let X be any vector in RN that does not satisfy p < 0, then

|21, < nBlall min ([S520]] v € 07 11, 002" [0])

Proof. The proof for item 1., 2. and 3. are similar to that of the proof of Lemma 20, where the only modification
required is replacing the “=” with “>”. We now proceed directly to the proof of item 4., 5., and item 6.. For item
4., compared to that of the proof of Lemma 20, Similar to the proof in Lemma 20, for the convex optimization
problem ||B[-]||4, its KKT conditions still include the stationarity condition Xy geX [p] € 07| - ||q(B[u]), as well as

the dual feasibility condition ||X] ;oA*[u]|l2 = 1 (when B[u] # 0, which follows from item 1., i.e., when ,u does not

y,J°
satisfy p < 0). By the Fenchel duality theorem, these two conditions imply that Blu] € [|B[u]l|l20 || - [|2(X, e A []).-
Moreover, the computation of 0~ || - ||2 (X; JeA"[p]) follows the same procedure as in Lemma 20. Item 5. and item
6. follow from item 4. immediately. [ |

4.7 Proof of Theorem 10: Benign overfitting of the minimum /,-norm
interpolant estimator

In what follows, we take r(p) = Csor(Vy, Vje), defined in (4.8), and p = p, defined as follows

Px = 02977“(‘/], VJC). (431)
0.(32 BY)
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4.7.1 Stochastic Argument for regression problem
Noise concentration. For any 0 < d5 < 1, we let
Qnoise((SS) = {(1 — 65)N0'g < ||€||§ < (1 + (55)NU§, and

(4.32)
(1— 85N Hz“ﬁjc

< X085l < (1 +85)N 5285

)

By standard concentration inequality, c.f. | , Theorem 3.1.1], we know that when X ;. and € are sub-Gaussian,
then P(Qpoise(d5)) > 1 — exp(—cagdzN) for some absolute constant ca.

Isomorphic Property of X;. For the sake of simplicity, let us assume that |J| = |dgN | for some 1/N < §g < 1/2.
Recall from (4.22) that

Qrip := {VﬂJ € By + [meodel Nr(p)S; 28571 ¢ ergr(p) < IX;(8; =B, < CSQT(p)}~

1
VN
By the same argument as in Section 6.5.2 of [’2], there exists an absolute constant krrp < 1, such that when
J6 < Krrp, then Qprp is implied by the event {c1gVN < 01,/(X,5; ") < 01(X,%,"?) < C39V/N}. By | ,
Corollary 7.3.3, Exercise 7.3.4], we know that P(Qrip) > 1 — 2exp(—ca1]J]|) for some absolute constant ca; < 1.

Multiplier process on V;.

Here we develop a novel probabilistic tool for bounding the multiplier process in cases where the multipliers may be
dependent. The proof of the following Lemma 23 may be found in Section 4.9.1.

Lemma 23. Let F C L*(ux) be a functions class with sub-Gaussian increments with respect to || - || 12y, that is,
there exists an absolute constant 8 > 1 such that for any f,g € F, ||f—=glly, < 02)|f—gllr2(ux)- Letw = (w;), € RY
be a deterministic vector. Let Xi,---,Xn be i.i.d. random vectors distributed as px. Suppose 0 € F. Then there
exists an absolute constant Cyo depending only on 0y such that for any t > 0, with probability at least 1 — 2 exp(—t2),

N
sup (
i=1

where y2(F,dr2(,)) is the Talagrand’s ~a-functional of F' with respect to the distance generated by || - |2, ) while
diam(F, [ - [|L2(ux)) = sup(|[fllL2(ux) = f € F).

Xi) —E[f(X)])‘ S F) < Cag |wlly (v2(F, dr(uyy) + tdiam(F, || - (|22 (ux))) »

When ¢ = 1. Notice that E[({ + (X,85.))(X, 8, — B)] = E[{(X,B8; — B3)] + E[(X, 87 1(X,B8;, — B))] = 0
because X is independent with X ;.. Applying Talagrand’s majorizing measure theorem | , Theorem 2.10.1],

Lemma 23 with f(X) = fo(X) = (v, X), w; = & + (X;, %), F = {(,0) : v € pKmosa N7(p);"/*BJ}, t =
I (pE.l]/ * Kumodel N 7(p) By /7(p)), we obtain that there exists an absolute constantCys > 1 such that with probability
at least 1 — 2exp(—¢2 (pZLl/ZKmodel Nr(p)By /r?(p))), the following event holds

N
Qeds? = { sup (Z(@ (X0, B5)) (X0 B — B,) : B — By € pKoae N1(p)Z5" 235)
=1
)t (05 a8 |

Since (pZLl,/ZKmodel Nr(p)Bf) C r(p)By, we have £, (pELl,/ZKmodel N r(p)BQJ) < L (r(p)BY) < r(p)y/|J]. Therefore
there exist some absolute constants Kprp < 1 and C' > 1 such that the right-hand-side of (4.33) is less than

1 5 (4.33)
5043\F(a£+Hz/ﬁJL

ol (og + Hzl/zﬂﬁ

) + FripNT*(p)



4.7. PROOF OF THEOREM 10 109

for some absolute constant C' > 1 (so that Rrrp < 1). Therefore

N
P(sup (Z (& + (X5, B5)) (X5, 87 = By) : B — By € pKmodat N7(p) 35" 235)

=1 (4.34)
C(p2 Kunoaa N 7(p) BY)

(9) )

< o2 (af + szﬁ"’ﬁ;
where 05 ~ /C|J|/N.

When ¢ > 1. By (4.29) of Lemma 21, we consider the following multiplier process.

2
) N-l-liRIPN?“Q(P)) >1—2exp(—
2

N
qll Aly — X;85]19~ " sup (Z Ally — XsB5)(Xi,v) : v € pKooda N 7(p)S; 2Bg> .

=1

Apply Lemma 23 to w = X[y — X;08%], F = {fo(:) = (,v) : v € pKipoda N r(p)E}lmBQJ}. Recall that on

QDM reg (€1) N Qnoise(d5), by Lemma 20, there hold

< d
||’I.UH2 — (1 —81)6*’ a1

(4.35)

_ a=1 -1 1/2 gx j1g—1
e+ Kool N (o + 1B

_ *119-1 <
||A[y XJBJ]”q = (l_gl)q_leg—l ~q gz—l

Moreover, by Lemma 20 together with the independence between X; and &, X ., E[w;(Z;,v)] = 0 for any i < N.
Notice that in Lemma 23, the probability measure is with respect to px,. Therefore, with probability at least

1—P (DM reg (€1)Mnoise (65))) —2 exp(—t2), Q2L defined in (4.23) holds, where t = £, (pX/* Kmoaa v (p) BS) /r(p).-

multi

Remark 9. Since in the subsequent (4.51) we will remove the localization, we can still obtain an upper bound for
the multiplier process indexed by r(p)Z}l/QBQJ even when X satisfies only EHE;I/QXJHQ SV Indeed, by (4.29),
Ex, sup(|(g, B, —B5) : By—B5 € pKmoaa(p) 55> BY) < all Aly—Xs851113 " (p) Ex, sup [X] N [y—X ;8512 <
qllAly = XyB511 8 r(p)\/|J|. Moreover, this does not affect the final bound on ||Eb/2(ﬁj = B2, but only changes
the probability level to P(anﬁti) > 0.99, while the constant Cyg is replaced by another absolute constant.
Restricted Isomorphic Property of random loss function when 1 < ¢ < 2. The objective of this paragraph
is to prove that with high probability, for any B, € 875 + (T(p)Z}l/QSQI N pKimodel) We have

Nigl™?

_ _ q _ _ *1119 2
PyLp, = | Aly — XsB8,]l; — [Aly — Xs85]| 267&(23{235)“@’

where ¢ < 1. In this paragraph, all the expectation is condition on X je.

Proposition 29. Grant Assumption 9. Let &' = €+ X c8%.. Suppose for any B, € B + (r(p)E}l/QSé] N pKmodel)
the random vector ¢ = ((r(p)) X, (B, — ﬁj),ogl‘f’) € RN has Lipschitz concentration property, that is, for any
Lipschitz function f, f(¢)—Ef(C) is a sub-Gaussian random variable whose sub-Gaussian norm is (up to multiplicative
constant) the Lipschitz constant of f. There exist absolute constants k3 < 1 and 0 < ¢ < 1 such that the following
hold. Suppose max{o¢ exp(—cN),rg(p)} < r(p) < o¢ where:

ro(p) := min (7“ >0: L(r(p)Sd N pEb/2Kmodel) < /ﬁ305_2r4(p)\/ﬁ> . (4.36)
Then with probability at least
1= oxp (—e2aog Nrt(p) ) = B(Qrp) — B(Q0btreq(1)) = B(Qnosel85))
for any B; € B85 + (r(p)E;l/ZSé] N pKmode1), the lower isomorphic property of PyLg, holds, that is,

aq —2
Qiso 1= VB, € 8% + (r(p)2;"/%8) N pKmoael) : PxLp, > 1023%7«2(,0) (4.37)
o =P E B s PRl IR = 5 gy S |
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When both X; and £ are Gaussian random vectors, the Lipschitz concentration property holds when either
Xye is Gaussian or B%. = 0. Indeed, when X . ~ N(0,X;c), for any B; € 85 + r(p)E;l/ZSQI N pKmodel, We
have (X;(8) — B,),€') ~ N (0, diag(r(p) Ly, (02 + 2585 [3)I)); when B3 = 0, we have (X,(8) — B8,),€') ~
N (0, diag(r?(p)In, 0?1 ~)). Consequently, the Borell-TIS inequality (Gaussian Poincaré inequality) implies Lipschitz
concentration. The fixed-point equation (4.36) characterizes the conditions under which the lower isomorphic prop-
erty, that is, (4.37), holds. This is fundamentally different from the case when ¢ > 2. For ¢ > 2, the fixed-point
equation holds for any r(p). However, when ¢ < 2, the fixed point for the lower isomorphic property of the random
loss function becomes non-trivial. This may represent a significant distinction between the case of ¢ < 2 and that of
g > 2. The fixed point characterized by (4.36) should be regarded as an analogue of the quadratic fixed point.

Proof. Below we only treat the case 3%. = 0. When X,. is Gaussian, the analysis is similar; only the
final constants change, and we omit it here. Fix 8; € 87 + (pKmode N r(p)X _1/252) Let R = 405\ﬁ let
7Rz € R?N s argmin(||z — a2 : a € Dg), where D = {(z1,%2) € R?Y : ||z — @2|l2 < R, ||z2]2 < R}. Then
7 is 1-Lipschitz. Let F : (@1,22) € RN x RN s ||A[my — x2]||7 — [|A[z2][|2, then PvLg, = F(X;(8; — 87),€).
By Lemma 20, item 7, F o7 is Lipschitz on RY with Lipschitz norm not larger than (up to multiplicative constant

depending on q) WRQ L. We have

PyLp, — PLg, = F(X;(B; —B7),8) —EF(X;(8; — 87),§)

= (Fom)(Xs(8; —B87),8) —E[(Fom)(X,(8; —87),€)] (4.38)
+ F(Xy(8; = B7),8) — (Fom)(Xs(B; - B7),8) (4.39)
+E(Fom)(Xs(8; —B7),8) —EF(X;(8; - B7),) (4.40)

Since 7 is a projection, for any a > 0, P(|(4.39)] > a) < P((X;(B, — B%),€) ¢ Dg). Since R = 40:V/'N, r(p) < o,
on Qnoise(05) N Qrip, there exists an absolute constant 0 < ¢ < 1 such that P(](4.39)] > a) < exp(—cN). Then we
deal with (4.40). By Jensen’s inequality and triangular inequality,

(4.40)] = \E [((Fowxxxm BY).6) — F(X,(8, - m),s))M(XJ(ﬁJ .6 ¢ DR>H
<E [(|<Fovr><xJ<ﬁJ 3.6+ 1P (X8, m),sm)n((xjwj B0 ¢ DR@ .

By triangular inequality and Lemma 20, item /, |F(X;(8, — 87),¢)| < m(\\XJ(BJ - B5) — &1L+ 1€1D).
Therefore, by Holder’s inequality, there exists an absolute constant Cyy > 1 such that

(A0 S BB, — B5).€) ¢ Dr) (1%5(8, ~ B5) — €113+ IEID] + 3 FP(CESAB, ~ B7),6) ¢ D)
< 7 (B8, - 59,6 ¢ Da)? (& [0, §>—s||g+||s||g>2})2+RQP<<XJ<ﬁJ—ﬂ§>,s>¢DR>)

fI

< Cypy éqNQGXp( ¢N).

G'q q
Combining (4.38), (4.39) and (4.40), for any ¢ > 2Cyy 5+ N2 exp (—cN),

ol
{|PvLs, — PLg,| >t} C {|(438) > t72C44£—§N5 exp(cN)} U {|(4 39)| > C’44£ N2 exp (— cN)}. (4.41)

N3 g1-2
Let co2 < 1 be some absolute constant, and let ¢ = ca 2;,5 r2(p). Because r(p) > o¢exp(—cN), there holds

2044 %ZEN% exp(—cN) < it. Taking P on both sides of (4.41) yields

Nigl™2 Na2o
£ )Tz(p)> < exp(—cN)+P <|(4 38)| > 1022§)T2(p)> :

P(|PvLs, — PLg | > coo———=——
<’ 8, = Pla,| (=2Br (= pr
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We apply the Lipschitz concentration inequality to deal with (4.38).

Nig2(a=2)

1 Nt Ferey ) o
P |(438)‘ 2 icggmr (p) g exp o Mge mel ~ exp (—7" (p)O'g N) .
* Je —4q

ag(‘rl)N(q*U
£21(23" BY)

Take coo small enough, together with (4.25), there exist absolute constants cos and cog4 such that for any B, €
By + (r(p)=5"" 54 M pKmoaa),

Nigl™?
P (PNﬂﬁJ > Co3 s )TQ(P)> >1—exp (—0240g2NT4(P)) .

0(xt2 By

Let 0 < e2 < 1 to be determined, and V., be an es-net with respect to ||21J/2 “|l2 on B% + (r(p)Z}l/2Sé] N pKmodel)s
that is, V., = {78, : B, € 85 + (r(p)E}l/QSQI N pKmoder)} such that for any B, € 875 + (r(p)E}l/QSg N pKmodel )
there exists 73 ; € V,, such that ||E},/2(ﬁJ —7m8;)|2 < e2. We determine 2 by determining the cardinality of |V, |

to be
1 —277,.4
|‘/52‘ = | eXp 502405 Nr (IO) .
By Sudakov’s inequality, see, for example, | , Lemma 2.10.2], there exists an absolute constant Cys > 1 such
that
A J N ps B 1 o L. J N ps B
ey < Cis (r(p)Ss N pX ;" By) < Cys 202741 O¢ (r(p)Ss N pX ;" BY) (4.42)

Viog [V, | r2(p) VN '

By a union bound, we obtain

Ngag_2 1
P\ VrB; € Ve, PNLrg, 2 co3 )7"2(/’) >1—exp <—2024052N7"4(P)> :

(s By

By item 7 of Lemma 20, Qgrip, Qnoise(d5) and the assumption that r(p) < o¢, there exists an absolute constant
Cye > 1 such that

|PnLp, — PnLrp,| = [|AX(B; - B7) — &l — |AX (78, — BY) — €]lI%)|

s 2 LN 1 (8, — 78,k < Cuoot
~ g JWPg = TP )2 = Lae0¢ €2.
(1—e)otd(sy By (= BY)
As a result, for any 3, € 875 + (r(p)Z}l/QSQJ N pKmodel )
N%0272 2( ) a—1 N3
PyLp, > €23~ 15 TP _0460'5_ — {75 . 2
Ty “(zy2BY)
q 2 -2
_ c23\/C2a -1 N2 1 N2og 2
By (4.42) and (4.36), where we take k3 = 4?4601‘;, we have C46<Tg Wé%ag < 5023@7“ (p). Therefore,
N%UE_Q

. ) 1 1
P (VﬁJ €B;+ (T(P)Eiil/zsél N pKodel), PnLg, = 5C28 )7"2(P)> >1—exp <—2624U§ 2N7“4(P)> :

(st Br
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Summary of this subsection. Summarizing the above stochastic arguments, we obtain the following proposi-
tion. The events Qrip N Noise(d5) N 02”1 do not rely on the Gaussian assumption. When ¢ > 1 and X satisfies

multi
Assumption 8, replacing the Dvoretzky—Milman theorem by Theorem 3. When X is not a Gaussian random vector

but satisfies Assumption 8 and ¢ > 2, we replace the term (1 + 51)5*(254235) in (1.22) and (1.23) within Qpa reg
with (1 + 61)5*(23{235)L0g(|‘/6|)~

Proposition 30. Let0 < kppas, Krip,C1,C20,C214 < 1 and Cyq7 > 1 be some absolute constants. For any0 < e1,d5 < 1,
define stochastic events Qyeg q=1(€1,05) = QD reg(€1) N QrIP N noise (d5) N QI=1 Qregi<g<2(€1,95) = Qo reg(e1) N

multi’

Qrrp N Qnoise(d5) N Qiiiti N Qiso and Qreg g>2(€1,05) = Lpamreg(1) N Qr1p N Dnoise(d5) N erzlm. Grant the same
assumptions as Theorem 10.

Then Qpegi<g<2 07 Qpeg g>2(€1,05) holds respectively with probability at least

C(pY* Kinoaa N1(p) BY L
(P2 7"20((1;; (p) 2))_exp(_§cz4% 2Nri(p)1(1 < ¢ < 2)

—Ppm — 2exp(—cai|J|) — eXP(_C2O5§N)a

1—2exp(— (4.43)

where ppy = exp(—clfsfd*(E;clﬂBé’,)) if X is Gaussian, and otherwise ppys is stated in Theorem 3.

4.7.2 Deterministic Argument for regression problem

In what follows, we work on Qeg q=1(€1,95), Chreg,1<q<2(€1,05), and Qreg g>2(€1,05), respectively. For convenience,
we only present the result when Qpyy reg itself holds—the proof is similar when an additional Log factor is present.

Recall that

1811 = s ((8.0)  w € Ko 05,755 ). (4.44)

For the choice of p in (4.31), both triple norm defined in (4.7) and in (4.44) are the same.

Homogeneous argument We recall the definition of 3 ; from (4.16):

B, = angmin (118,12 + | Aly — X,8,12)

JEVS

By Lemma 20, item 2., we know the optimization objective is convex, hence the homogeneous argument | ] holds.
We may restrict 3 to the boundary of 8% + pKmodel Or(p)E;l/QBg. In fact, let B; — B85 ¢ pEKmodel N r(p)E}l/ng.

There exists 35 € 87 4+ 0(pKmoder N r(p)E;l/ng) such that B; = 8% + a(B85 — B%) for some o > 1. By convexity
of B, Lg, =Lg, — g, where lg, = HﬂJHZ + | Ay — XJﬂJH‘Z, we can check that Lg, > aLlgs. As a consequence

it is enough to prove that 3; — Lg, is positive on the boarder of 8% + (pKmodel N r(p)E;l/QBS) to show that it is
positive everywhere outside of 3% + (pKmoder N r(p)Z;1/2B§).
For any B3; € V;, we define the empirical excess regularized risk by

PG = 118,112+ I Aly — X858 - (185112 + 1Ay — X,85111%) (4.45)

We have PNEg{]eg) = PnLg, +Rg, where

PnLg, = [ Aly — Xs8,]1F — [ Aly — X871l » and (4.46)
Ra, = 18,41s = 18715 - (4.47)
Our aim is to show that PNﬁgieg) > 0 when 8, is far (w.r.t. the interpolationn norm [|-|| defined in (4.44)) from

B7. We therefore need to lower bound the two terms PyLg, and Rg,. To that end we obtain ’second’ order lower
bound for both terms. We start with the regularization term Rg .
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Lower bound for Rz, Applying (4.71) to s = B; and t = j3; for each j € J and take sum over all j € J, we
obtain that

q * *|4d— * -1 * *
Re, =18,15 = 18315 = D 16:1° = 185" = ¢ D> 55 155 Q(Bj—ﬁj)ﬂqzq doaq(IB].8-5;) . (448)

jeJ jed JjE€J

When ¢ > 2, one can show that ZjeJaq(\ﬁj’-‘Lﬁj — B5) = 1B, — B3| (this also follows from g-uniform convexity,
see | , Section 10.1]). When 1 < ¢ < 2, we keep the term ZJEJ Oéq(|5;|, Bj — 5”»‘) as it stands. Combining (4.48)

j
with (4.44), we obtain that for any B; € 875 + (pKmoder N r(p)Z}l/QBg),

* * — q— 1 *
Re, > |85 01851702 |[r(0) + L2518, — 831 (4.49)

We defer the treatment of the case ¢ = 1 to Section 4.7.2.

Proof of Lemma 18 and the lower bound for PyLg, when ¢ > 2. Applying (4.71) to s = (Aly — X;87]);
and t = (Aly — X;8,]);, for each j € J¢ and take sum over all j € J¢, we obtain that

Iy — Xs8,1ll; — Iy = Xs851l5 = D [(Aly — X58,);1" — [(Aly — Xs85]);/*

jeJe

> q (Aly — X85 © | Aly — X857, Aly = X,8,] - Aly — X,83])

-1 .
o Al = X08,) = Aly = X851

+

Next, the second order term in the decomposition above is controlled on the event Qpu reg(e1) N Qrrp; this will end

the proof of Lemma 18. After, the first order term will be controlled on the event anﬁtr

By the definition of A[X;(8%—03,)] and the fact that X ;. (Aly—X;8,;]-Aly—X,;08%]) = (v—X,;0,)—(y—X;67) =
X;(B5 — B,), we obtain that |Aly —X;8,] — Aly — X;87][1 > [AX;(8, — B7)]ll}. Moreover, from Lemma 21
together with Lemma 20, item 5, (4.28), we know that

0 Aly - X85 © |Aly — X,85]172 | Aly — X,8,] - Aly - X,83]) = (9.8, - B3),

where g is any sub-gradient in (0~ Py /s )(87), hence condition on Qpn reg (€1)NQr1p, we have the following isomorphic
profile for the empirical excess risk

g—1 cloeN 31 (p)

By =B 4.50
g2 (1+51)q62(2?,£235)+<9 By —B) (4.50)

}%VEBJ >

When g > 2

When 8; — 85 € pKmodel N r(p)E}l/QSg_l. Then there exists an absolute constant c19 < 1 such that for any such
B, we have |X; (8, — B%)|l2 > cio7(p)V/N. Tt follows from Lemma 20, equations (4.24), (4.22) and (1.22) and the

L7 >1
control of the multiplier term on the event QI . that

PyLg, = | Aly —X;8,]ll — I Aly — Xs87]l;

— 1 B
2 qqzq AR (85 = BDE = a [l Aly = XB3112 " (N [y — X,87], X,(87 — B,))]

q — 1/2 4% — g—1
(4= Vel (N (o LI ss N /]
q22%a Py —— 107(p) 7(y1/2 gp
£*<2JC Bq) E*(ZJC By)

(4.51)

where we have used €1 < 1 to absorb (14 ¢1)9 to 29. Regarding the regularization term, by (4.49) we have

Ra, = 18,13 - 18312 = —a|85 © 185122 |r (),
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where we have used the fact that «, is non-negative. Therefore, we have PNE(BRIeg) = PnLg, +Rpg, >0 when

TONT V]

¢(sy?BY)

— Dl ri(p\N*F o™t 4 21/26 c
(4 22()1019 qr (632 " > qC40r(,0)( S | -
a2 (2} BY)

+ 4|85 © 18512 |r(0)

This is equivalent to

7 (p) >

02 o (0 ISV vl | & z/c By) g2
(g = 1)efy VN (q =1y

There exists an absolute constant Csg such that, for r(p) = Cso7(Vy, Vjye), where r(Vy, Vye) is defined in (4.8), the
inequality holds.

When 3; — 3% € p0Kmodel ﬁr(p)E;l/ 2B§ . As mentioned earlier, when 3; — 3% is 'well-spread’, the regularization
term Rg, will dominate the term coming from the noise, i.e. the multiplier process. It follows from (4.49) that

R, > |85 0185172 |[r(0) + T

As a result, PNE(;”]eg) = PnLg, +Rp, >0 when

1/2
RN 3 L+ IZEEBG SN VT
T an 40 1/2
0 0252 BY)

+ar(o)| 87 @ 185172

There exists an absolute constant Cag such that, for p equal to the p, defined in (4.31), the inequality holds.

When 1 < ¢g<2

When 1 < ¢ < 2, the proof is almost identical to the case ¢ > 2, using (4.37). The only two differences are
that: 1.) in order to guarantee (4.37), we need to assume that r(Vy, Vjye) > ro(p«), where rg(ps) is defined in

1
(4.36). A rough estimate yields rg(ps) S 053(|J|/N)é, which is precisely the origin of this term in r(Vj, Vje)

~

2—gq
defined in (4.8); 2.) Since 7(V;,Vye) < o,* when N is sufficiently large, the choice of p. in (4.31) guarantees that

q
N2g272
ng P* 1623 ﬂ(;;i/}%rz (ps«), and therefore in the well-spread part we still automatically obtain PNL(ﬁF‘{]eg) > 0.

When g =1

Lower bound for Rg, over 3; € 8% + (pS{ Nr(p)S ;1/2B§). When ¢ = 1, the lower bound for ||3,|1 — ||87]1
can only be handled using the sub-gradient. Fortunately, in this case, we are dealing with a classical /; norm
regularization. We apply the sparsity equation developed in | , ] to establish the lower bound. We denote
by S = supp(B8*) N J. In that case, any sub—gradient g of the ¢{ norm in B% is such that gs = sign(3%) and gse can

take any values in [—1,1]/\s%P(BY) Let v € C, = {v € Vj : ||Zl/2'u||2 <r(p),||v|ls = p} and choose g € 9| - ||1(B%)
such that ggc = sgn(vge). We have

(9,v) = (95,v5) + (gse, vse) > [lvselly — vslly = [[v]l; = 2[lvslly = p — 2[Jwsll;

1
||US||1—Z\/ |”1|7< ZUJ vj 7<7"
JjES jes ]GS j€S 75

As a consequence the sparsity equation

and

P

(S

inf (sup ({9, 8, = B3) + 9 € 07 [, (B7) : B, — By € pS{ o)z, 2B ) =

is fulfilled for any p such that 2r(p),/> ;. 0; < /5.
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Lower bound for PyLg, over 3; € B85+ + (pB{ Nr(p )E_l/ZBp) On the event Qpwm reg(€1,¢q), for all B; € Vy,
we apply the isometric property of the norm ||A[]||; to both p =y —X;8; and p =y — X;875 in (1.22) to get

* ly _XJﬂJ”z ly _XJIBJHQ
PnLg, = |Aly — X;8,lll, — IAly —Xs85]l, = -
P s TS A r e =2BY) (1 e (828D
1 251
= Iy =580k~ (14 25 ) Iy - %0831,
(14 e1)t.(SY/2BD) ( 2 1— 712

461
(1— el (S5 BP)

(ly = XsB,lly = lly = XsB51l5) - ly = XsB5ll,

>
(1+ el (252 BY)
where we have used that 1 + 1%% <144e; aslongas0<e; <1/2.

1. Suppose B3, — 3% € pB{ N r(p)E}l/zSé’fl, that is, B, — 37 is a almost-sparse vector. By the same analysis as
in the 1 < ¢ < 2 situation, but with

Ra, = 1Bl = 1851, = 185 = (85 = Bl = 185, = =185 = Bslly = —p,
we need P](\,Reg),CﬁJ = PyLg, + Rg, > 0, which is implied by

1 1/2
(getor* (o) — SS2IS0285 18 + 1 - 96e)ot

(4.52)
(1+¢1) 1/2 (Y2 BP)
- Vi ] X B —p(1 ——">0

TETn A +35) (o +|=1205 ) -~ pt1 - 21) N

2. Suppose B; — B85 € pST N 7"(/))2];1/2357 that is, B, — 3% is a well-spread vector. Then ||X;(8% — 8,)]]3 > 0,
hence
1/2
ly — X8, (1—95)No? L FripNT(p) + 882|552 8%, |I2 Vo
(L+e)(@(2)2BY) — [\ (1+ &)+ (252 BY))? (1+21)2(¢=(252BY))?

As mentioned earlier, when 3; — 37 is well-spread, the regularization term Rg, will dominate the noise term.
This is done by sparsity equation. By 2r(p)4 /des ; L < p/5, to have PNE(Reg > 0, we need

1/2
(1—3(55)]\]0? 9 FLRIPNT'2([)) Vo B \/(1+55)NU§ lp>0
(1+e)2(e(E2BD)2 (L4 e)2(e+(Z52BY)) (1—-e)e=(=2By)| 10
which is equivalent to
|:<(]. —9(55) —QISJR[PT2(p)
4.53)
1/2 «r1/2 pp (
_ 2 1/2 _ (1+51) 1/2 7 Y4 (ZJC Bl)
sS85 18) vo| - |SEE VT dloe + 13285 1a)] + ot + en T 50

One may check that r(Vy, Vye) and p,. defined in (4.8) and (4.31) solve (4.52) and (4.53).
Proposition 31. Grant the same assumptions as in Theorem 10. There exists an absolute constant Csg = Cso(q) such

that on the event Qyeg g>2(€1,05), Qreg1<q<2(€1,05) 0 Qregq=1(€1, I5) Tespectively, H21J/2(,3J7ﬂj)||2 < Cs0r(Vy, Viye)
for r(Vy,Vje) defined in (4.8).

4.7.3 Price for overfitting in the regression model

We utilize the ¢, — /2 operator norm of E?,/CZ (which, due to the diagonal structure of X e, coincides with

diam(ElJéng)) and then apply the Dvoretzky-Milman theorem to obtain that on Qg q>1(€1,95) OF Qreg g=1(€1,95),

there holds

VN (p) +0¢) _ N
e(=¥2Bry T\ a.(x;M?BY)

q

Hz”g ly — X,3,] H2 < diam(ZY/2BY) (re(ps) + 0¢). (4.54)



116 Benign overfitting via FSD

4.7.4 The end of the proof of Theorem 10

Combining Proposition 30, Proposition 31, and equation (4.54), we complete the proof of Theorem 10.

4.8 Proof of Theorem 11: Benign overfitting of the minimum /;-norm
interpolant classifier

4.8.1 Stochastic Arguments for classification problem

Dvoretzky-Milman theorem. We apply Theorem 4 to ¢je(X) =Y X je. Since [|Y X je|l2 = || X sell2, (U, v)|| g2+ =
(X ge, V)| L2te(uyys and [(U,v)||r2 = [(Xje,v)||z2(ux)- We know that Assumption 2 is satisfied by U, once it is
satisfied by X je. Moreover, E[(YXje) ® (Y X jc)] = E[Xje ® Xje]. Finally, we observe that when XY are centered
sub-Gaussian random vectors, condition (1.26) can be verified through the Hanson-Wright inequality, where § may
be taken as /Tr(X%.)/ Tr(X <), see, for instance Appendix F of [’1]. Under the Dvoretzky-Milman condition, this
can be further amplified to N ~7, where 0 < v < 1. Therefore, when N is sufficiently large, we should regard dqistortion
as being dominated by its principal term §.

The main corollary of Theorem 4 is the self-regularization property of the minimum /;-norm interpolant classifier,
as stated in Proposition 26. Its proof has already been completed in the discussion following the Proposition 26.

Risk decomposition for the empirical excess risk of squared hinge loss. In this section, ¢ denotes the
squared hinge loss, namely /g, : (z,y) € (R? x {-1,1}) — (1 — y(x,B,))%. Consequently, the excess loss Lg, =
g, — {g+, where 37 is the oracle defined in (4.5) for the squared hinge loss.

We now address the relationship between the empirical excess risk Py L and the population excess risk PL for
the squared hinge loss.

Using the identity [|a||3 — ||b]|3 = |la — b]|3 + 2(b,a — b), applied to a = [1 — X, 8]+, b = [1 — X, 8%]+, and the
defition Py, = & .0, (1= VX0 8512 = (1= YilXis B5102) = & (11 = XufBolo 1 — I[L = Ky 30 ), we
obtain:

1
Py, =~ (1L = XyBls = (1= XyB3L4 5 + 2 (1 = X85+, (1 - X814 — [1 =X, 83)1) )

(1 =Y (X0, 8,0, — (1 =Y (X,.87)),)°

I
2| =

s
Il
—

+ (1-Yi (X, 850 (1= Yi (X0, B,)), — (1= Yi (X;,89)).) -

=2
-

1

3

Similarly, we have
PLg, =E[(1-Y(X,8,))} - (1-Y(X,87))7]
—E (1= Y (X,8,); — (1= Y (X,87)),)’]
+2E [(1-Y(X,87), (1-Y(X,8,)), - (1 -Y(X,87)),)].

Therefore, for any 8; € Vy, |(P — Px)(Lg,)| < Qg, + 2Mg,, where

N
Op, = | Y (1= YilXiuB)) — (1 =Y (X0 B3)),)° B [((1 =Y (X800, — (=Y (X, 80),)°] | (459)
is called the quadratic process and
N
Mo, = |5 30 (1= ¥ (X550 (1= % (X Bi), = (1= ¥ (X, 8),)
i=1 (4.56)

CE[(1-Y (X85, (LY (X.8,), — (1- Y (X.8),)] ]

is called the multiplier process.
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uadratic process We first make some notations. Let (F, | - || 12 be a normed space. Define
(1)

1 (F | ga) = int supz22mm(\|f Tuf g Tl € An),

An)n>1 fGF
where (A,,)n>1 is called an admissible sequence, | , Definition 2.7.1], be the Talagrand’s 2 functional, [ ,
Definition 2.7.3]. We make use of the following result from [ ]. According to Theorem 5.5 in | |, there is an

absolute constant Cyg > 1 such that for all ¢ > 1, with probability at least 1 — exp(—t),

1
sup N; —Ef*(U)| <

diam(F, L? o (F) ||| 72
C4g< (F, (M\)/)jlv(F -l 2 )

Vo F 2 )? o oo [t ot

(4.57)

where diam(F, L?(u)) := sup(|| f[| 12, : f € F).
We now derive an upper bound for the quadratic process. Since we have assumed that Assumption 7 holds. Let

F={fa,(w) = (1— (w,8,)),—(1 — (w, BY), : By € By+(pBINr(p)S; " *S4)}. Then Qp, = | XN, 13 (¥iXi)—
IEfE,J (YX)|. We compute the diameter.

diam (F, || - [|z2) = sup (|1 = (XY:8,))+ = (1= (XY, 85D+l 2 : B, € B + (0BY N1(p)=,'/5))
<sup (|[(1 = (XY, 8,) = 1+ (XY.89) 2 : B, € B5 + (pB] ()T
= sup (|(XY, 85 — B2 B, € By + (0B Nr(p)=;/°8))

<sup (10X, 85 = B, : B, € B5 + (0B N 1(0)=5*89) ) = r().

Moreover, by Talagrand’s majorizing measure theorem, | , Theorem 2.10.1],
lE ) = né s (Z 2% min (22 (8, — w8, : 7By € AL) ¢ B, € 85+ (o] ¢ r<p>zf/255>>
n/n21 n=1

= 72(p25*BS Nr(p)S§) < r(p)V/dim(V)).
Applying (4.57) we obtain that with probability at least 1 — 2 exp(—(1/(400c35)) dim(Vy)), we have

dim(VJ)
N )

1/2

sup(Qg, : By € By + (pBy Nr(p)S) By)) < casr’(p)

where co5 < 1 depending on || X[y, is an absolute constant.

Multiplier process.

Lemma 24 (| ). For q > 2, there are constants Cyg, cag, ca7, and Csy that depend only on q, for which the
following holds. Let ( € L? and (y,--- ,(n to be independent copies of (. Let w,u > Cyg. Suppose Z is a random
vector and Zy,--- , Zn be independent copies of Z. Here Z is not necessarily independent with (. Let F be a class of
real-valued functions. Suppose F is a sub-Gaussian class, that is, there exists an absolute constant C' and a metric
dy, such that for any f,g € F andt >0, P(|f — g|(X) > t) < Cexp(ftzd;rf(f, g)). Then with probability at least

log (N) 2 V2 (F7 dwz) 2
1— —2 - Lk 7
N T b | Tt diam(F, dy,) ’

N

sup |37 (Gf(Z:) — ECH(2)

fer iz

< Cspwu ||<||Lq \/N’VQ(Fv de)'
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We take the same choice of I as in the quadratic process, and let ¢ = (1 —Y (X, 3})), in Lemma 24. Notice
that for any fg,, g5 € F, that is, for any B,,B; €85+ (pBin r(p)23/2B§]),

= [ = W8 — (=B~ (= WBY — (L= B )|
< wss =B <[=v (8- 8,),

Hfﬁ] ~ 98, o

- H(1 —(U,B,)y —(1— <U7BJ>)+’

)
2

hence we may take dy,(®1,92) = ||Zb/2(01 — o3)]|2. Applying Lemma 24 to ¢ = 4, w = u = 2C}g, there exists an

absolute constant Cs; > 1 depending on || Xy, such that with probability at least 1 — cbgl# —exp(—C dim(Vy)),

2sup(Mg, : B; € F) < C51Plg=r(p) dlmT(Vl) (4.58)

As a result, with probability at least 1 — CWT(M — exp(—C dim(Vy)), the following random event holds

Qprofile 1= {sup (|(P — Pn) (E@,)! : B, €85+ (pBy N r(p)z}]ﬂBQ]))

2y [T Fn(77) )
< ca57(p) N + C51Plgsr(p) N}'
Concentration of oracle risk Let C35 > 1 be an absolute constant. Denote
Qoracte = {Pnlpy < C35Plg- }. (4.60)

Recall that Pylgs = + Zil(l —(Y;X;,B87))%, and {Y;X;}¥ | are i.i.d. sub-Gaussian random vectors. We use the
fact that (1 —2)3 < (1 —x)? for any = € R to conclude that [|(1 — (Y; X5, 85)% ¢, < [|(1— YiXe,85))% ¢, S 11—
<Y}Xi,ﬁj>||iz < oo. Therefore, {(1 — (Y;X;,87%))%}Y, are i.i.d. sub-exponential random variables. By Bernstein’s

inequality, see, for instance, | , Theorem 2.8.1], there exists an absolute constant ¢;5 < 1 depending on Cs5 such
that
IP’(Q > >1 N (4.61)
oracle | = 1L —€XpP | —Ci8 * * . .
max{[|1 — (YiXi, B))I7,, 11 — (YiXs, 87, }

We summarize the above stochastic argument in the following proposition.

Proposition 32 (¢ = 2). There exist some absolute constants 0 < kgrp,kpy < 1 such that the following holds.
Suppose X je is a sub-Gaussian random vector. Recall 64 defined in (1.29). Suppose the choice of V; satisfies that

Tr(EJC)

HI_%}P lel(VJ) S N S /QDngzi_
||2Jc||op

Then there exist absolute constants c17 < 1 and C3o > 1 such that for any 0 < 64 < 1, the random event
chass(54) - Qoracle N QDM,class((S4) N Qproﬁle

holds with probability at least

log* (N
og ( ) — exp(—032 dlm(VJ)) _P( fyracle)’

1 —ppm(0s) — 17

where P(2C,_ ;) s provided by (4.61).

oracle

4.8.2 Deterministic Arguments for classification problem

In this section, we place ourselves on the random event Qcjass(d4)-
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Recall that when ¢ = 2, (4.7) reduces to

= su u):u€ — 12pJ . )
18,1l = p(<ﬂ,> e -LoB{nz; Bg) (4.62)
By (4.21),
(1462 Tx(L,0) (L(B,) — L(BY))
2

14 64)° Tr (X e
2 11~ KoL g e 1L = K51 + 1+ 302 T (18,15 - 1851°)

> 1 - X843 - (1 e o 57 ) 111 =Xy 8514113 + (1 + 802 Te(Sue) (18513 - 1871°)

464

= 0= BTy 0= Xy BT + (0 60 Te(Se) (18,13 = 18517) — (g 1= K830

Therefore,

(14 64)* Tr(X )
N

(L(B;) — L(BY))

(14 04)* Tr(Xe)
N

(1+64)2Tr(2e)
N

464
(1 —64)2

> PnLg, + 18, — B35 +2 (85,8, —B5) — Pylg:

J)

where we recall that

N
PuLs, = 3 3 (L= Yi{Xe B))). — (1Y (%0, 85)),)°

N
+ % Z (1 =Y (X5, 87)), (1= Yi(Xs, B5))y — (1= Yi(Xa, B3))) -

In this paragraph, we analyze an upper bound on the excess risk under the local Bernstein’s condition, that is,
Assumption 7.

o In this item, we study almost sparse vectors, i.e., when 3, € 3%+ (pBy ﬂr(p)E}l/QSg). In this case, we obtain
a non-trivial uniform lower bound c197%(p) for PynLg,. By the local Bernstein condition (4.10), together with

(4.59), for any B, € B85 + pBy N r(p)E}l/QS‘Qj, we have

dim(V. dim(V,
PyLg, > Lir*™(p) — <0257’2(P) % + C51Plgsr(p) lm(J))

N
> 172 () — O | 22U (i ().
Therefore,
842 Tr(X e
W) (15, — Liay)
2 Lir*™(p) — Cs dimT(V")(mlaj Vr(p)r(p) 4Tr(§‘”)r(p)\\\ﬁjlll - (14(5;4)2PN€ﬁ3 >0

if

) 2 (2P )T (e B ) T (e ) ). e

o In this item, we examine well-spread vectors, i.e., when 3, € 8% + (pSy N T(p)Z?,/QBQI). In this case, we will
dominate other terms in the empirical excess risk by establishing a non-trivial lower bound for ||3; — 3%|13.
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First, we establish that the response Y is in a “well-behaved” position relative to our function class {(-,3;) :
B, € V;}—thanks to the convexity of our function class. We begin by proving the following claim:

(=YX, 87)+, A=Y (X,8,)+ = (1 =Y (X, 87) )2y 20, VB, €V (4.64)

Such claims frequently appear in statistical learning theory to describe the geometric properties of a function
class relative to the response, specifically whether the oracle is in a well-positioned region, as discussed in
[ . Let r: B, € Vs = (1= (-, B,))+ € L*(u). Consider F : r € L*(u) — 3E[r?]. Then (DF)(rg,) :
r € L*(p) — (rgs,7)12(s), inducing a bounded linear functional on L?(u), see | ] for convex analysis over
Hilbert space. By definition, 37 is the minimizer of 8; € V; — Plg, = E[(1 -Y (X, 3,;))4] = 2F(rg,), which
is a convex functional, by | , Proposition 26.5], for any rg € L%(u), that is, for any 3, € V;, we have
<r5§,r —Tﬁ§>L2(H) > 0, that is, E[(1 - Y{(X,87))+ (1 -Y(X,08,))+ — (1 =Y (X, 8%))+)] > 0. As a consequence
of (4.64), we have:

(]— + 54)2 TI‘(EJc)

(L(B,) = L(BY))

I
2|~
Mzz

(1= Yi (X0, B))y — (1= Y (X0, B3),)" —E[ (1Y (X.8,), - (1Y (X.89),)’]

-
Il

+

=1IN
M=

(1 =Y (X5, 87)), (1= Yi (X, B,)) 4 — (1= Yi(X;,87)),)

=1
—2E[(1 - Y(X,B87)+((1 - Y(X,8,))+ — (1 = Y(X,87))+)]
2B - V(X B (- VX B)s — (1~ V(XA E [(1- Y (X.8,), — (1- ¥ (X,8),)°]
(1+64)? Tr(Xe) (14 84)2Tr(X ) 464
+ N N (1 06,)2
> LR 1, - 31 = r(o T (casrlo) v P )
Tr (X 5e)
N

* (12
18, —Bylly +2

(87,8, —87) — Pnig:

J

—4 r(PIBF Il — 8Cs504 Plas.

(4.65)

By (4.63), we have UHUHE) (L(8,) — (A7) > 0, if

p~ 1% (p) (4.66)
In summary, we have

. dm(V)\ T [ Te(Sge) e\ T [ =
e (e e ) R e |
/R,

and, p, ~ —————r

VTIr(Zse) ©

Now we find an upper bound for the excess risk. There exists an absolute constant Cso > 1 such that

LS ) (15,) - L)
(1 + 54)2 TI‘(EJc)
N

403564
=0, e

(4.67)
(P«

By — B

> (Py — P)ﬁléJ + PEBJ +

R AR

N

2
2

(1+04)? Tr(Xye) 403504

> Y — * — - — *
= P’C,BJ C527’*(P*) (PgﬁJ \ r*(p*)) 2 N T(P*)”WJ\H (1 — 54)2P€ﬁJ >0,
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if

(1+64)2Tr(3se)
N

N

Pﬁﬁ,, > Chary(ps«) (P£g§ Vre(pe)) + 2 T(P*)mﬁ?‘” + 803554P€g§.

By Young’s inequality, for any 1 < v < oo and ' be its conjugate index, ab < a7 /vy + b”f//v’ we obtain

1
A 2k —1 . 1 2k . K
<L1—1P€B} /d1m]$[VJ)) /dlmJSIVJ)PEB‘} _ L1172~2 (P£ﬁ§)72n231 (dlm]SIVJ))Ew{l '

2K

1 2
— b c m2—L im 13% c * 2rp =l im 2r2
L) |||ﬂJ|||) NETCAY P ) ”(T‘“E”nw) T (/) pg. )75

1
; . i 2k
( 84Plg ) 2\/@}%33 Swa L7 104Plgs + (\/@P%j)wgl.
( 2K9g

1
dim(vV,) \ 2" 7! Tz e X a2 dim (V. _2ra Tr(E e e ) 2720
[Pl /T '>) Ca) 35| Sy L7 (/B ppg. )25 | (Sv”nmm)

2kg

1
Te(S e "2 (s e) =55 [ Te(Sse) e\ 2
Lty Hnmm) T 8% = Ly (Sv”nwn)

2k
— Tr(X je _ Tr(X je * 2=l
: (Ll 164%;) T 185 | < Ly 64 Pl + (Wuwn)

2ko 2o
In particular, since L < 1, we obtain that L, *"2 V L~ w7 = L; *"* In summary,

2&2
szt ([ dim(Vy) S met Tr(EJc) R
PLy S L™ ( TPgﬁ,;)%z—l + Lt 1185l + Ly '64Plg: .

In summary,

Proposition 33. Grant Assumption 7 with constants L1 < 1 and kg > 1. On the random event Qciass(d4), we have:

dim(V;)\ 72 e (TS T
PL, <, (”) (o) (T ) ™ 4 6upts, ana

N
|=28, - 8], 5700,

where

- dim(V,) 72T Te (S e 751 ~ g
Te(pe) = <<L1 'Plg- ]\(f‘])> n (L1 T2y )|||,6J|||> T (L1 154Peﬁ§> ) (4.68)

In particular, we also establish a non-exact oracle inequality, that is, there exists an absolute constant C > 1 such
that

2
s dlm(VJ) o2 22 Tr(ZJC) N 2Ry —1
5, — (L+0)Plg, < L7 () B0 pyy ity pitn (T gy )77

Py

where §' = CLy"64.
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From the squared hinge excess risk to the 0-1 excess risk. The relationship between the 0-1 risk and

the risk associated with the squared hinge loss is given by the following Zhang-type inequality | |. Here, we

make use of the results from | , Theorem 3 and Table 1], Pﬁl{éo’l} < (PEéJ)l/ 2. The Zhang-type inequality
J

has undergone numerous improvements. For instance, | | demonstrated that under the Mammen-Tsybakov

noise/margin condition [ , ], the Zhang-type inequality can be refined.

According to | , Section 7.1, pp. 165], for the Gaussian Mixture classification Model, we have Pﬁg]’l} <
(PLBJ)%' However, in logistic models, if one only employs Zhang’s inequality, one can obtain at most a 2/3-rate of
convergence. This result was recently improved to the optimal rate through a breakthrough by | ]. We refer
readers to H. Chardon’s PhD thesis | ] for further details.

Lemma 25 ([ ], Proposition 7.1, Proposition 7.2 and Lemma 7.2). Let 8* € RP be a deterministic vector. Let

B = max{e, ||0*||2}. Let v be a binary random variable such that P(y = 1|¢) = o((0,¢)) where o is the sigmoid
function.

1. Let ¢ ~ N(0,1,) be a standard Gaussian random vector. Then for any u € SP= there holds P(y(¢,u) <
0) = P(v(¢, ex) < 0) < 3.2(16%[|a]|u — e.[3, where e = [|67(|5"0".

2. More generally, if ¢ is isotropic and sub-exponential with sub-exponential norm K. Suppose there exists an
absolute constant ¢ > 0 such that for all t > 0, P(|(e., X)| < t) < ct. Then for all uw € S, such that
|u— e.ll2 < 3, there holds P(v(¢,u) < 0) — P(v(¢, u*) < 0) < 10cK?[6"|2]juw — e.||2log?(|ju — e, |3 1).

Moreover, let @ € RP by a deterministic vector, suppose ||0|a > 1. Let H = ||0]|;%e. @ e, + 105 (I, — e. ®e.), and

let 0 <7 < 1. Then for any @ € R? such that |H/?(8 — 8)||y < ﬁr, there holds |||0]|56 — 1|61 10||2 < 1‘/;)37“

The connection between Lemma 25 and logistic model is as follows: we correspond ¢ to X71/2X ~ N (0,1,),

vy to Y, 6 to £V23, 0% to 222, 0 to ©/28%, and u to 2123, /%23, |2. Recall that 3% is parallel to
A~ 1p and ¥ = A, then & = ©~1/2y is parallel to 8. Since we have chosen V; = span(e,), it follows that

= [10]l5%1v,. Consequently, |[H/2(6 — 6)|l> = 25?8515 528, — B7)ll2 < rlI=Y B35 /%, provided we
take r = C33||21J/25*J||2_1r* (ps). From Lemma 25 we obtain:
(117) = B (Y(X.B,) < 0](X;, YO, ) - POY(X,85) <0 =Bl (68) <0) P06 ) <0
$1/23, $1/287, (4.69)
15128, ], 1512852

ol R

where we have used the fact that when V; = span(e*)7 (1.18) vanishes and where 7, (p,) is defined in (4.68). For the
case where ¥~1/2X follows a sub-exponential distribution, Lemma 25 shows that the estimation error of B differs
from the Gaussian case (4.69) by at most a logarithmic factor.

4.8.3 Price for Overfitting for classification problem
Proof of Proposition 15

In this subsection, the probability should be viewed as the condition probability on (X;,Y;)Y ;. We first prove the
following.

P (Yf(X) < 0) _Pp (YfJ(X) < 0)
= 2P (sign( (X)) # sign(f5(X)) and ¥ = sign(f5(X))) ~ B(sign(f(X)) # sign(5(X)))

We first consider the random event Qargin := {sign(f(X)) = sign(f;(X))}, which indicates that the margin of
fe is not large compared to the margin of f; and thus does not alter the sign of f (X). Consequently, we obtain

P(vf(x) <0) - ( f1(x) <0)
- ]P)(Qmmrgin)( ( (X)) 7& Y | Qmargm) - P(Slgn( AJ(X)) 7£ Y ‘ Qmwrgin))
+ P Q5 (X 75 Y ‘ Qmargm) - P(Slgn( AJ(X)) 7é Y | Qmargm))

margm )
- ]P Q5 (]P Slgl’l X) 7& Y | Qmargm) - P(Slgn(fJ(X)) 7& Y ‘ Qmargm))

margm

(4.70)
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On anargm, there exists exactly one among sign( f (X)) and sign( f 7(X)) that equals Y. Consequently, we have

P(sign(f(X)) = Y | Qargin) = PGign(f5(X)) # Y | Qyurgn), and similarly, P(sign(f(X)) # Y | Qpargin) =
P(sign(fs(X)) =Y | Qfyargin)- Since these two events are mutually exclusive, their conditional probabilities sum to
1, leading to the conclusion that

P(Slgl’l(f( )) 7& Y | Qmargm) - (Slgn(fJ(X)) 7é Y | Qmargm)
= P(Slgn(f]( Y’Qmargm - (Slgn(f(X Y}Qmargm - 2P(Slgl’1(f]( Y‘Qmargln -1

Hence (4.70) follows.

We provide an intuitive interpretation of the first term on the right-hand side of (4.70): the random event
involves in this term indicates that the prediction made by f; on a new data point (X,Y) is itself correct (i.e.,
Y = sign( f 7(X))), but the component f.e, which is supposed to be used for noise interpolation, has a large margin,
causing the overall predictor f to reverse the prediction and output an incorrect result. Therefore, the probability
of this random event quantifies the impact of noise interpolation by f 7e on the 0-1 classification risk.

Since analyzing the random event {sign(f(X)) # sign(f;(X)) and Y = sign(f;(X ))} is relatively intricate, we
directly consider an upper bound on the probability of the event {sign(f ( ) # 81gn( F7(X))}, which will serve as
an upper bound for (4.70). Since sign(f(X)) # sign(f;(X)) implies that \ch( )| > |f7(X)], it follows that we only
need to analyze an upper bound on the probability of the random event {|f<(X)| > |f;(X)|}. This is precisely the
conclusion claimed by Proposition 15, completing the proof.

Proof of Proposition 27

<BJ7ZIBJC> 1 <XHBJC>
A " . DY 5178, (a5 2B, L herefore, the ratio T Es
the Cauchy distribution whose probability density function is given by

follows

The correlation between (X, 3,) and (X,3,.) is given by TE

(2) 1 t
2)=—————
P (2 —5)2+t2’

where

L Tl P Do Y P o T | \/1_ (5125, 512802
15172821728 1.l 151728,z 1=28,0 VIS8, 131528013

Therefore, if we denote F' as the cumulant distribution function of p(z), then

P(X, B, > (X, B,)]) = 1 — (F(1) = F(=1)) = 1 — - (arctan (1;8) + arctan (1 j S)) .

We may also obtain an upper bound for it in terms of |£1/23, |2 and [|£/23,. 2. In that, by Cauchy’s inequality,
s < \\21/2,6] l2/11ZY28,|l2. When |z] < ||21/25] ll2/I12Y28,]l2 < 1, we have (z — s) +t2 (z — 5)% and hence

p(z) < }r = 5)2, which indicates that f1 2)dz < 717 -+ -. Similarly we obtain that f 2)dz < ;ﬁ As a result,
_ _p(— 2 1/2 =28,
1 (F(l) F( 1)) < T(1—s2) = Tr”E ﬁJ°H2H21/2BJH§_H211/2BJC”%'

Proof of Proposition 28: noise absorption in classification

Condition on Qpu class(04) N Qoracle, Where we recall that Qpn class(04) is defined in (1.22) and Qoracle is defined in
(4.60). Then

: : 1S5 12 Cas |2 lop N
SY2B[1 - X H < IS e 1/2HB]17X H < op H H " Plg..
H . < B 3] S P AW = XyByl+|. < (1 —62)/Tx(Ze) B
Now we use
=285 12 + Casr(Vy, Vie) <2

Y

* N2 sellop
(152285 |12 — Csar(Vy, Vie))? — Slelen _Cos pyg.
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provided by

N|[Ssellop _ (=287 ]l2 = Coar(Vy, Vie))? = 5 (12287 lla + Coar(Vy, Vi)
— C'S
Tr(E ) 24 Plgs

to conclude the proof. Here, the assumption r(Vy, V) < ﬁ(4||21/253||2 + 1 — /16| 21/28%]|2 + 1) ensures that

NiZsellor < () exists

such T (ye)

4.8.4 End of the proof of Theorem 11

The first part of Theorem 11 follows from the combination of Proposition 32 and Proposition 33. The second part
of Theorem 11 is obtained as follows: Lemma 28 verifies Assumption 7; Proposition 28, through (4.26), provides
an upper bound for (1.16); Lemma 27 shows that (1.18) equals zero; and (4.69), together with the first part of
Theorem 11, yields an upper bound on (1.17) for the logistic model. Finally, the classical Zhang’s inequality (see
[ , Section 7.1, pp. 165]), combined with the first part of Theorem 11, gives the upper bound on (1.17) for the
Gaussian mixture classification model.

4.9 Auxiliary lemmas

4.9.1 Proof of Lemma 23

Proof. Forany f € F, welet Zy = Ziil w; (f(X;) — E[f(X)]), then E[Z;] = 0. For any f,g € F, since f — g is
sub-Gaussian, there exists an absolute constant Cs3 depending only on 6, such that, for any A € R (see, for instance,
[ , Proposition 2.5.2]),

N
Eexp (MZf — Zy)) = Eexp lz Awg ((f — 9)(X3) —E[(f — g)(X)])]

i=1

N N
= TTEexp Paws ((F — 9)(X0) — E(F ~ )] < [Lexp [C5s 3202 1 — 2y
i=1 i=1
2 2 2
= exp (Csa\2 |wll3 1 = gl a(,y))
This implies that || Z; — Zg|ly, S |wll2|lf — gllz2(ux)- By generic chaining, see, for instance, | , Theorem 8.5.5]
or | , Section 2.4], there exists an absolute constant Cys depending only on 65 such that for any ¢ > 0, with

probability at least 1 — 2exp(—t?),

sup(|Zg| : f € F) < Cuz |wlly (v2(F, dr2(uy)) + tdiam(F, || - | n2(ux))) -

|
4.9.2 A lemma on the /, norm
Lemma 26. Let 1 < g < co. Then for any x and A,
-1
o+ A7 2 [l gl 200 + £ E (e, A)
This bound is sharp up to multiplicative constant.
Applying Lemma 26 with x = s and A =t — s for any s,t € R we have
_ -1
11— [s]9 = |s + (¢ — )|7 — [s|” > qs]s|* 7 (t = 5) + Lo Zay (||, £~ 5). (4.71)

q24
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4.9.3 Property of squared hinges loss

Lemma 27. Let f** € argmin(Ply : f € L*(pn)), where {y : (xz,y) € R? x {=1,1} — (1 — yf(x))2 is the squared
hinge loss. Then f**(-) = sign(2n(-) — 1).

Proof. Recall that the Bayes rule defined over the class of all measurable functions is given by sign(2n(x) — 1).
Denote f**(x) = argmin,cx(E[(1 — Yt)2|X = x]) be the oracle of squared hinge loss. Let R(t) = n(z)(1 —
)2 + (1 —n(z))(1 + t)2. When ¢t < —1, then R(t) = n(x)(1 — ¢)> has minimum 47y when ¢t = —1; when ¢ > 1,
R(t) = (1 —n(z))(1+t)? has minimum 4(1 —n) at t = 1; when —1 <t < 1, R(t) = n(z)(1 —t)* + (1 —n(x))(1+t)> =
n(z)(t? +1—2t) + (1 — n(x))(1 + t* + 2t), which has minimum at ¢ = 2n(x) — 1 € {t : —1 <t < 1}. Therefore,

[ (@) = sign(2n(x) —1).

Therefore, minimizing the squared hinge loss (in expectation) yields the Bayes classifier. |

4.9.4 Verification of the Local Bernstein Condition for Squared Hinge Loss

We verify the local Bernstein assumption, that is, the validity of Assumption 7. Although this condition is highly
general, we provide the verification only for the two examples (Gaussian Mixture Model and logistic model) mentioned
earlier.

Lemma 28. Let e* = A~ u/||A= |2 in gaussian mizture classification model and logistic model. There exists an
absolute constant § > 0 which depends only on the probability distribution function of (XY, e*) such that for r(p) < 4,
and Vj = span(e*), then for the Gaussian Mizture Model and the logistic model, Assumption 7 holds with parameters
ko = 1 and some L.

Proof. Since Plg, is a convex function of 3, there exists at least one a, € Ry such that 3% = a.e*, where
e* =A"'p/||A" p|lo. Define R: o € R+ Plye-, and let M = (XY, e*). Then R(a) = E(1 — aM)?.

Since M has a continuous probability distribution, both R'(a) and R’(«a) exist for any o € R. By the
monotone convergence theorem and the first-order optimality condition, we have R'(aw) = E [%(1 —aM )ﬂ =
E[-2M (1 — aM)1{i_am>01] = 0. Applying the monotone convergence theorem again, we obtain R’(a.) =
2E [M21{1_QM>0}} . Now, since M = (XY, e*) has unbounded support, there exists a measurable set {m # 0 :
1 — a,m > 0} with strictly positive probability measure (where the probability measure is px ® uy). Therefore,
R’(ax) > 0 and P(1 — a. M > 0) > 0. By the continuity of the probability distribution function of M, we know that
there exists e > 0 such that P(1 — o, M > 2¢) > 1P(1 — a,. M > 0). Moreover, since M < oo almost surely, there
exists B > 0 such that P(|M| < B) > 1— 1P(1 — a. M > 0). Therefore, the probability of the event E = {m € R :
1—a,m>2e}N{meR:|m| < B} is at least 1P(1 — a,. M > 0). Take § = 55. Then for all | — av,| < 8, for every
meE, 1—-—am=1—-am—(a—a,)m>2 —dm|>2 — ;5B > e > 0. Therefore, for any |a — a.| < 0, we have
R"(a) = E[M?1{1_am>0}] = E[M?15] > 0. By the mean value theorem for Taylor expansion, there exists @ € [a, o]
(or & € [aw, @) such that PLg, = R(a)—R(ow) > R"(a)(a—ay)? > E[M?1g](a—ay)?. On the other hand, we have
125285~ B3 = (a — )£/ %e* 3. Therefore, if (p)/|[Sy " |12 < 4, then for any 8, € B +r(p)%yS5.
we have PLg, > L|[2Y?(8, — BY)|3, where L, = E[M215]/|=}/%e*|3. Let w = A~'p = A~ pl|se*, then
X, = i (w, X)w, and £, = E[X,; ® X,] = ||(e*, X)[|2.e* @ e*, s0 |2}/ %e* || = [[(e*, X)]|. m

w3 (kx)

4.9.5 Proof of Lemma 19

We only treat the case 8%5. = 0. The case Xje ~ N(0,X ;) is analogous, only the constants differ. A direct
consequence of Qp reg(€1) is the establishment of the local Bernstein condition, Assumption 9. For any ¢ > 1, there
exists an absolute constant Cy; > 1 depending only on ¢ and e; such that

Elgly . Nl
(1+e)2d(RY2B0) ~ 20,0052 BY)

Ee[[lA[ENIE1X ] = (4.72)

Proof. Recall that for any 8; € 875 + T(p)Z}lmSé} N pKmodel, X7 (B — B7) —& ~ N (0, (0F +7%(p))In). As a
result, condition on Qpu reg(€1), there exists an absolute constant cog < 1 depending only on ¢ such that

2 a/2 2
Ex ¢ I/ (8, — B5) — €]I7 — Be | A7 = Ee |4 (Lﬁ*”> ~1) 2 enEe gl

2
O¢



126 Benign overfitting via FSD

By (4.72), we obtain that for any 3; € 875 + r(p)Z;l/ZSQI N pKmodel,

q —2
028N2 O'Z

— 42 p).
204104 (2 Y2 BY) )

PLp, =Ex, ¢ |l AXs (8, — B7) — €lll; — Ee [ A[E]llg =

4.9.6 Proof of Lemma 17

Let Xje ~ N(0,%c), and Xje = (2)jese. Then 5*(2!114235) = E|| X c|lqs. Moreover, the function t — ti/d
is concave on {t : t > 0}. By Jensen’s inequality for concave functions, E[| X .|, = E[S/¢] < (E[S])"/¢ with
S=3 e |z;]7". Now, since z; ~ N(0,0;), there exists an absolute constant Cs3; depending only on ¢ such that
E[S] = > ce Elz;|9 < C’g; djere 0;1//2. For the lower side, letting | X je| = (|2}])jese. Then [|[X ey = ||| X el
By Jensen’s inequality for convex function applied for |||, we have ||E|X je|||¢ < El|[| X se||lg = E|| X se|lqg. Moreover,

IE|X jellly = (ZjEJC(E|a:j|)q,)1/q' = \/g(zjeJc Uj//Q)l/q'. Therefore, the lower side of Lemma 17 holds with

2
Ci6 = \/;




Chapter 5

Generalizations of the Dvoretzky-Milman
Theorem for the || - ||,-Norm under a
General Probability Measure

5.1 Dvoretzky-Milman theorem for |-, norm under general probability
measure

Let N < p be two positive integers, Y € RP be a random vector, Y7, -+, Yy be i.i.d. copies of Y. Let A be a
p x p deterministic matrix and set X; = AY;. Let X = X(A) (resp. Y = Y(A)) be the N x p matrix with rows
X; (vesp. Y;), X = (X;(i))j<N,i<p, Where X;(i) is the i’th coordinate of X;. By ||lz||, = (3, |#:/?)'/? we denote
the £,-norm of a vector &. For ¢ > 1, define {,(A) = E||AG||,, where G is a standard Gaussian vector in R? and
dy(A) = sup(||Az|, : € BE). Set d.(A) = (£,(A)/d,(A))?. Let Log(z) = max{1,In(z)}.

Let us now assume that A = diag(o1,...,0,), so X;(i) = 0;Y;(i), ¢ > 1 is fixed. In this case

p
Cg(A) =B [oilg:l) 7 = eollolly, (5-1)

i=1

where ¢y depends only on ¢, and

p
(a(4) < (B Joil?]gil )4 = o, (5.2)
1=1
M
oreover, ,
lolle  ifg>2 (n”éﬁf‘“ ) if g =2
dq(A) = . and so  dy(A)~ T2 (5.3)
||0’||27q ifg<2 q (M) ifg<?2
2—q HUHZ%QQ

Assume also that the entries of Y are independent with mean zero and variance one, and satisfy E|Y;;|" < &", for
some r > max{2,q}. The constants C;, ¢; in this subsection will depend only on g, , k.

In this section, we prove the following theorem. Note: This g is conjugate to the ¢ in Theorem 3 from Chapter 1.
That is, the ¢ in Theorem 12 proved in this section should be regarded as the ¢’ in Theorem 3.

Theorem 12 ([P1]). Suppose Y is mean zero and is isotropic. Moreover, the entries of Y are independent with
mean 0 and variance 1. By Zy,--- ,Z, we denote the rows of Y’ (i.e., the matriz with columns Y1,--- , YN ), so
XTX = (0:(Z;,N));. There exist absolute constants 0 < k < 1 and 0 < 6 < 1 such that

P((Zi, )| > 0) >k forallxe Sy~ and i < p.
Then there exists an absolute constant ¢ > 0 such that the following holds.

1. If ¢ > 2, then there exists a constant ¢ > 0, such that with probability at least 1 — exp(—cd«(A)), for any
A e SYTUIXT Ay > ey (A), provided that N < cd.(A).
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2. If ¢ < 2, then there exists a constant ¢ > 0, such that with probability at least
1-— CLOg(pl/Q/d* (A))e—occd* (A)Q/Logze(pl/q/d*(A))v

for any XA € SY 71 IXTA||, > ¢l,(A), provided that N < #‘}/QM))'
Suppose A = diag(ay,--- ,0,), and the entries of Y satisfy E|Y;(i)|maxi42ah < gmax{d.2a} - Then the following hold.
If ¢ > 2 and N < d?(A), then there exist constants ¢ and C' such that

sSup ||XT)‘||q < ng(A)
Aesy—t

with probability at least 1 — 2=+ — Cd, (A)~(a=2/4,
If g <2, N <d?(A) and we additionally assume that ||Y;(i)||2g+e < K for some € > 0, then there exist constants
€0, ¢ and C such that
sup [|XT ||, < CLogp - £,(A)
resy !

with probability at least 1 — 2e~¢4=(A) — Cd, (A)~emin{ecol},

5.1.1 Upper bounds

Let us now assume that A = diag(oq,...,05), ¢
and variance one, and satisfy E|Y;(i)|m>{*24} <
only on ¢ and k.

Let us first provide upper estimates for the expectation of the operator norms of X' from £} to 8. We do it
separately for the cases ¢ > 2 and ¢ < 2.

> 1 is fixed, and the entries of Y are independent with mean zero
k0ax{42a} - The constants C,Cj, ¢; in this subsection will depend

Proposition 34. If g > 2, then there exists a constant C > 0 such that for every N < d.(A),
E[XT: ) — | < Cly(A).

Proof. Since ¢ > 2 and A = diag(o1,...,0p), dg(A) = [|o||oc Let Y;(i), for i < p and j < N, be the i-th
coordinate of Y; (the j-th copy of Y) and let X, (i) = 0;Y;(i), so X = (0;Y;(i))i<p j<n. By our assumptions

max{(E|Y; ()|") /%, (BIY; (1)*)'/21} < (BY; (@) C0 < k.

Thus, if N < d, < ( lolly )2, then [ , Corollary 13] and (5.1) yield

llolloo

E[XT: 5" = &) < Cr (o]l N2 + Kllolly + klloll2g N/ + K]lo]|2g N/ 2)
< Coly(A) 4 201 ko ||l2g N4,
Moreover, ||a||§g <lloll&llalld, so the AM-GM inequality implies that
2|0 llag N < lollg + llolloo N'/? < 2c5 1 44(A),

and the assertion follows. m

Proposition 35. If g < 2, then there exists a constant C > 0 such that for every N < d.(A),
E[XT: ¢} — | < C(Log N + (2 — q) Log p)£4(A).
Proof. Assume without the loss of generality that ||o]lcc = 1. Let kg be an integer to be fixed later,
Li={i<p: 27"t <oy <27%} fork=0,1,... ko — 1,

and
Iko = {Z S p: |(Ti| S 2_k0}.
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Define Ay, = diag((ail{iejk})i<p) and i.i.d. copies Xl(k)7 .. .X](\I,C) of X = A,Y, and let X;, be the N x p matrix
with rows X J(-k). Then X' = ],zO:O Xz, and the triangle inequality implies that
T. )N T. /)N
EIX": by — 8] < (ko + 1)0g}€a§0E||Xk sy — 0. (5.4)
Fix 0 < k < ko such that I # 0. Let (2/¢)* = 2/(2 — q) denote the Holder’s conjugate to 2/q € (1,2]. Then,
similarly as in the proof of Proposition 34, | , Corollary 13] yields that whenever N1/2 < W then

E|X : 65 — 60 < || diag((loil' =" sgn(o3))ier, ) : 5 — €| -EH(IUz‘Iq/QXj(i));egﬁr 6 = 6
1=

< Csll (1031 ™ )ier, Nl2q/2-q) <1S€uII;: 03| 2NY2 4 ||(|0]9?ier, ||2) (5.5)
< 327 k|1, 5 |”|”q + O3]l ]l4- (5.6)
If k < ko — 1, then 2
loll 2o = (3 Il #5) ™ = 2000 5, (57)
1€l

so it follows by (5.6) and (5.1) that
E|X;: 6 — 0] < 3Cs]lolly < Caby(A), (5.8)

provided that N < d,(A).
Iftk=ky= ﬂogQ(\/ﬁp%_%ﬂ, then (5.5) implies for every N,

E[[Xf,: 5" — €8] < Cs27*0p s NY/2 + Csloy < Ca(||oloo + [l0]lg) < Caly(A). (5.9)

Inequalities (5.4), (5.8), and (5.9) yield the assertion. [ |

Proposition 36. If ¢ > 2 and N < d?(A), then there exist constants ¢ and C such that

sup [|XTAllg < Cly(4)
xesy -

with probability at least 1 — 2e=°%=(4) — Cd, (A)~(a=2)/4,
If g <2, N <d?(A) and we additionally assume that ||Y;(i)||2g+e < K for some € > 0, then there exist constants
€0, ¢ and C such that
sup XAy < C'Logp-£,(A)
xesy—t

with probability at least 1 — 2e~c4=(A) — Cd, (A)~eminiecol,

Proof. Note that sup, g1 IXTAllg = IXT: &) — £2].
Let us first consider the case ¢ > 2. By | , Theorem 2| (applied with p := ¢, || - || being the operator norm
from £5 to €2, X; ;) = 0;Yj(i)e; @ ej, n = 1, and ¢ := ¥ defined as below) and Propoistion 34 we have for every
t>0,
Emaxi,j |UZY;(’L)|q

P(IXT: 6 — 2] > Csly(A) +1) < e /G 1 g . : (5.10)
where
¥? = sup sup Zaz st =max sup Za z; = ||o||A = d,(A)>.
56317* teBY i.j xqu «/2 q
Note that

E i q < ( i 2q Y 2q) qN1/2 Z.2q 1/2
max |o;Y; (i) Z|U| Y5 ()] K (Zi:\a\ )

< rd(A)3( Zi |0 192 = k9d, (A)2]|o |2 || 9/2.
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Thus, by taking t = €;(A) ~q ||o||4 (recall that ~ follows by (5.3)) we get the assertion in the case ¢ > 2.
In the case ¢ < 2 we proceed similarly, exploiting again | , Theorem 2] and Proposition 35 (instead of
Proposition 34) to get for every ¢ > 0,

E i Z.Y, I
]P,(”XT gé\f N [;ZH Z CS Logp Eq(A) +t) S e—t2/(322) + Cs max. \J ‘U ](Z)|

ta ’
Since (¢*/2)* = q/(2 — q),
2 _ 2 _ 2
== s ok ol = 44
If ¢ < 2, we may assume without loss of generality that € > 0 is small enough to provide that 2¢ +¢ < 5~.. Then

2q+¢€= Hﬂ (1 —0)q, where 8 = (g +¢€)(2 — q)/q* € (0,1). Hence, we may use Holder’s inequality to obtam that
q/(2q+¢€) /(2q+¢€)
Emax |o;Y;(3)|? < ( o;|?ate Y;( 2‘1"‘6) < gINY/(2a+e) 0| 2ate) /(2
il < (B I+ ) < (Sl

< Ao

o e
2q/(2—q)

2g+2e

_ 2g+2e¢
= R, ()1 g H g () B

whereas for ¢ = 2 we have

E P
Emax|01 ( )|q < I€2N2/(4+€) | |4+e 2/( 4+6) sz*(A)2/(4+e ||0||4+5 U|| e
¥
a 4/ (2a+e) || |0 B 2q+42¢
= rd.(A) llollq dg(A)Fere .
We finish by taking t = ¢,(A) as before. _

5.1.2 Reduction from the identity to an arbitrary diagonal covariance matrix

The next proposition shows that in order to have a lower bound up to logarithmic terms it suffices to consider the
case when A = diag(o1,...,0,) with o; € {—1,0,1}; this corresponds to X being a projection of an isotropic vector
into some coordinate subspace. The constants ¢, C, ¢;, C; in this section depend only on gq.

Proposition 37. Let p > N be integers, ¢ > 1, Y be an isotropic random vector in RP and «, 3,v,0 > 0. Assume
that for any nonempty I C [p] and any n; € {—1,1}, i = 1,...,p, with probability at least 1 — 2e~ (A, D)’ for
every A € Sévfl

IX(A(n, 1)) "Ml = BEq(Aln, 1)),
provided that N < vd.(A(n, 1)), where A(n,I) = diag((nilgery)i<p). Then there exist constants ¢,C > 0, such that
for every o € RP\ {0} with probability at least 1 — C Log(p/9/d. (A))e*aCd*(A)e/Log%(”l/q/d*(“‘)) for every A € Sév_l,

IX(A) T Allg > eBly(4),

cydy (A)

pT’O'U'L’d@d that N S m,

where A = diag(o1,...,0p).

Proof. Assume without the loss of generality that ||o||cc = 1 if ¢ > 2 and ||U||% =11if ¢ < 2. In both cases
o]loo < 1. Let D = [|o|y ~ £4(A) = \/d.(A), ko = [log,(4p'/?/D)] and, as in the proof of Proposition 35, let

Li={i<p: 27"V <oy <27%} fork=0,1,... ko — 1.

and
Iy = {Z <p: |01| < 2_k0}v

We consider two cases.
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Case I: ¢ <2
Let
{k:e{OI 1}3: Y o7 > 2%}
= [ P () — = 5 .
= 64kg’
Note that

2 ey R DRy
X Xrs X (X)X ST

k€lko—1\K i€l k€ko—1\K €I}

Moreover, if k < ko — 1, then inequality (5.7) shows that |I,| =" < ||a||q Qq(k“) S0

1/
> Ye) < (5.11)
ke[ko—1]\K i€l
Since ko = [log,(4p'/9/D)],
a
D Lol < [Ty [27F00 < p2hot < %
i€k,

which together with (5.11) shows that
1(0)ieU, e 1 lla = D/2,
so it suffices to prove that for every k € K with probability at least 1 — 2e=c1aD*"/k3" for every A € Sévfl,
I Projy, (X(A) ™M) = B||(0i)ien I, (5.12)
provided that N < ¢;vD?/kZ. Since every entry of the vector (o;);cz, is comparable to its £, norm,

. ing((oen) ~ (odende )* (IBLENE_

(0i)ien. |l 2o |1 =

Thus, the inequality (5.12) follows by the assumption, with probability at least 1 — 2e—2allkl” and provided that
N < coy|Ii|. Therefore, it suffices to show that |I| > c3D?/k2 whenever k € K.
By the definition of K and I we have for every k € K,

D2272k
He272F > ) of > ———,
; 64k

so indeed |Iyx| > c3D?/k3.

Case II: ¢ > 2

This case is similar to the previous one, so we omit some details. Let
D12~ ka
K = {ke (0,1, ko —1}: > Joy|? >

i€l

Then

Di2ka _ ps
>, X el < Z <

ke[ko—1]\K i€l =
and since ko = [log,(4p'/9/D)],

_ D1
>t <p2t <
iGIko

so as in the Case I it suffices to provide (5.12) whenever k € K, with appropriate probability and the upper bound
for N. This again boils down to proving that for any k € K,

" T )i
e1D < /@ (@ing((oien)) ~ Woietilla \piva
()i s

The inequality c¢sD < |I|'/? follows by the definitions of K and I, as before in Case I. ]
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5.1.3 Lower bounds in the independent case using selector processes

Let us now assume that A = diag(o1,...,0,) and the entries of ¥ are independent with mean 0 and variance
1. By Zi,...,Z, we denote the rows of Y' (i.e., the matrix with columns Yi,...Yy), so X' X = (0:(Zi, A))i,

and d, = ( lolq )2. By Paley-Zygmund’s inequality, c.f., | , Lemma 5.1] together with the norm equivalent

llolloo

assumption, there exist absolute constants 0 < x < 1 and 0 < 6 < 1 such that

P(|(Zi,\)| > 0) >k  forall Ae SY~'and i <p. (5.13)

The constants below depend only on x and 6.

Proposition 38. There exists a constant ¢ > 0, such that when N < ccﬁ/2

2exp(—cd?/?), for any A € SYL, XA, > cllol,.

, then with probability at least 1 —

The assumption (5.13) is referred to as the small-ball assumption. The small-ball method is similar to the e-net
argument in that both require a single-scale approximation on an index set, and then extend this approximation
to the whole index set via a union bound. The difference from the e-net argument is that the small-ball method
does not require an upper bound on the f5 — ¢, operator norm of XT, but instead relies on upper bounds for the
corresponding selector process, which in many cases only require mild moment assumptions.

Proof. We aim to prove the following fact: there exist a constant 0 < ¢ < 1 and a high-probability event g
(more precisely, such that P(Qp) > 1 — 26_6113/2) such that, on this event, for every A € SY¥ ™! there exists a set of
indices Jx C {1,...,p} satisfying

p
IXTANE =D loal U Ze, N1 = D ol Zi, X)|* = ) Joul” = o2

=1 i€Jx i€Jx

This requires a single-scale approximation of the index set Sév ~1. We separate the rest of the proof into three steps.

Step 1. A union bound.

Let € € (0,1) to be determined later (in Step 3). Take an e-net V. C S5 ! of cardinality not exceeding (1 + 2/¢)™.
For every X € SY ™! let mX € V. be such that ||[7A — Al|z < e. Fix A € SY ™! and define n; = L{1(z, 2 |>6}, that is,
n; = 1if [(Z;, A)| > 0 and n; = 0 otherwise. Let I = {i <p: n; =1} = {i < p: |{(Z;, A)| > 0}. By assumption (5.13)
En; > . Moreover, |o;]9|n; — En;| < |o3]? < |lo||4 and E[o|* (1; — En;)?] = |o3[? Var(n;) < |oy[*2.

Applying Bernstein’s inequality | , Theorem 2.8.2] for the sum of independent variables of(n; — En;) we
obtain that

P[> loil (o — En)| 2 2nllols) <2 ( Lol )
o "My — 1L _*HD')_eXp— 5 .
-1 ! 2)lollzg + sxllelElallg
Moreover, 3, |oi? = 0 |ou|®n; > wl|ol|2 + 0, |oa[?(n: — Ens), |loll2 < llo]|%[lolg, and & < 1, so for every
Ae st
1 Rl K?
19 > = q _ _ v le ) g R~ 5q/2
P(Zm > 2fellaq> >1 26Xp( o] =1-2exp ( —5d"7 ). (5.14)
i€l
Let

1
0= {VA eVe Z |oi|? > 2’*”"”3} :

IS BN

Recall that [V2| < (1 + 2/e)N < e2V/¢. Therefore, under the assumption d?/ 2’;—; > 2N, we get by the union bound
and (5.14) that P(Qy) > 1 — 2exp (—’;—;cﬁ/z).



5.1. D-M THEOREM FOR || - ||,-NORM UNDER GENERAL PROBABILITY MEASURE 133

Step 2. Using selector process.

Let €1, ,&p be i.i.d. Rademacher random variables independent of other variables, and for A € Sév_l, let ux(-) =
L{j(a—mA,)|>6/2}- Then ux(s) < %\()\ — 7). Let ¢ = ¢(Zh,---,2Zp) = msup{Zle loi|Tux(Z;): A € Sév_l}.
The symmetrization together with contraction principle [ , Theorem 6.7.1] (applied conditionally) implies

1
E¢=——=F sup Z|01| Lijia—na,z:)> 91
lollg xesy i

< m sup Z|0’| ( {|<w,Zi>\>%}_El{\(m,zi)\>g}>

mEeSN B

1
+ o7 Sup Z|"z| EL@,201>4)

o711 geesy—

2
= ol Z'“Z' eilij(@.z)1>4) t gigm@  SUP Zlozl El(z, Z))|

q :z:EGS H ||q mEeSN i

4
< Jligal sup Z\m\ ez, Zi) + sup. Z|0z| (El(z, Z;)|*)'/?
lolls peesy— Ololla pesy

28

Since Z; are independent and have independent entries with second moment equal to 1, E| Ef:151|al|qZ I

71 loi*E)| Zi|3 = Nllo|l3d. Thus, BI| Y, eiloil?Zills < Vo |&2[lolli®. As a resuls, E[g] < 4\ /2 + % <
7, provided that d’i/z > N.
Notice that for any A € SN =1 any z;, 2/ € RN and |ux(2;) — ua(2})| < 1, so for any 21, -+, 2i_1, Zis1, 2,
/ ‘O—ilq
|¢(Z1, T Ri1 2 Bid ’ZP) - ¢(Z17 Ty Ri—1, %4, Zitly 7ZP)| = HU'Hq
q
Therefore, by McDiarmid’s inequality | , Theorem 2.9.1], for any ¢ > 0,
212 2t2

P(¢—E[g] > t) <exp < o | SEP | T omierr | = exP (-2752623/2) -

i— 2
=1 HC"qu

By putting t = & we get that ¢ < 75 with probability at least 1 — exp(— 29%20?3/2)_ Hence, if we denote By = {1 <
i<p:|(A—7X Z)| < 3603, B/\f{l 2,...,p}\ Ba, and

S

92:{\7,\655“1 qu—fs

q 7€B(‘
then we get P(Q2) > 1 — eXp(—Qe%ng/z) provided that d/% > N.

Step 3. The sets Jy

Let € = 2%/@ We work on Qg = Q3 N Qs, whose probability is not smaller than 1 — 9e—c1di’? provided that
N < Cde/ (where ¢; and ¢y depend only on 0 and k). For every A € S’évfl let Jx = I.x N Byx. Then I,y =

(Iﬂ-)\ﬂB)\)U(Iﬂ—)\mBC) J)\U(Tr)\mB )

K K
Stz Xttt = Y ol > (5 - 5 ) ol = Slol

1€Jx i€l IEBC



134 Dvoretzky-Milman for general probability measures

Thus, by the definitions of the sets I;x and By we know that on the set 2, N s, for every A € Sév_l,

1/4q 1/q
XA = (X fololze 1) (Zw (Zi,eN) = (3 1ol Z A - N)I7)
1€ 1€Jx i€Jx
1/q /q /¢ gl/49
>0 o) (S hel) = L (S hel) = ey

i€ i€Jx i€Jx
As a result,

P(vac S~ XA > —n 14) = P( N 0) > 1 - 2e748”,
provided that N < Cde/ 2 [ |

If ¢ > 2, then (5.3) implies that JZ/Q > d.(A) for some constant ¢ depending only on ¢. Unfortunately, if ¢ < 2,
then JZ/Q < Cd.(A), since

p p
— 2 —
S o220 < /20 Y ol
i=1 i=1

and d%? may be of smaller order than d,(A) (for example if o; = i(4=2/29). However, if A = Id,,, then d? = p ~
d.(A). Hence, Propositions 38 and 37, yield the following.

Corollary 7. If ¢ > 2, then there exists a constant ¢ > 0, such that with probability at least 1 — exp(—cdy(A)), for
any X € Sy IXT |, > cfy(A), provided that N < cd, (A).
If g < 2, then there exists a constant ¢ > 0, such that with probability at least 1—C Log(pl/q/d*(A))e_o‘Cd*(A)e/ Logze(pl/q/d*(A)),

_ . cydy (A
for any XA € SN IXTA||, > ¢ly(A), provided that N < Wq(/d)*(fl))'

5.2 Proof of Theorem 4

Proof. We prove Theorem 4, and for the sake of generality, we replace the covariance matrix by X, that is,
Y =E[¢(X)® ¢(X)]. For some 2 < p <2+, let

B = sup (B [(¢(X), fal” : £l =1)- (5.15)

Since we have Lo, . — Ly norm equivalence of marginals (recall (1.27)), B < &? HZH%?. To obtain a high-probability
upper bound for Equation (1.30), we first use a one-scale net argument. Set V,, = {7r/\ NS SN_I} to be an €p-net
of S3'~1 so that for all A € SN ™!, ||mA — All, < o and |V | < (5/¢)". Unlike the situation in [4], the choice of

€0 here does not affect the probablhty deviation because we will use a different discretization procedure to control
[, V7, «(which will be defined later) uniformly on Sév ~1 which does not depend on €. Therefore, one may choose
an ¢ as small as possible(say, 1/10) to compensate for absolute constants at the end of the proof.

It follows from the triangle inequality that for every A € S5 Nt

| AN, _1| _ [IAQ=mNE | JAENIE | 2AR TN AT,y
(¢)? (¢)? (¢)? (¢)?
JAA =m0, | IAGENIG, ] |2(AQ =70, ATy,
(¢)? (¢)? (¢)?
and so, from the Cauchy-Schwarz inequality,
A 2
%—1 <O+ U420/ U2+ 1
xesyt ()

where ) )

AXN—T7A A
o2 = sup [A( 7; M3 and U2 — AT I3 a1l

(e)?
Thus, we only need to bound ® and ¥ from above. To that end, we start with a decoupling argument to deal
with the cross terms.

Aes) 1 () Aes) 1
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A decoupling argument Let (7;)1<i<n be N iid. selectors (i.e. P(n; = 0) = P(n; = 1) = 1/2) and define
I,:={1<i<N:mn =1} ForallueRY and I C [N], we also define

VI,u = % <<Z u1¢(X1)> ’ Z u]¢(XJ) >
(E*) i€l JEI®

H
For every u € BY, a decoupling technique (see for instance Chapter 6 of | ]) leads to the following result
[Aul3, l[¢(X ||H ; i), (X))
- 7t — Jr ulu - v st
(6*)2 ; [* ; ‘7 *)2

= Z lot g*)HH L+ Z E 4771 771)“1“1 <¢(Xzz7¢(2XJ)>H

=1 3,7=1

_ Zl l[¢( g*HH iy (;) En< ZUi(b(Xi) , Z.uqu(Xj) >
N
= Z W +4E77V1mu’ (516)

where |E;, is the expectation with respect to (1;);cn) conditionally on all other random variables. With the decoupling
technique, we are going to estimate ®2 and ¥? from above. We start with ¥? and get

AN
W2 — sup M —1| < sup H(b( )2HH (71_)\)12 —1|+4 sup |E77VI77,7T)\}
Aesy-| o (0%) resf i () Aesy !
< [¢(X )H?—[ —1|+4 sup [E,Vi,nal- (5.17)
1<¢<N (g*) AesN 1 "

e next have = su -7 TAE ) < (e where is the operator norm
We next have @2 = sup (AN = 7A) 5, / (€)% : A € S371) < (e0/£%)? | AI13,, where [[All, is the op

of A: (RN, 03) — (H,]||l5), thus it remains to prove a high probability upper bound on |Allop- From (5.16) we
know that

All2
” ”"p < ma LSS )”” +4 sup E,Vi, . (5.18)
() e (o) lially=1
As a result,
462 2 (X013
P2 < —% sup |4 T <4e2 [ max = 44 sup E Vi, o | - 5.19
o Al < 4k | ma FETSE 4 s By (5.19)
Therefore, we only need to find a high probability upper bound on |E, V7, o| uniformly for all w in V;,, and V.
In contrast to the method employed in [P4], we immediately derive this upper bound umformly over B . This will
result in €y being a free parameter, as we will show at the end of the proof ((5.27) holds on S5’ !, instead of V,,).
To achieve this, we adapt | ’s argument. We recall that Theorem 4 contains two aspects:

1. when Tr(X) is the dominating term in A + Tr(%),
2. when A is dominating.
In case [1], we need not only the upper bound of sup (HXT/\HH T AE Sév_l) , but also the lower bound for
inf (|XTAlL, : Ae Sy,

However, in case [2], we only need the upper bound for sup (||XT)\||H T AE Sévfl). This will be clear in Section 5.2.
We first introduce some notation.
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For all I,J C [N] and ¢ € [N], let Sy be the unit sphere in Euclidean norm of R”(see as a subspace of RY
endowed by the canonical vectors indexed by J), and let

S ={ eS8y : N =0,VieI} and S{,:={AeS]: |[{iel: N\ #0} <(}.

For the sake of simplicity, we let SV := S } and SI 0= y\g] For each k < N and I,C C [N], we denote

jerenc

g(k,C,I) :=sup < Xi), Z uj¢(Xj)> , U,V € S[Zxﬂ’k , and
ieINC H (520)
g(N g(k, [N], 1

Further, for any vector u € RY, and any i < N, we set

N
Wi = <¢(Xz’)7 Zuj¢(Xj)> ; (5.21)
J=1 H

and for some J C [N], we denote (|Wy, ;|); as the j-th largest absolute value of the coordinates of (W, ;)jes. Given
1<k <N andI CI[N], we define

M = max (

> hio(x

el

) /\ESf\fk> , and My = My k-
H

In particular, HAHOp = My, and by the decoupling argument again, see (5.18)
M2, < max (||¢( D2 1<i< N) +4(0)? sup (B Vy, o0 : we SYY) (5.22)

Once (5.22) has been obtained, the next step is to derive an upper bound for the supremum of ‘E,,VI”,U| over
all u € Sévfl in relation to Mpy. The purpose of the remaining part of the proof will be to establish this point. In
order to accomplish this, we begin with

4(0%)? sup (|EqVi, |t w e Sév_l)

4 sup En< Zuiqﬁ(XZ-) , Zuqu(Xj) > cue Sy

icl, JEIE "y

(5.23)

%Sup > <Zui¢<Xi)v > Uj¢(Xj)> rue Sy
H

IC[N] iel jeIe

4
<onw 2 9(V.),

IC[N]

where the last step is via Jensen’s inequality and by the fact that optimizing over (v,u) € S[JX,] e X S’[]X,] . leads to a
larger supreme.

A sparsifying argument We begin by the sparsifying lemma for g (N,C, I).

Lemma 29. Let 0 < ¢ < 1, k > 12/e?, 4 < m < k, and let I,C C [N]. There then exists an absolute constant
Cs4 > 0 such that

g(k7C7I) < g(mvcaj) + 2054572 max (|<¢(Xz)a ¢(Xj)>7-[| i %] € C)

+ C54\/E€_2 (sup (|Wy’pmc\’fm/4j t Y € S%C,ak) (5.24)

+ sup (|Wz,mc|>[m/4j P zE S%mc,%) )
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As mentioned in [ |, when compared to the findings of | ], this method of sparsifying yields a lower
cardinality when combined with the subsequent discretization argument. This gives rise to a broad condition about
the tail of kernel features (from Liog v — L2 to Loyc — Lo).

The next lemma is a combination of | , Lemma 13] and | , Lemma 4]:

Lemma 30. Let0 < p<1,7,h,p,q € Nandr > 2, let V, be a support-preserving Euclidean p-net of S[qq] n- Further,
let T be a p x ¢ matriz. Then

r

Z (|Tu\:)2 cu € S[quh

i=1

4p
—= sup

) VG

sup (|Tu|: fu € Sﬁz]ﬁ) < 2sup (|TU|Tr/2J cveV,

Here, the support-preserving Euclidean p-net means that V), is a p-net, such that for all x € SE’q] o there existsy €'V,
with supp(y) C supp(x) and ||l —yll, < p. By /[ , Lemma 4], there exists Css > 0 and V, C Sﬁz] . such that
[V,| < (Cs5q/ph)", and V,, is a support-preserving Euclidean p-Net of S[({z] b

A dimension reduction argument Combining Lemma 29 and Lemma 30 with an induction argument, we obtain
the following proposition, as a deterministic argument. Compared to | , Proposition 14], we remove the condition
N > 128Cs4e—2k. This assumption N > 128Cs4e 2k prevents us from being in the Dvoretzky-Milman regime,
because when N = k, we need ¢ sufficiently large, however, Proposition 40 needs ¢ to be sufficiently small. Removing
this assumption is possible because we are going to choose k = N in Proposition 40, which keeps 128C54k/(¢2N) as
a constant in the proof.

Proposition 39. Let I,C C [N], and let 0 < e < 1/3 and k > 24/e* V N. Denote t := |log, (¢k/24)] and define
kj:=|k/27], 0 < j <t. There are then subsets V; C S{’Ekj and V; C SIS’E,C], for all 0 < j <t —1 such that for the
absolute constants from Lemma 29 and Lemma 30,

o Vil V]| € (C55N/ek;)*" for all0 < j<t—1.
e We have

128054k
e2N

128C1 k =

1 — *

+ 26546Xp< N )s 2 EO\/kJ(sup <|WuvIC|Lk,-+1/16J tu € V})
i=

gk, I) < exp ( > (48 4+ 2C54 log, (k)) 2 1rnzemx(|<(,zﬁ(Xi)7 ¢(Xj)>7-t| 1A € C)

+ sup <|Wv,1r|a[,€j+1/16J tve€ V]') )

Proof. First, we let j < t and consider the quantity g(k;,C,I). By Lemma 29, for k = k; and m = kj;1 (where
we have k; > 12/e% and ki1 >4),

g(kjacal) < g(kj+17CaI)+20545_2max(|<¢(Xi)7¢(Xj)>’H‘ : Z#] Ec)

+ 054\/ kjE_z (Sup (|Wy7[cmc|>[kj+1/4j Ly e S%C,Ekj)

+ sup <|Wz,IﬂC|Tkj+l/4J tz € S}inc,skj) >
We first find upper bounds for
* N
sup (‘Wy,lcﬂC“ijMJ LY S SIQC,Ek_j) s and
sup (\Wz,mchjﬂ/ﬂ S S%ﬁC,EIﬂ) .

We only obtain the former, as the latter follows from the same ideas.
From the definition of y € S%c,skj we know that y is supported on I NC. By the definition of W (see (5.21)),

Wy renc = (<¢(Xi), ZjeIﬂC yj¢(Xj)>H)iEICﬂC. Therefore, taking supreme over S%c,skj is equivalent to taking it

Inc
over y € 510 -
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Apply Lemma 30 with r = |kj41/4], p = kj/N, h = |ek;], and matrix T' = ((¢(X;), QS(XJ-))H)“ for (i,7) €
((I°NC) x (INC)), thenTy = (<¢(Xi), Y jerne yj¢(Xj)>'H> = Wy 1enc and thus there exists V; ¢ SI0S _, C
iel<nC R
S }V ek which is a support-preserving k;/N-net of cardinality at most

( C55|Iﬂc‘ )Ekj < <C¢55>€kj (N)Qakj - (055N>28k‘j
((kj/N)ekj) ) =\ kj T\ gk

since we can choose Cs5 > 1V g, such that

sup <|Wy~,1“mc|tkj+1/4j RS Sfr\r]wc,skj) < 2sup (|Wu,fcﬂc|>[|_kj+1/4j/2j Tue V}‘)

Lkj+1/4]
4k;/N 2
—2__sup g (IWy,rencl;)” : y € S%C,Ekj
[kj+1/4] i=1

4kj/N
NIy

where we have used kj+1/4 < kj;1 and the fact that for any u € RY and ¢ € [N],

< 2sup (|W"!IC|Iij+1/4J/2J : uEVJ) + (kj+1,C, 1),

sup <Zuzvl KNS Sf’z

iel
The analysis for sup (|Wz,IﬂC|>[m/4J 1z € S%ﬁC,ek) is similar. We obtain

32054]€j
e2N

+ 2054\/k‘j5_2 (sup (‘Wu’lcwkj-u/lGJ NS ‘/j) —+ sup <|W1’71|*[kj+1/16j NS V’]’)) .

Notice that for any ¢ < t,
¢ t

32054k, 32054k, 32054k, 128C54k
I (1 257 ) <TT (1 250 <om | 250 | oo (P537)

By induction over 0 < j < t, we obtain

128C54k
exp _782]\[

g(kj,C,I) < (1+ )g(kj+1,C,I)—|—20545_2max(‘((/)(Xi),qS(Xj))H‘ i F£ g GC)

) g(k,C, 1) < g(kt,C, 1) 4 20546~ logy (k) max (|(¢(Xs), ¢(X;)) 5| 1 i # 5 €C)
t—1

+ 205472 Z \/E (sup (|Wuvlc|>[kj+1/16j Cu € VJ) + sup (|V[/,,J|>[kj+l/16J = VJ’)) )
j=0

Finally, we bound g(k,C,I) from above:

N
g(ke,C. 1) < sup [ Y [z (6(Xa), 6(X)))y| - ¥ € Sihc s 2 € Shnc

ij=1
N
< max ([(¢(Xy), ¢(X;))yy| i #j €C)sup Z izt Y € SThek 2 € STenc.k,
ij=1

max ([(9(Xi), ¢(X))y| 1 i # 5 €C) ke
48 max (|(¢(X), ¢(X;))y|: i #7€C).

IN
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Stochastic arguments We next introduce the randomness of ¢(X). We will see in the next proposition that
choosing k = N does not destroy the proof, but leads to a larger constant compared with | , Proposition 15].

Proposition 40. For the absolute constant Csy from Lemma 29 and Css from Lemma 30, there are sufficiently
large universal constants Csg = (12055/53)36/E for e < 1/256 , Cs7 and Csg depending on p such that: Suppose

N > (12055/53)6C;6€/6 V exp (48/Cs4), let I C [N]. With probability at least 1 — Cs7 /N3, for all C C [N],
g(N,C, 1) < Csglogy(N) max (|(¢(X;), ¢(X;)),,| : i # j € C) + CssBYPVNMy.

Proof. Let t = |log, (¢?N/24)] and k; = [N/27] for each j € {0,1,---,t}. Fix j € {0,1,---,t — 1}, we
study the term sup (|Wu»1“|tkj+1/1ﬁj U € V]) appearing by Proposition 39 for kK = N. In the whole proof below

k = N, in particular, k; = [N/27], j =0, ,t and t = |log, (¢2N/24)|. At this time, 48 < Cs4log,(NN). For each
u € Vj, condition on (X;)icr, ((¢(X;), > ic; ui¢(Xi)>H)jeIC = (Wu,j) e e are i.i.d. random variables. Recalling the
definition of B, see (5.15), the conditional expectation of |W,, ;|” given (X;);cs satisfies

Z Ui¢(X

el

p
< BMZ,.
H

E [|[Wu ;" |(Xi)ier] < B

Let u € V;(in particular, supp(u) C I). Condition on (X;)icr, B [[Wa |/ ||> e wid(X
0 =32eB (N/kj11) "%,
(Xi)iel>

< Wty 12 /16
=P (EIJ C I¢ |J| > |kj+1/16], such that Vj € J,

szeluqu H?—L
> 75
[Sermo(Xol, ~ "
1¢| ) p (W, _
: (Ufj+1/16J ( (HE:‘EI “i¢(Xi)HH -

Lkj+1/16]
(Xi)iel>>
e |IC| lkj+1/16] B Lkjt1/16]
< T+ 72 —
B (Ufjﬂ/mJ) (Tf)

. Lkj+1/16] k;
(1 (i 256¢ _ (ki dek.
-\ N N -~ \UN ’

Hence, conditionally on (X;);cr, with probability at least 1 — (kj41/N)*ki,

Zui(i)(X )

i€l

HH| i) zel] < B. For

(W51

(Xi)iel>

‘Wu,lcwk < i Mn.

H

j+1/16] ST

Therefore, by Fubini’s theorem, with probability at least 1 — (k;41/N)*<Fi, \Wu’p“k ./16) < 7M. Taking the
union bound over all u € V(note that the cardinality of V; is given in Proposition 39) and using k;+1 < kj,

ki CssN - ki Css >
o) * . . . ] . — J . —_—
(o (Wl wew) 20) = (S )= ()

Since t + tlog (eN/t) is increasing on {t: 0 <t < N} and k; > 12/¢2, we have for all j = 0,--- ,t — 1,
eN eN eN 12 eN
2ek; lo 2¢ek;log | =—— | > 2ekilog | —— | > 25—10 — s |,
7% <Cs5kj+1> - 7% <055’€j> = TEs (055’%) . (%55)

= %lo N > lo N
- e & 12055 & 056

V




140 Dvoretzky-Milman for general probability measures

when (53N/12C'55)24/E > N%1/Csq, ie., N > (12C55/£3)5 - 0565/6. The polynomial rate can therefore balance the

union bound over j € {0,1,--- ¢t — 1}, which is a logarithmic rate with respect to N. With probability at least
17C57/N3, for all j € {0,1,--- ¢t — 1},

N )p_1(1+2568)

* } _ 1/
Supb (qu"IC|LkJ+1/16J Pue Vj) < (32¢B)F My (kj-i-l

Finally, notice that

t—1 t—1
S VErsu (IWareliy, gy w € V;) < (32eB) /My VN Y 27/ 26e0/03/2,
j=0 §=0

14+256¢

There exists an absolute constant Csg such that Zé;é 2P =2)) < (O for 1/2 > (1 + 256¢)/p. We finish the
proof of Proposition 40 by applying Proposition 39. [ |

Case [1]: when Tr(X) is dominating.

In this case, we apply all the aforementioned results (Proposition 40, Proposition 39 and Lemma 29) to C = [N].
Let us now apply Proposition 40,

E[{1 V] gV, 1) > Crsloga(N) max ([{9(X0), 6(X;))yy| i # 5 € [N]) + Css B/PVN My }|
2N
S Fa

so with probability at least 1 — 1/N?, there are at most 2" /N subsets I C [N], such that
g(N, 1) > Csglogy(N) max (|(¢(X;), ¢(X;)),| : i # j € [N]) + CssBY/PV/NMy. (5.25)
For these 2V /N “spiky” subsets, we simply use a deterministic argument: for all I C [N], we have
g(N, I) < Nmax ([(¢(X:), ¢(X;))y| - i # 7 € [N]) .
As a consequence, if we denote by Z the set of all subsets I C [N] satisfying (5.25), with probability at least 1 —1/N2,

9N, D) =D g(N,I)+> g(N,I)

ICIN] I€T I¢T
< 20552 logy (N) max ([((X;), d(X;))y,| i # € [N]) + 2V Css BYPV N My, (5.26)

We are left with an upper bound that has a high probability of max (|(¢(X;), ¢(X;)),,|: i #j € [N]). We
emphasize again that we do not use the sample coloring technique developed by | ], but instead, we use the
strong concentration of [(¢(X;), ¢(X;)),,| to absorb this log N factor, because of (1.28).

Upper bound for max (|(¢(X;), ¢(X;)),|: i #j€[N]) Letp=2+e
For any i # j € [N],

p/2

E[(6(X), 6(X;) | = E [E[[(6(X) 6(X;)y " 1] < w7 (B [{0(X), 6(X,)) ")
= 17 (B g 100 (X0, X)) = w7 (Tr (52))77,
where we used (1.27) to obtain the inequality. By union bound, for any 7 > 0,

P (max ((60X), 90Xy 5 75 € [N]) > ) < 2 ELOKD 00

o (1 (32))

TP

<N
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Let 7 = § Tr (X) /log N, with probability at least

P p/2 P r(52) )"
1_N2M 1_(2) (log N)PN? (T@)) = 1-p,

(5Tr(2)> )
log N
we have
STr (X
max (|((X0), §(X;))y = i # 4 € [N]) < 10g<N)
where

2+e€
b= (5)" tog e s (f;jg;%) |

Together with (5.26), with probability at least 1 —p — N~2,

Z g(N,I) < 20552V5 Tr () + 2NV C55 BY T/ N M.
IC[N]

By (5.23), we obtain that

40 ) sup (|E, Vi, | - w € S5 1) SOTH (E) + VNBYEFI My (5.27)

Combining Eq.(5.22), Eq.(5.27) and B < k2*¢ HEH?, there exists an absolute constant Csg > 1 such that with
probability at least 1 —v —p — N2,

NEllop  max (|(Xs)ly, : i € [N])

sup (|]EUV]"7u’ RS S[N],N) < O590 V Os9k“ ———— V Cx9k

Tr (X) Tr (%) Tr (X)
V Csor /3 |22|3,p <0596< QKDMFHT(?();)')‘JH{ nDMTTT(rE(;)‘ (1+6+\/3)>, (5.28)

where we used that N < /iDM§2d§\ (El;i{?ooB’H)’ § <1 and (1.26) from Assumption 2.

Note that S S[]X, ~» and we plug (5.28) into (5.17) and (5.19) and take €y = V/§ in (5.19),

Tr(Z) + A Tr(Z) + A =
BRI (1+6+\/5)>,

@2 §5<1+5+4C595 <1+I€21€DMTY E)+)\+Ii I‘CD]WM <1+(5+ \/E)))

p2 <+ 40598 (1 + IQQHD]W

(
Tr (%) Tr (%)

Since we have the right to choose sufficiently small § and xpys as long as (1.28) holds, we can set

L\ (5.29)
KDM - 12C5QI€ 4C59/ﬁ32 ' )
Because 6,0 < 1,
= Tr(X)+ A “Tr(X)+ A
2 4 o R <54 (4C e T A
U* < §+4C596 + 26 T (%) <04 (4C59 +2)0 Ty
“Tr(X)+ A
P <4 4 2)6——— |.
< <5+5+5( Cs9+2)6 Tr (%) )
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Recall that in this subsection, we assume that there exists an absolute constant C3 such that A < C3 Tr (X). In this
case, there exist absolute constants Cy, Cy, C5, Cg and Cgg such that

B2 U 420/ T2 4 1 < 0% + Cud® + 44/ (36 + C50) (1 46+ Cod) = 6 < 1,

provided that § < 1/(100y/C3) and 6 < 1/Cgq (thus we can take C; in Assumption 2 as Cgp), and where

6= 0252 + 0452 + 4\/(35 + 055) (]. +4d+ CGS)
This proves that with probability at least 1 —y —p — N2, for all A € RV,
(1=8) £ 1Ay < %8 sroeAlly < (148) € 1AL

provided that N < rpy82d5 (S 12 B ).

Case [2]: when ) is dominating.

When A > C3Tr (X). In this case, we only make use of the fact that Xd)X; is of rank-/N and is positive semi-definite,

hence on (XGSX;— + )\IN) >A+on (XQ&;’;) > A > cod+ (1 —¢2)C3Tr (%), where we recall that 0 < ¢o < 1 is some
absolute constant. Hence our objective is to prove that there exists an absolute constant Cg; such that with high

probability, we have HX¢X; + Ay H < Cg1A. We prove this by proving that there exists an absolute constant Cgs
op

< Ceav\.
op

Let {Cpn}m<y for some x € N, be a partition of [N], by Jensen’s inequality, for any X € S5’ %,

such that C2, < Cg; — 1, and with high probability we have HX;—

2

X
2
LI FESDD

m=1

> hig(x

1€Cm,

H
Applying (5.18) and (5.23) but with A replaced by its restriction onto C,, for each m < x, we obtain that for any
Ae st

XTA
H (6*)HH < X ng[al‘v]”gbgé* 2“7—[ é* 5 Z Z N Cm,I (5.30)
m= 1

At this time, we can make use of the sample coloring technique in | ]. Tt is a technique used to truncate
the inner products (((Z)(Xi),gb(Xj»,H)#jec. Given 1.i.d. random vectors (¢(X;)),<y and H > 0, there exists an
undirected graph Gy whose vertex set is [IV], and its edge set is:

{(i.7) - 1 <i<j <N, [(6(Xy), 6(X;))yy| > Hmax ([ ¢(Xn)lly : h < N)}.

The coloring of Gy is an assignment of “colors” to all vertices such that no adjacent vertices share the same color. The
smallest possible number of colors sufficient to assign such a coloring is called the chromatic number of G, denoted
as X(Gu), and the collection {C/},,<y(g,) is the associated partition by colors of [N]. That is to say, for any
m < x(Gr), and i # j € CH, the vertices 4, j are not adjacent, so [(#(X;), p(X;)),,| < H max (||¢(Xp)|l, : h < N).
Since (¢(X;))i<n are random, Gy is a random graph, and the following lemma is a high probability estimate of
X(Gm). The following lemma is a weaker version of | , Proposition 10], which is sufficient for our purpose.

Lemma 31. Assume that for some p > 2 we have sup (E [(¢(X), f)5|" : |flly =1) = B. Then for any H > 0 and
any integer m > 1, the chromatic number of Gy satisfies x(Gy) < m with probability at least 1 — (BNH P)™ IN.

Proof. Let us introduce an auxiliary random process (Y;);cn] with values in N, where Y} := 1 as a constant,
and for allt =2,--- , N,

Y :==min (r € Ny : Vj < i, j € N, withY; =7, we have [(¢(X;), ¢(X;))4| < H [[6(X;)ll4,) -
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The process (¥:)iepy) is “classifying” each o(X;) is if [(6(X1), 6(Xa))pl > H(X0)llgs 1(6(X1), 6(Xa))yel <
H||¢(X1)l5, {0(X2),0(X3))y| < H[|¢(X2)|ly, then Yo = 2(because (1,2) is adjacent in Gg), Y3 = 1, because
either (1,3) or (2,3) is not adjacent in Gg. Such a Gy has chromatic number 2.

By the definition of Y;, we have that any two numbers i # j € [IN] such that ¥; = Y; are not adjacent in Gy, and
Y; =Y, is a sufficient but not necessary condition for adjacency of (7,7). In particular, x(Gy) < max(Y; : i € [N]).
Next for each ¢ > 1 and m > 1, we have

P(Yi=m+1) < P(3j<i-1st [(6(X:),0(X;))y| > HI¢(X;)ll, . and Y; =m)

< iﬂ” ([(o(X3), d(X;)) 5| > H |6(X;)]l5,, and YV; =m).

Forall j =0,---,i—1, since Yj is 0 (X1, -, X;)-measurable, it is independent of X;, hence

P (5 = m, [(6(X0), 6(X)| > H [0(X) | (X0iZ})
=E {B{Yj:m}ﬂ{lwxm¢><Xj>>H\>H||¢<X,->\|H}’ (Xf)ﬁ]
= Lyymmy P ({[(0(X0), 60))] > H1I60) I, }] (X0)i2})

E |:‘<¢(Xi>7 ¢(Xj)>7-t‘p ‘ (XZ)z;ﬂ
< Lys=m) H? [|¢(X;)

B S ]l{Yj:m}ﬁ7
where we used Markov’s inequality to obtain the first inequality. Hence

P (| (X0, 6(X,) ] > H 90X, and ¥; = m) <P (¥; = m)

Further, by E{j < N : Y; = m}| = ngN El{y,=my = ngNP(Yj =m) = ngi—lP(Y} =m),

iﬁ” ((o(Xi), 6(X;)) 5| > H [6(X))ly,, and Y =m) < BHPE|{j < N : Y; = m} (5.31)

j=1

It follows from Equation (5.31) that
N
Y PYi=m+1)=E{j<N:Y;=m+1}| <BNHPE|{j<N:Y;=m}|.
i=1

We next deal with E|{j < N : Y; = 2}|. We simply upper bound E |{j < N : Y; = 2}| by N. Therefore,
E{j <N:Y;=m+1} < (BNHP)™!N.
Note that the set of values {Y; : j < N} is an interval in N, hence
P(x(Gr)>m+1)<P@Ej<N:Yi=m+1)<E[{j <N:Y; =m+1}| < (BNHP)" IN.
|

Combining Proposition 40 and the sample coloring technique from Lemma 31, we obtain an upper bound for
E, V1, uw uniformly over all u,v € S[IX/] N= Sévfl. We state this result in the following Proposition.

Proposition 41. There are absolute constants Cgz and Cgy depending only on p, such that the following holds. If
N > Cgs, then for any A > — Tr (X), with probability at least 1 —p — N~2, where

[(8+2p)/(p—2)1-1

/2
i 4x210g*(N) 2], \
p:=N ( (D) - A N : (5.32)

My < Cs5y/Tr () + A+ Co5VNBP. (5.33)
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Proof. Let H > 0 which will be determined later, and let 0 < m < y, we apply Proposition 40 to C = CH:
B {1 CIN]: g(N,CH 1) > Cas logy(N) max ([(6(X,), 6(X;) |+ # # § € CH) + Coa BYP/N My }|
2N

S ﬁ7

then with probability at least 1 — 1/N2, there are at most 2V /N subsets I C [N], such that
g(N,CE . T) > Csglogy(N) max (|[(6(X;), ¢(X;))4| : i #j € CH) + CssBYPVNMy. (5.34)
For these 2V /N “spiky” subsets, we simply use a deterministic argument: for all I C [N], we have
g(N,C, T) < Nmax ([{(¢(X;), ¢(X;))4| 0 i # 5 € CH) < NHmax (| ¢(Xi)|l,, : i < N),

where we use that 4,7 € CZ have the same color and therefore are not adjacent in GZ. As a consequence, if we denote
by Z the set of all subsets I C [N] satisfying Equation (5.34), with probability at least 1 — 1/N?, for any (CH),.<,,

we have
> g(N.chT) D g(N.Ca D)+ g(N,.Cot 1)
IC[N] Iez I1¢71

C582N logy(N)H max ([|¢(X;)||5, : i < N) + 2N Css BY/PVN My,

where we again used that i and j are not adjacent in G
Let H = d1/Tr(X) + A/log N with 6 = 1/2 (unlike the case in Section 5.2, we only need an isomorphic upper
bound, we can choose ¢ to be an arbitrary absolute constant), then

162 10g> (V) |2, \ "
(Tr(2) + ) ) Y

IN

BNH? < (

Let x = [(8 +2p)/(p — 2)] and apply Lemma 31 for m = y, with probability at least 1 — p, x(Gr) < x.

On the other hand, by (5.30) and the fact that (5.34) is valid uniformly over all (CH),,<, (thanks to Proposi-
tion 40), there exists an absolute constant Cg4 such that with probability 1 —p — N=2, for all X € Sév ~1 we have
that

IXTAll,, _ (8+2p lo(x)II%,
@E << —2) e

+ W)J (CG4 logy (N)H max (||p(X;)|ly, 0 i < N) + 064Bl/p\/NMN)
(5.35)

_ <8+2p> (X [le(X0)l13,
p—2 iE[N] (£%)?
<p 2 (C645\/Tr Famax (| ¢(X;) gy ¢ i < N)+064Bl/p\/NMN).

Solving (5.35) gives that there exists an absolute constant Cgs depending only on p such that with probability at
least 1 —p — N2,

My < Cs5y/Tr () + A + Cs5VNBVP.

|
Recall that we have assumed that C3 Tr (X) < A in this case, and Tr (X) + A > (kpar/4) 2N [2[]op,- Moreover,
since we have B < kP ||ZH§£2 for any 2 < p <2+ ¢, we have

My =sup (|[XTA||,, - Ae SN—l) < 065\/1+C§1/\+Cg5m/N||EHop
<C65\/1+C 1)\+ HHDM\/TI‘

S <065\/1—|—C3_1+4I€/€DM\/1+C3_1> \/X
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Letting Cga = Cs54/1 + 03_1 + Coskkprry/ 1+ C’3_1/4, this is precisely our initial objective. As a result, we may let
C@l = ng + 1, and C7 = 061.
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Chapter 6

Décomposition de I’Espace des
Caractéristiques

L’étude approfondie de la nature est la source la plus fertile des découvertes mathématiques.

— Joseph Fourier, Théorie analytique de la chaleur, Ch. 1, p. 7 (1822)

Dans cette section, nous introduisons la principale contribution méthodologique de cette these : la méthode
de Décomposition de I'Espace des Caractéristiques (FSD, pour Feature Space Decomposition). La méthode FSD
a été développée dans une série de travaux par [P4, P2, P3, P1]. La méthode de Décomposition de I'Espace des
Caractéristiques est avant tout un outil congu pour aider les théoriciens a analyser ’exces de risque en population ;
simultanément, elle pourrait également servir de nouveau cadre théorique potentiel pour la théorie de 'apprentissage
statistique et la statistique mathématique, offrant aux théoriciens une perspective nouvelle pour comprendre les
propriétés statistiques d’un estimateur.

Dans la Section 1.5.1, nous présentons le cadre de base de la méthode FSD pour les problemes de régression
supervisée a valeurs réelles et les problemes de classification binaire. Dans la Section 1.5.2 et la Section 1.5.3, nous
discutons respectivement des roles des deux sous-espaces produits par la méthode FSD, et nous les illustrons par des
exemples issus de divers problemes d’apprentissage supervisé. Enfin, dans la Section 1.5.4, nous montrons comment
la méthode FSD peut servir de nouveau cadre théorique potentiel. Tout au long de cette section, nous supposons
toujours que F est un espace vectoriel, ou du moins qu’il peut étre plongé dans un espace vectoriel. Suivant la
tradition de la théorie de I'apprentissage statistique, nous désignerons alors F comme ’espace des caractéristiques
(feature space), | ].

6.1 La méthode de Décomposition de ’Espace des Caractéristiques

Dans cette section, nous présentons la méthode FSD adaptée aux problémes de régression et de classification super-
visées. Nous commencons par les probléemes de régression supervisée a valeurs réelles.

Probléeme de régression supervisée a valeurs réelles. Nous rappelons de la Section 1.2 que 'objectif d’un
théoricien est le suivant : étant donné un probléme de régression supervisée a valeurs réelles (ux, f*,€) et I'une de
ses solutions (F, fn), il s’agit de caractériser Uerreur d’estimation || fn — f};-H%Q(HX).
Pour l'erreur d’estimation, il existe deux manieres fondamentalement différentes de la majorer :
. o r * |12 . . r * 5 N .
1. Obtenir une borne supérieure pour || fy — fx|| 12(uy) Via des annulations entre fy et fx, c’est-a-dire en montrant

que fN et f3 sont proches sous la métrique L?(ux) ;

2. UEiliser la petitesse de ”AfNH%?(/tx) et de ”f;HQLQ(ux)’ c’est-a-dire appliquer 'inégalité triangulaire pour obtenir
1N = 1220y < 201N 17200y + 15172 (00))-

Pour les problemes de régression supervisée a valeurs réelles, la méthode FSD peut étre vue formellement comme
une interpolation entre ces deux approches. Pour le voir, nous définissons tout d’abord la FSD.

147
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Définition 8. Toute décomposition en somme directe F = V; & Ve de F est appelée une Décomposition de I’Espace
des Caractéristiques (FSD) de F. Notons par Py, l'opérateur de projection sur le sous-espace vectoriel Vy, et par Py,.
la projection sur Vye ; de maniére équivalente, l'opérateur identité Ir = Py, 4+ Py,. sur l'espace des caractéristiques
F est décomposé. En particulier, si une FSD satisfait que Vj et Ve sont orthogonauz par rapport au produit scalaire
de L?(ux), nous lappelons une FSD orthogonale, et nous la notons F = Vj &+ Ve.

Pour tout f € F, nous écrivons f; = Py, f et f;e = Py,. f. Nous abrégeons Py, fN par fJ, Py,. fN par fJC, Py, fx
par f3, et Py, fr par fj.. Notez que nous ne confondrons pas fr avec f*, car nous pouvons toujours incorporer
'erreur d’approximation dans le bruit ; voir le Lemme 3. Etant donné une FSD quelconque F = V; @& Vye, erreur
d’estimation admet la décomposition suivante :

~ 2 N 2
) 9 =\fs—f; L + Hch — f3e Lo , si Vy L Vye dans L?(ux),
In—JF L) ) < o4 () i () (1.10)
) < H — f3 + H e — f3e ,  sinon.
- r=15 L2(px) I & L2(px)

L’interpolation entre le point I et le point 2 peut s’exprimer sous la forme de I'inégalité suivante :
1 = 5132y < min (201 = 31y + AF5e Ry + A5 2y 5 F = Vo @ Vie). (1.11)

La méthode FSD consiste a rechercher des fonctions & valeurs réelles r : (Vy,Vye) — r(Vy, Vi) € Ry et § :
(Vy,Vie) = 6(Vy,Vye) € ]0,1], telles que pour chaque (ou du moins pour une certaine) FSD, 'inégalité suivante soit
vérifiée avec une probabilité d’au moins 1 — §(V;, Vje) (ou en espérance, si I'on souhaite une borne supérieure sur
Perreur d’estimation en espérance),

201 f7 = Fil T2y + 4F el Ry T ATy < 72 (Vi Vire). (1.12)

Nous appelons un tel r la fonction de taux de (ux, f*,€) et de (F, fN) Ici, dire que nous cherchons une fonction
de taux signifie chercher une fonction qui soit aussi petite que possible ; sinon, on pourrait trivialement prendre
T(VJ,VJC) = 0OQ.

En tant que stratégie de preuve mathématique, I'idée centrale de la méthode FSD repose sur la conviction suivante

1. Sur le sous-espace V;, appelé sous-espace d’estimation, la statistique classique opére, c¢’est-a-dire que fx estime

f7 sur Vy ; par conséquent, la distance entre f 7 et [} sous la métrique L?(px) est petite, contribuant a erreur
d’estimation via des annulations ||f; — fj||2L2(#X).

2. D’un autre coté, nous pensons que fy sur Vje n’estime pas fr. Par conséquent, nous appelons Vje le
sous-espace libre. Sur ce sous-espace, fjc accomplit certaines tdches déterminées par la définition de fy,

mais en général pas d’estimation ; par conséquent, nous nous attendons a ce que la distance entre f ge et fie
sous la métrique L%(ux) ne soit pas nécessairement petite par rapport a la somme de leurs normes L?(ux),
de sorte que l'application de l'inégalité triangulaire ne conduit pas nécessairement a une surestimation de
I f ge — [Fe ||%2( x)’ Dans ce cas, U'erreur d’estimation regoit des contributions sous la forme de la petitesse de

||fJ”||2L2(MX) et de Hf}C”QLQ(ux)‘

En examinant (1.12), nous voyons qu'une FSD divise la borne supérieure de || fy — TE32 (ux) €0 trois composantes.
Chaque composante porte sa propre signification statistique : || f 7= f7llL2(ux) est Ierreur d’estimation encourue parce
que f; estime 3 ||ch||L2(“X) est '« énergie » de la partie libre fe ; et I f7ellz2(ux) est Perreur d’approximation

résultant du fait que f; n’estime pas fJ..

Proposition 4. Pour toute FSD F = V; ® Ve et toute fonction de taux v, nous avons
P (Il = F7132u) < 72V Vie)) 2 1= 6V, Vi),
Définissons

(Vi, Vi) € argmin (r(Vy, Vie) : F = Vy & Vie). (1.13)
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\

Nous appelons (V;,V;.) la FSD optimale pour la solution (F, fN) du probléme de régression supervisée d
réelles (px, f*,€). Alors en particulier,

P (Ilf = S5 1Baquy) < P2V Vi) 2 1= 6(V7, Vi), (1.14)

valeurs

Dans ce qui suit, nous écrivons Py f comme f;,, Pyr f comme fe ; nous écrivons Py fN comme f 7. Pv, fN
comme f Je ; et nous écrivons Py fz comme [} , Py fF comme [} Je-

La theorle classique de I’ apprentlssage statlsthue introduite dans la Section 1.3 correspond au choix de la FSD
triviale V; = F. Dans ce cas, la théorie classique de 'apprentissage statistique s’attend a ce que la statistique classique
effectue I'estimation sur 'ensemble de ’espace des caractéristiques, obtenant ainsi une borne supérieure pour l'erreur
d’estimation. Cette approche est intuitive étant donné que lorsqu’un estimateur f ~n de f7 est consistant, nous nous
attendons a ce que fN estime fr et pas seulement une partie de celui-ci. Une idée clé exposée par la méthode
FSD est que cela peut ne pas étre le cas, c’est-a-dire que cette FSD triviale n’est pas nécessairement optimale ; par
conséquent, la borne supérieure qu’elle fournit pour l'erreur d’estimation n’est pas toujours fine. En fait, pour une
large classe d’algorithmes spectraux—tels que la régression ridge, la descente de gradient, le flot de gradient, etc., voir
I’Exemple 9, et pour tout probleme de régression supervisée a valeurs réelles et pour tout espace de caractéristiques
donné par un certain RKHS, avec une grande probabilité, nous pouvons inverser (1.14), c’est-a-dire que pour ces
problémes d’apprentissage supervisé et ces solutions, il existe une constante absolue 0 < ¢ < 1 et un nombre réel
0 < < 1 tels que l'inégalité suivante est vérifiée :

P (Ifx = S5 l3aun) = (Vi Vi) 2 1= 6. (1.15)

Cela implique le phénomene remarquable suivant : pour cette classe de (ux, f*, ) et de (F, fN), Perreur d’estimation
Ifv — f}‘_—H%Q(MX) est « caractérisée » par une interpolation entre ces deux approches distinctes. Ici, parce que

A * 112 1Lz 2 . N * * o1e J
v — frl52 (ux) €St avec une grande probabilité équivalente & r(V},V}.), nous utilisons le terme « caractérisée ».
De plus, il n’existe aucune autre maniere de contrdler 'erreur d’estimation au-dela des deux voies décrites dans la
Proposition 4.

Problémes de classification supervisée binaire. Dans ce paragraphe, nous considérons 'exces de risque en
population pour le probléme de classification binaire (ux,7), dont nous rappelons qu’il est défini comme :

PLYY — P (Y fu(X) < 0|(Xi, YD), ) ~ P (Y <n(X) - ;) < 0) , et
PLODT = (¥ fy(X) < 0 (X0, YO, ) — P(Y f3(X) < 0),

oun:x € Nx — PY =1|X = x). Comme dans les problémes de régression, PL? ou PL; ~se compose de trois
N

contributions. A savoir, étant donné une décomposition arbitraire 7 = V; @ Vje, soit f} une certaine fonction dans
V; — nous la définirons plus tard. Nous décomposons le risque 0-1 de fy comme suit :

PE.(f?V’U =P (YfN(X) < 0\(Xi,Yi)¢N:1) —-P (YfJ(X) < O‘(Xth)f\il) (1.16)
+P (Y £2(X) < 0(Xi, YO, ) — POV £5(X) < 0) w17
L0 <0 - (v (3030 - ) <o), s

ou (1.16) est lerreur causée par la partie libre fre s (1.17) est Verreur de prédiction causée par f.; comparée A celle
de f7 ; et (1.18) est Derreur de prédiction causée par fj comparée & celle de la regle de Bayes (ou, lorsque nous
remplagons 7(X) — 1/2 par f3(X), cela devient l'erreur d’approximation de f} par rapport & f3). Ces trois termes
sont précisément les homologues de || fyel|72(, )0 | f7 = F3l72(x)s €8 1£7e 1172,y dans (1.11).

De maniere analogue au cas de la régression, la méthode FSD vise a trouver une fonction de taux non triviale
r: (Vy,Vye) = r(Vy,Vye) € Ry et une fonction de confiance 6 : (Vy, Viye) — §(Vy, Vye) € [0,1] telles que pour toute
FSD, l'inégalité suivante soit vérifiée avec une probabilité d’au moins 1 — §(Vj, V) (ou en espérance) :

(1.16) + (1.17) + (1.18) < r(Vy, Vye).

De méme, la proposition suivante est vérifiée.
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Proposition 5. Pour toute FSD F = V; @ Vje et toute fonction de tauz r, nous avons
P (PL}?V’D < r2(vj,vjc)) >1-8(Vy, Vie).
Définissons
(V5, Vi) € argmin (r(Vy, Vye) : F=Vy@ Vye). (1.19)

Nous appelons (V},V}.) la FSD optimale pour la solution (F, fN) du probléme de classification supervisée binaire
(ux,m). Alors en particulier,

P (p.c;fj;” < r2(v;,v;c)) >1-6(VE,VE). (1.20)

La FSD en tant que méthode analytique. Nous soulignons que la méthode FSD sert d’outil pour aider les
théoriciens a analyser I'exces de risque de tout estimateur ainsi qu’a comprendre son comportement. C’est-a-dire que
dans la construction des estimateurs fN, les praticiens n’ont aucun contréle sur le choix de Vj et Vjc—parce que
P'estimateur lui-méme ne prend pas V; ou Vjec comme parametres d’entrée. Par exemple, I'estimateur interpolant de
norme minimale dans ’Exemple 10 n’a absolument aucun parametre réglable. Par conséquent, nous affirmons que la
décomposition de F en deux sous-espaces est effectuée implicitement par I’estimateur, et non par les praticiens. En
conséquence, lorsque les praticiens exécutent cet algorithme statistique, cette décomposition se produit comme une
opération en boite noire. Pour les estimateurs avec des parametres réglables, étant donné un parametre défini par les
praticiens, 'estimateur détermine automatiquement la FSD optimale (V;,V;.) en fonction & la fois de ce parameétre
et du probleme de régression lui-méme. Certes, nous soulignons que les théoriciens peuvent tirer parti des nouvelles
intuitions théoriques fournies par la méthode FSD pour aider a concevoir des méthodes pratiques. Par exemple, en
utilisant la caractérisation précise de I'erreur d’estimation offerte par la méthode FSD pour concevoir un estimateur
adaptatif via la méthode de Lepski, | ], voir aussi la synthese | ] pour d’autres méthodes adaptatives.

Ci-dessous, dans la Section 1.5.2 et la Section 1.5.3, nous expliquons séparément les roles de ces deux sous-espaces
et comment ils assistent spécifiquement les théoriciens dans leur analyse.

6.2 V; définit un morphisme dans la catégorie des problemes d’apprentissage
supervisé

Pour des raisons de commodité, tout au long de cette section, nous supposons toujours que f* € F, et par conséquent,
nous ne distinguons pas f* de f7. Avant de commencer cette section, nous rappelons que pour obtenir une borne

supérieure pour Hf N—[" ||%2( Lux) OU pour Pﬁ(fo’l) dans les problemes de classification binaire via la méthode FSD, sur
N

V7, nous avons besoin d’une borne supérieure pour || f7— f75 [ 12, ) ou pour P(Y f7(X) < 0[(X;, Y;) 1) —P(Y f5(X) <

0). C’est précisément la tdche de la théorie classique de 'apprentissage statistique et de la statistique mathématique.

Quel est alors le role de la méthode FSD sur V; ?

Pour tout quintuplet donné (ux, f*, &, F, fN) constitué d’un probleme de régression supervisée a valeurs réelles
et d’une solution, la FSD fournit, via Vj, la fleche suivante :

or i (ux, [ 6 F, fn) v (ux, £5.C Vi, fr), out ¢ =€+ fie,

a travers la relation suivante :

Y = F(X) + €= f5(X) +C.

En d’autres termes, la méthode FSD dote le théoricien du pouvoir de passer du traitement d’un probléme de ré-
gression supervisée et de sa solution (ux, f*, &, F, fN) a un autre probleme de régression supervisée et sa solution
(tx, f3.¢,Vy, fJ) De plus, si I’on souhaite uniquement obtenir une borne supérieure pour HfN - f*||2L2(ux)’ alors
le théoricien possede la liberté de choisir la fleche, c’est-a-dire en sélectionnant une FSD, choisissant ainsi librement
le probléme de régression supervisée cible et sa solution (px, f3, ¢, Vy, f 7). Cela peut souvent conférer au théoricien
un pouvoir analytique supplémentaire au-dela de la théorie classique de ’apprentissage statistique introduite dans la
Section 1.3 — car il suffit alors d’appliquer la théorie classique de I'apprentissage statistique sur le nouveau modéle
Vj, et le nouveau signal f7 peut étre plus facile & analyser. Bien sfir, si I’on vise & obtenir une borne supérieure pour
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||fN - f*||2L2(ux) qui soit aussi fine que possible, ou méme une caractérisation précise de ||fN — f*”QL?(ux) au sens
de (1.15), il est alors nécessaire de choisir une bonne FSD (V, V), de sorte que la fonction de taux r(Vy, Vye) soit
aussi petite que possible—voire la FSD optimale (V},V}.).

Illustrons maintenant ce point par quelques exemples.

6.2.1 e, définit le nouveau f;.

Bien que f 7 soit par définition Py, fN, si V; est choisi de maniere appropriée, f 7 peut admettre une caractérisation
équivalente autre que Py, f N, que le théoricien peut alors exploiter pour faciliter ’analyse. Trois exemples suivent.
Leurs preuves sont aisées et donc omises, voir également la Proposition 20 plus loin au Chapitre 2 pour la preuve de
la Proposition 8 ci-dessous.

Proposition 6 (auto-régularisation de estimateur interpolant de norme || - ||, minimale). Soitp € Ny, F = {(-,8) :
B € RP}. Soient eq,. .., e, une base de R?. Soit 1 < g < oo un nombre réel, et || - ||q la norme £, sur RP par rapport
a cette base. Considérons lestimateur interpolant de norme || - ||q minimale défini dans ’Exemple 10, c’est-d-dire,

lé € argmin(Hﬂ”q : X8 = y)v ou X = [Xll""XN]T7 Y= (Ylv"' ,YN)'

Prenons n’importe quelle FSD RP = V; & Vje, ou V; = span(e; : j € J) pour un certain J C {1,--- ,p}. Définissons
A:p e RN = Alp] € argmin(||v]l, : Xv = p, v € Vye). Alors B, = Aly — XB,], et

Bre aﬁrgénvin (Lp, (X, Ya) i) + 18411%) , 0d L, ((Xi, Ya)iLy) = | Aly — XB,]ll5 -
J J

La Proposition 6 nous indique que bien que B 7 soit par définition égale a PVJ,@, en tant que théoriciens, lorsque
nous choisissons une FSD appropriée, nous pouvons lui conférer une nouvelle signification statistique—une min-
imisation du risque empirique régularisée (RERM) dont la fonction de perte Lg, est en fait une fonction de perte
stochastique et || - ||g est la fonctionnelle d’auto-régularisation. Parce que cette régularisation est imposée par B
sur lui-méme, plutot que d’étre explicitement définie par le praticien, nous I'appelons auto-régularisation. Cette
régularisation ne dépend pas de I'algorithme d’entrainement spécifique, et differe donc de la régularisation implicite
introduite dans la Section 1.4, voir [ , PP. 92].

Proposition 7 (auto-régularisation du classifieur interpolant de norme || - ||2 minimale). Si F est identifié avec
RP, et que B est le classifieur interpolant de norme || - ||o minimale (Ezemple 10). Prenons une FSD arbitraire
RP = V; & Vye, notons 1 = (1,...,1) € RN, et soit Xy, ge = [YlPVJCX1|~-~|YNPVJCXN]T. Définissons B : p €
RN = Blu] € argmin(||v||y : Xy sev = p). Alors B, = B[l — X, f5], et

B, € argmin (L, (X0, YOR.) + 18,13+ 1€ V5), oi Ly, (X, YOX,) = IB[1 — X, 8,13

Ici, pour tout a = (a;)N.; et b= (b;), nous écrivons a = b, si a; > b; pour tout 1 <i < N.

De maniere similaire, ici f j est identifié comme une RERM dont la fonction de perte est une fonction de perte
stochastique.

Pour ces deux nouvelles fonctions de perte, parce qu’elles integrent une régularisation, elles ne souffrent pas de
surapprentissage. Par conséquent, ’application de la théorie classique de l'apprentissage statistique sur V; donne
une inégalité d’oracle dont le terme résiduel peut tendre vers zéro. C’est précisément ’avantage apporté par le nouvel
estimateur fJ via la FSD.

Proposition 8 (régularisation effective). Si F est identifié avec un RKHS (H, (-, )% ) avec la carte de caractéristiques
¢, et que fN est la régression ridge sur F avec paramétre t—1, c’est-a-dire, fN = %XT(%XXT + %IN)_ly, ot
y=Y,....Yy) et X: f e Hw— (o(Xy),ln),. Prenons une FSD arbitraire H = V; @ Vje, et notons
Xjec = XPye. Alors

fr € argmin (Lg, (X3, Yi)0) + 1£503,) » o Lg, (X, Yi) o) = 1Q(y = X£) 15,
et Q: RN — Vye est un opérateur linéaire borné tel que QT Q = (%XJCX} +t7y)7

En d’autres termes, f 7 est identifié comme une RERM dont la fonction de perte L, est également une fonction de
perte stochastique. Ici, la régression ridge a un parametre de réglage t~! ; ainsi, pour tout parameétre de réglage ¢!
donné par le praticien, fx sélectionne lui-méme une FSD, générant une nouvelle régularisation (%X JCX} +t71y),
qui est appelée régularisation effective.
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6.2.2 e; définit le nouveau signal f7.

En choisissant une FSD, le théoricien peut également sélectionner un nouveau signal approprié avec lequel travailler.
Dans ce paragraphe, nous présentons deux exemples : la régression a facteurs latents et le classifieur interpolant de
norme || - || minimale.

Régression a facteurs latents. La régression a facteurs latents est une classe spéciale de problémes de régression
a valeurs réelles ou la dépendance entre (X, Y') est régie par un vecteur aléatoire latent Z, une matrice de plongement
inconnue A, et deux types de bruit.

Définition 9 (Probléme de régression & facteurs latents). Soient k < p deux entiers positifs, soit Qx = RP, et soit
A € RP*k yne matrice fize mais inconnue. Soit Z € R* un vecteur aléatoire, appelé facteur latent. Soit W € RP un
vecteur aléatoire centré, indépendant de Z, avec pour matrice de covariance Ly = E[W@W]. Soit £ € R une variable
aléatoire centrée de variance O'g, indépendante de (Z,W). Le vecteur d’observation est défini par X = AZ + W.
Ainsi, dans ce modele, le vecteur d’observation observable X provient d’un facteur latent Z par une transformation
linéaire non observée A, ainsi que d’une perturbation par un bruit non observé W, de sorte que X = AZ +W.

Soit Qy =R, et soit Y défini comme suit. Soit o* € R¥ un vecteur de position, et la variable de réponse par
Y = (a*,Z) + £ La variable de réponse Y dépend uniquement du facteur latent Z, du signal inconnu o* € R¥,
et d’une perturbation par un bruit non observé £. Dans la régression d facteurs latents, la fonction de perte la plus
courante est la perte quadratique £ : (y1,y2) € R x R+ (y1 — y2)2. Voir, par exemple, | /.

Soit F = {fg(-) = (B,-) : B € RP}. Le probléme de régression a facteurs latents est mal spécifié & moins que (Z, X)
ne soit conjointement gaussien. En fait, la régle de Bayes est donnée par f*: x — (a*,E[Z | X = x]). Cependant,
le modele statistique F est la classe des fonctionnelles linéaires. L’oracle dans F est donné par f7, identifié par
un vecteur 3% A travers fx(-) = (-, 3%), défini comme B* € argmin(Plg : B € RP) = argmin(E[((3,X) — Y)?] :
B € RP) . Soit ¥ = E[X ® X] l'opérateur de covariance de X. Un calcul direct donne ¥ = AYzAT + Sy, ou
Yz =E[Z® Z] : R* — R*. Puisque Xy est définie positive, ¥ est également définie positive, et ¥ peut étre vue
comme la composante informative de rang k, AXz AT, perturbée par Yy . Il est calculé dans [ , Equation
6] que B8 = X" 1AYza*. Soit Z : o € R* = ((Z;, )Y, € RY. Dans le probléme de régression a facteurs latents,
le vecteur de réponse est y = Za* + £, mais nous devons résoudre le probléme dans RP?, et 1'oracle dans R? est 3*.

Ci-dessous, nous montrons comment, en choisissant une bonne FSD—c’est-a-dire un bon V;—nous pouvons
explorer la composante informative de rang k, AYXz AT, cachée dans RP, ce qui est exactement le but du probléme
de régression a facteurs latents. Prenons V; = Im(AXzAT) = Im(A). Dans ce cas, 85 = Py, = 8*. Par
conséquent, nous avons le probleme de régression supervisée suivant (ux,3%,¢), ou ¢ = &+ ((Z, a*) — (X, 87)). Ici,
le nouveau bruit se compose de deux parties : £ est le bruit original, tandis que (Z, a*) — (X, 875) = (Z, a*) — (X, 8)
correspond a l'erreur d’approximation de a* sur RP. Dans | ], il est prouvé que ce terme est une composante
irréductible de ’erreur d’estimation. Par conséquent, pour le probléme de régression a facteurs latents, en choisissant
un V; approprié, nous réduisons la dimension du probleme & k, tout en garantissant que le signal dans cet espace
satisfait 35 = 3.

Classifieur interpolant de norme | - |2 minimale. Dans ce paragraphe, nous considérons le classifieur inter-
polant de norme || - || minimale défini dans ’Exemple 10, ¢’est-a-dire que nous supposons que F est identifié avec RP.
Nous illustrons maintenant qu’en choisissant une FSD de maniére appropriée, I’erreur d’approximation résultant de
la restriction de I’estimation & V;—a savoir, (1.18)—peut étre éliminée. Nous examinons le modeéle standard suivant
pour les problemes de classification supervisée binaire :

Définition 10 (Probléme de classification logistique). Soit pu € RP appelé le signal, et A € RP*P un opérateur linéaire
borné défini positif. Soit X ~ N(0,A) un vecteur aléatoire gaussien de moyenne O et d’opérateur de covariance A.
En définissant n(z) = P(Y =1 | X =z) = 1/(1 + exp(=2(A"tp,z))) et P(Y = -1 | X = z) = 1 — n(x), nous
spécifions la distribution de Y. Ce probléme est appelé le modéle logistique, [ , Section 11.1.3].

Un calcul direct montre que le classifieur de Bayes pour le probleme de classification logistique est f*(-) =
sign((-, A=tp)). Ainsi, le classifieur de Bayes peut étre identifié avec A='u. Par conséquent, tant que la FSD est
choisie de telle sorte que f% et A~!p soient bien alignés, (1.18) devient nulle. Plus tard, dans la Proposition 11, nous
prouvons que si A~y € Vy, alors cela est effectivement vrai.

Le modele logistique représente une classe de modeles de classification supervisée binaire ; le modele de classi-
fication par mélange gaussien | ] et le modele de classification a facteurs latents | | partagent la méme
caractéristique—a savoir, il existe un classifieur linéaire optimal qui correspond a f*.
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6.2.3 e; réduit les points fixes.

Parce que nous pensons que I’estimation se produit uniquement sur V;, en conséquence le théoricien devrait appliquer
la théorie classique de I'apprentissage statistique—c’est-a-dire les méthodes de la Section 1.3—uniquement sur V.
Un résultat de cette démarche est que, puisque le probléme d’apprentissage supervisé et sa solution ont tous deux
changé, I'application de la théorie classique de I'apprentissage statistique sur V; peut produire un point fixe plus
petit, et ainsi une borne plus petite sur ||fJ — fj||%2(ux). La raison principale pour laquelle on s’attend & ce que
les points fixes sur V; soient plus petits que celui sur F est parce que nous avons généralement dim(V;) < dim(F),
non pas parce que f7 et f 7 ont changé. Dans cette section, nous illustrons comment la FSD réduit les points fixes
définis dans la Section 1.3.1, en utilisant I’exemple du surapprentissage bénin pour 'estimateur interpolant de norme
I - l; minimale. Pour la régression ridge, la FSD peut également réduire le point fixe multiplicateur et le point fixe
quadratique, mais la preuve est plus complexe et ne sera pas présentée ici (voir [P2]).

La FSD réduit le point fixe multiplicateur. La version formelle et la preuve de la Proposition 9 suivante
peuvent &tre trouvées dans [’ 1], voir également la Section 4.3.4 ; nous ne les répétons pas ici. Prouver ces propriétés
nécessite les outils géométriques sur V. introduits dans la Section 1.5.3.

Proposition 9 (informel). En utilisant la notation de la Proposition 6.

Sous certaines hypothéses, il existe des constantes absolues 0 < oy < 100, e,d <1, b, >0etcd =c"(e,d,0m) > 1

1
NZ) <c 05(“]‘)2(‘1*1) lorsque ¢ > 2 ; et

telles que pour tout sous-ensemble de localisation G C Vy, rv(G, 5M,

(G, 0m, 1,4c o™ 2N2)§c/’ a- 1(‘ )3 lorsque 1 < ¢ < 2.

Eq

La FSD réduit le point fixe quadratique. Pour 'estimateur interpolant de norme | - ||, minimale, la FSD
fournie par la Proposition 6 peut également réduire le point fixe quadratique. La version formelle et la preuve de la
proposition suivante peuvent étre trouvées dans [P1], voir également la Section 4.3.4 plus loin.

Proposition 10 (informel). Sous les hypothéses de la Proposition 9, il existe une constante absolue 0 < dg <
c=c(q), et ¢ = (q), telles que ce qui suit est vérifié.

100 ’

1. Lorsque q > 2. Alors pour tout v > 0, et tout sous-ensemble de localisation G, avec une probabilité d’au moins
1 —dq, pour tout B; € GN Sr2(py ux)(B7i7),

Nz

PyLy = | Aly —XB,]ll2 — | Aly = XBj1lIF > (9.8, — B)) + Orf, o & = e i

etg=Vig-.

2. Lorsque 1 < q < 2. Supposons que X j est un vecteur aléatoire gaussien centré, alors pour tout sous-ensemble
de localisation G et tout 0 < r < o¢, avec une probabilité d’au moins 1 — dq, (G, X1, Le) satisfait la condition
de Bernstein locale a l’échelle r, avec les paramétres (<, 1), ot

L
= C —
i

Note : la condition de Bernstein locale qui est vérifiée avec une grande probabilité au point 2 est due au fait que
dans la Proposition 6, la fonction de perte Lg, ((X;, Y:)N.;) = [l Aly — XB,][|2 est une fonction de perte stochastique

qui dépend de XPy,. ; par conséquent, ’exces de risque en population P/Jg'; est une espérance conditionnelle
Ex J,gPNEV‘; , et la condition de Bernstein locale est vérifiée avec une grande probabilité. On peut prouver que
B € argmin(Plg, : B; € V) est vrai presque stirement, ot Plg, = Ex, ¢Lg, voir le Lemme 21 plus loin

La Proposition 10 nous dit que lorsque ¢ > 2, si la FSD est convenablement choisie, il existe dq < 100 tel que

pour chaque sous-ensemble de localisation G C VJ, le point fixe quadratique rq(G,dq, q) = 0 lorsque ¢ > 2. En
conséquence, dans cette situation, la FSD élimine complétement le point fixe quadratique.
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e; comme une coquille enveloppant I’analyse mathématico-statistique classique

Les estimateurs de régression ridge et interpolant de norme minimale étudiés précédemment peuvent tous deux étre
écrits comme une RERM (ou leurs limites). Les estimateurs de cette forme tombent généralement dans le champ
d’application de la théorie de apprentissage statistique, | ]. Dans cette section, nous montrons que la méthode
FSD est non seulement applicable aux estimateurs définis par 'ERM et la RERM, qui sont courants en théorie de
I’apprentissage statistique, mais aussi aux estimateurs classiques qui appartiennent plus largement au domaine de la
statistique mathématique : les méthodes spectrales (Exemple 9). Appliquer la méthode FSD a l’analyse de 'erreur
d’estimation de tels estimateurs revient a envelopper d’une coquille I'analyse mathématico-statistique originelle—
c’est-a-dire, confiner ’analyse de l'erreur d’estimation, qui couvrait initialement ’espace des caractéristiques tout
entier, au sous-espace V. Méme si cela ne crée pas nécessairement un nouvel estimateur ni ne réduit les points fixes
comme cela le fait pour les estimateurs interpolants de norme minimale ou la régression ridge, cela fournit toujours
un signal « correct » f7 avec lequel travailler.

La théorie statistique classique pour les méthodes spectrales fournit des moyens d’obtenir une borne supérieure
sur || fn — f* |2 (ux), Par exemple, [ , , , , , ].
Cependant, si nous effectuons d’abord une FSD, alors nous n’avons besom d’apphquer la théorie classique que pour
obtenir une borne supérieure sur || f 7 — [7llL2(uyx)- Cela signifie que nous sommes passés de 'estimation du signal
complet f* a l'estimation du « signal effectif » f7}, et par conséquent nous pouvons obtenir une caractérisation de
Perreur d’estimation (au sens de (1.15))—quelque chose que 'approche classique ne peut pas accomplir.

6.2.4 Vj. : de nouveaux outils issus des Aspects Géométriques de I’Analyse Fonction-
nelle

Puisqu’aucune estimation de f}. par f 7¢ n’a lieu dans le sous-espace libre, nous disons qu’aucune statistique ne se
produit sur ce sous-espace. Par conséquent, les outils requis pour ce sous-espace n’appartiennent pas a la statistique
mathématique classique, et pour cette raison nous en savons encore relativement peu a son sujet. Nos travaux
constituent donc les premiers exemples d’analyse de certains estimateurs dans ’espace libre. Bien sfir, nous avons
utilisé des outils existants issus des Aspects Géométriques de 1’Analyse Fonctionnelle (GAFA) qui n’étaient pas
utilisés auparavant en statistique et nous avons dii les étendre pour les adapter & notre cadre statistique.

En ce qui concerne le sous-espace libre et I'estimateur f e sur celui-ci, nous nous concentrons principalement sur
les deux probléemes suivants :

1. les propriétés stochastiques que le sous-espace libre fournit pour f 7

2. Iénergie ||ch||L2(ux) de fe.

6.2.5 V. fournit des propriétés stochastiques de f J

Dans cette section, nous considérons 'estimateur interpolant de norme || - ||, minimale (Exemple 10) et la régression
ridge.
1. Estimateur interpolant de norme || - ||, minimale.

Dans la Proposition 6, la Proposition 9, et la Proposition 10, nous avons déja vu que la FSD identifie B g de
maniére équivalente comme une RERM dont la fonction de perte est donnée par Lg, : (X, V)N, € QN

| Aly — XB,]|4. Ici, nous rappelons sa définition : soient X; = XPy, et X;e = XPy,. ; alors A: p € RY —
Alp] € argmin(||v|, : Xyev = p). Ainsi A : (RN, || - |l2) — (Viye,| - |l4) est un opérateur de plongement
aléatoire, et par conséquent Lo est une fonction de perte stochastique.

2. Régression ridge.
De méme, la Proposition 8 nous indique que pour une régression ridge avec le parameétre t~!, son fj est

également une RERM dont la fonction de perte est Ly, ((X;, Y;)Y) = [|Q(y—Xfs) |3, 00 QTQ = (£ XX . +
t_lfN)_

Suivant le credo de la FSD—appliquer la statistique mathématique classique et la théorie de I’apprentissage statistique
(voir la Section 1.3) sur V;—nous devons étudier les propriétés de ces fonctions de perte stochastiques afin de
compléter les preuves de la Proposition 9 et de la Proposition 10, ainsi que pour calculer les points fixes multiplicateur
et quadratique pour la régression ridge. Les propriétés de ces fonctions de perte stochastiques nécessitent donc une
analyse a l'aide d’outils géométriques spécialisés. Cet outil est fourni par le célebre théoreme de Dvoretzky-Milman,

[ , ) I



6.2. V; DEFINIT UN MORPHISME DANS L’APPRENTISSAGE SUPERVISE 155

Le théoréme de Dvoretzky-Milman et son réle dans le surapprentissage bénin pour ’estimateur in-
terpolant de norme | - ||, minimale. Pour tout sous-ensemble compact K C R?, nous définissons £,(K) =
E(sup(v,G) : v € K) comme la largeur moyenne gaussienne de K, ot G € RP? est un vecteur aléatoire gaussien
standard. Nous posons diam(K) = max(||v|2 : v € K) comme le diamétre {5 de K. Nous notons K° = {v € R? :
(v,u) <1,Yu € K} comme le corps polaire de K. Notons d,(K) = (£,(K°)/diam(K°))? la dimension de Dvoretzky
de K. Nous notons ¢’ par #. Ci-dessous se trouve la version de Milman du théoréme de Dvoretzky ; voir | I

Théoréme 2 (Dvoretzky-Milman). Il existe des constantes absolues kpy < 1 et ¢ telles que ce qui suit est vérifié.
Soit |||l une norme sur RP et désignons par B sa boule unité. Notons par G := GWN*P)la matrice gaussienne
standard N x p avec des entrées i.i.d. N(0,1). Etant donné tout 0 < &1 < 1. Supposons que N < rppeid,(B).
Alors, avec une probabilité d’au moins 1 — exp(—ci1e2d.(B)), pour tout A € RV,

(1 =€) Mo 6(B™) < IGTAY| < (1 +€1) [Nl €4(B7). (1.21)

Pour tout 0 < €; < 1, nous définissons I’événement

Qpreg(e1) = {\1)\ ERN ¢ AL, (1 — e)lu(B2BE) < [ XLl < Al (1+ al)e*(znyg)} (1.22)
£l el
C{VueRY: < [ A[p]ll, < . (1.23)
{ (1+ 1)t (S5 BY) T (- et (SYBY)
11 découle du Théoréme 2 appliqué & la norme |||-[| = ||21J/2 “|lg que, si Xje est un vecteur aléatoire gaussien et

I{DME%d*(E;j/QBg,) > N, alors P(Qpreg(€1)) > 1 — exp(—cla—:%d*(E;jﬂqu,)). L’inclusion de (1.23) découle de la
dualité forte : pour tout pu € RV,

[ A[]]l, = min (HI/Hq (X Jev = u) = max (<u,)\> L][X e S 1) . (1.24)

Méme si A : (RN, 0y) — (Vje,l,) est un plongement métrique non linéaire (sauf lorsque ¢ = 2), il satisfait un
théoreme DM hérité de X—Jrc.

Ci-dessous, nous démontrons comment utiliser le théoréme de Dvoretzky-Milman pour prouver la Proposition 10,
point 1.

Proof. (de la Proposition 10, point 1) Par I’'Exemple 12, nous avons

—1
ALy — X817 — lAly —X,831ll; > (9,8, — By) + qq7 IAly — Xs8,] — Aly — Xs87l5,

ot g est défini dans la Proposition 9. A partir de la définition de A, nous avons || Aly — X;8,] — Aly — X;8%]|, >
IAX (B — B7)]|lq- Ensuite, en utilisant (1.23), nous obtenons

-1 %08, - B3
Q2% (14&,)2d(252BY)

PxLg, >(g,8; —B)) +

Enfin, & partir de I’hypothese dim(Vy) < N et du fait que pour tout G C Vj, nous avons rgip,—(G) = 0 (voir
I’Exemple 11), la preuve de la Proposition 10, point 7 est complétée. [ |

Le théoréme de Dvoretzky-Milman pour les normes || - || sous des mesures de probabilité générales.
Le Théoréme 2 fournit le théoreme de Dvoretzky-Milman pour les mesures gaussiennes. Parce que nous devons
étudier le cas ou X jec est distribué selon une mesure de probabilité générale, nous avons besoin d’une extension du
théoréme de Dvoretzky-Milman pour les normes || - |- Le théoréme suivant, tiré de [P1], est une contribution aux
GAFA qui a été motivée précisément par la méthode FSD. Sa preuve peut étre trouvée dans la Section 5.1. Notons
Log(z) = max{1,In(x)}.

Hypothese 1. ¢ = (gj)§:1 est un vecteur aléatoire isotrope centré dans RP avec des coordonnées i.i.d., satisfaisant
E[¢?] =1, et il existe des constantes absolues 0 < k < 1 et € > 0 telles que E|¢;|[max{42a+e} < gmax{d.2q+e}
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Théoréme 3. Soit ( un vecteur aléatoire satisfaisant I’Hypothése 1, et soit 3 une matrice diagonale définie positive
sur RP, ¥ = diag(o1, - ,0p). Soit X = $/2¢, et soient X1,---,Xn des copies indépendantes de X, formant

la matrice aléatoire X = [X1|---|Xn]|" = [Z1]--|Z,), ou (Z;)5=, sont les vecteurs colonnes de X. Notons £, =
E*(El/zBé’) et d, = d*(E*1/2B§/), Sans perte de généralité, supposons que d, > 1. Il existe alors une constante

absolue 0 < 0 < 1 telle que pour tout X € SN, P(|(Z;,A)| > ) > k. De plus, il existe des constantes absolues
c,c,C,C",C" kpm,eog > 0 telles que les faits suivants sont vérifiés.

1. Lorsque ¢ > 2. Si N < KJDMd*LOg72(p$/d*), alors avec une probabilité d’au moins

1
a’ de —cmin
1—C'Log (Z ) exp | —C"kpy———~ | —2exp (—C'd,) — C'd; ¢ (a2} 1 Gpur,
* 20 q’
Log (pd* )
il est vérifié pour tout X € Sévfl,
cdy < HXT)\ . < CLog(p)¥..

2. Lorsque g < 2. Si N < /{DMd*(Efl/QBf;/), alors

-2

P (YA e Syt el <|XTA|ly <Cl) >1—3exp(—cd,) —C'dy = =:1-ppu.

Le théoréme de Dvoretzky-Milman pour les normes | - ||y sous des mesures de probabilité générales.
Lorsque ¢ = 2, le théoréme de Dvoretzky-Milman peut étre valable pour des mesures de probabilité plus générales,
par exemple, pour une carte de caractéristiques générée par des RKHS dont les fonctions noyaux sont des polynomes
de degré fini. Pour tout A > 0, définissons

o TI'(ZJC) + )\

* —1/2
op

Hypotheése 2. II existe des constantes absolues C1 > 1, Cy > 1, 0 < v < 1/16, 0 < § < 1/(100/C3), § < C;Y,
€>0 etk >1 telles que

e Avec une probabilité d’au moins 1 — 7y,

(X33
max |10 Xdlla 4 <6, (1.26)
1<i<N (€*)?
ot nous définissons £* = \/E ||¢ e (X)||§{ =/Tr(Ze).
e Pour tout f € Vje, nous avons
12z uxey < #0122 g - (1.27)

e Selon le choix de €, il y a deux cas :
1. si € > 2, alors aucune hypothése supplémentaire n’est requise.

2. si0<e<2, alors

% NHZJC|OP N 1
kN 2+<Z Jog (N) < T () < 6. (1.28)

Un exemple typique satisfaisant ’'Hypothese 2 est lorsque ¢jc est I'application identité et X; est un vecteur
aléatoire sous-gaussien ; dans ce cas, le résultat découle de 'inégalité de Hanson-Wright.

Théoréme 4. Soit X un vecteur aléatoire distribué selon px dans un ensemble compact Qx C R?, et soient
X1, , XN des copies i.i.d. de X. Soit ¢ : x € Qx — K(x,:) € H la carte de caractéristiques du RKHS H. Soient
Cs, Oy, Cx et Cg des constantes absolues.
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1. Supposons que A\ < C3Tr (X ). Considérons 0 < 6,6 < 1 de I’Hypothése 2, définissons

§ = Cb® + Cub® + 41/ (35 + C53) (1 + 6 + Cod) (1.29)

Supposons que pour un certain A > 0, nous ayons N < KDMSZd’;\ (Z;CI/QBH) pour une constante suffisamment

petite kpyr < 1 qui ne dépend que de k. Nous supposons que ¢ e satisfait I’Hypothése 2. Alors avec une
probabilité d’au moins

2+4+€
1 1 (E)HE N2 o log”" “(N) _ |
TN \G Tr (S 0) NE L Ppa
pour tout A € RN, il est vérifié que

(1 - 5) VIS0 Al < X5, < (1 + 5) VIS5 AL - (1.30)

2. Supposons que N\ > C3Tr(Xjc). Supposons que ¢je satisfait les deux premiers points de U’Hypothése 2.

Supposons que pour un certain A > 0, nous ayons N < (/@DM/4)d’§\(E;3/QBH). Alors il existe des constantes

absolues C7 dépendant de €, Kk, kppr, et 0 < co < 1 telles qu’avec une probabilité d’au moins

2] 2 N 14€/2
(o)

[(12+42¢)/e]—1
N >

TN T 1 —ppm,
nous ayons HXJCX—J'—C + )\INHOP <CA+Tr(Zge) et
on(XyeX e + MN) > oA+ (1 — ) C3 Tr (X e)
Proposition 11 (informel). Supposons que F est identifié avec des fonctionnelles linéaires sur RP. SiRP = V; & Ve
est une FSD satisfaisant les propriétés suivantes : 1. Y Xjec est un vecteur aléatoire sous-gaussien centré ; 2.

N < kpmd? ﬁg(i“’lu) , 0t Xye = E[X je ® X je]|. Alors avec une grande probabilité la fonction de perte Lg, définie dans
. ‘
la Proposition 7 posséde la propriété suivante : pour tout B; € Vy,

N
(1+6)2Tr(ye)

(sh) VAN N (sh) N
Pty < Lp, (X3, Yo)ily) < (1—5)2Tr(EJc)PN€ﬁJ < Lg, (X, Y)X)),

ot & vient du Théoréme /, et PNKS};) = % ZZI\LI EI(GS};)(X“YZ-), et Egil)(a:,y) =(1- y(,BJ,a:>)3_ est la perte charniére

quadratique. De plus, pour tout probléme de classification binaire (ux,n), si f** = arg min(Pﬁgpsq) : f est mesurable),
alors f** = f*, c’est-a-dire la régle de Bayes.

Dans la proposition, puisque Y X je est un vecteur aléatoire sous-gaussien, I’Hypothese 2 est naturellement vérifiée,
et le Théoreme 4 s’applique donc.

Proof. En appliquant le Théoréeme 4 & ¢j(X) =Y X e et & H = RP, nous avons seulement besoin de prouver
que l'inclusion suivante est vraie

QDM class(0) = {VA ERN : Al (1= O)VTr(Sse) < 1K seAll, < A5 (1 +6) Tr(ch)} (1.31)
C VN c RN . ||~[“]+||2 < HB[IJ’]”z < ||~[“]+H2 , (1.32)
(14 6)y/Tr (1) (1= 0)Ti(Zr)
ot [u]+ = (max(u,0))Y ;. Par un argument de dualité standard, voir, par exemple, | , Equation 5.11], nous

obtenons que

I1Bl]l; = max ({1, ) : A= 0, |

Xy Al 1) (1.33)
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Conditionnellement a QDM,ClaSS(S), voir (1.31), nous avons

1
(14 0)y/Tr(Z )

> < [|Blulll; < max <<“’>‘> M= S)&W) '

Soit H(p) := {i € [N] : p; < 0} et soit A~ le maximiseur du probléeme de maximisation du c6té gauche et A™ le
maximiseur du probléme de maximisation du c¢6té droit. Nous prouvons que si i € H(u), alors A, = 0. Nous le prou-

: <
max <<u,>\> 1Al =

vons par contradiction. Supposons que ¢ € H(p) mais A, > 0, alors en posant A = AL A0, A 5 AN,

nous savons que |[A [Jz < A7 |2 < W. De plus, (1, A ) = >0 pir Ny > Zf\le pir Ay = (@, A7) puisque

piA; < 0. Cela implique que X est une solution réalisable mais avec une plus grande valeur de fonction objectif,
contredisant ainsi ’hypotheése que A~ est le maximiseur. En rappelant la contrainte que A > 0, nous avons : pour
tout ¢ € H(p), nous avons nécessairement A\; = 0. La méme chose vaut également pour AT. Maintenant, par
Cauchy-Schwartz, nous avons A\~ = (u/(||pell2(1 4+ 8)/Tr(Zse)))4, et AT = (u/(||]l2(1 = 6)y/Tr(Ss¢))) 4. Par
conséquent, conditionnellement & Qp class (5), (1.32) s’ensuit. Pour les preuves des propriétés de la perte charniére
quadratique, voir la Section 4.9.3. |

6.2.6 Energie du f)..
La proposition suivante montre que f 7¢ est une RERM du résidu de f 7.

Proposition 12. Supposons qu’il existe une fonction différentiable L : RN — R telle que pour tout f € F,
Li: (X3, YN, €e OV = Ly —Xf), ou X: f e Frs (F(Xi)N, ety = (Y1, --,Yy). Soit A € R un nombre réel
quelconque, soit W une fonction différentiable et supposons que F est un espace linéaire. Définissons

fN € argmin (L(y — Xf) + AU(f))
feF

comme une RERM. Soit F = V; & Vje une FSD. Supposons que ¥ : F — R est décomposable par rapport a V& Ve,
au sens ot pour tout f € F, U(f) =U(fs) + U(fse). Alors

fie € ?rgﬂ‘l/in (L(y' —Xfre) + AU(f5e)), oty =y —Xf. (1.34)
€V e

Ici, f 7o apprend le résidu de f 7, en utilisant X ;e qui ne sont pas nécessairement isomorphes a EIJ@, voir la
Figure 1.1.

Proof. Par hypothése, nous pouvons développer application ([, frc) € Vy x Vje — L(y — Xf) + AU(f) sous
la forme (fy, fie) € Vy x Vye = L((y — Xfy) — Xfye) + AU(f5) + AU(f;c). Fixons maintenant f; = fr = PVJfN.
Nous savons que f doit satisfaire la condition d’optimalité du premier ordre, c’est-a-dire que le gradient de cette
application est égal a 0,

0= —2Py,. X" VL((y — Xf;) — fs) + MVE)(fse).
C’est précisément la condition nécessaire du premier ordre du probléeme d’optimisation défini dans (1.34). [ |

Dans le probleme de régression & valeurs réelles (Exemple 1), y — X f; = &€ + X e 3+ Xy (fr — ).

Estimateurs linéaires et estimateurs interpolants de norme minimale. Ensuite, nous considérons une
borne supérieure pour || f JellL2(ux)—un aspect de la méthode FSD que nous avons pu étudier dans 4 cas, mais qui
nécessite une compréhension plus approfondie. En fait, a I’heure actuelle, nous avons une compréhension relativement
compléte uniquement lorsque f Je est un opérateur linéaire en y dans le probleme de régression linéaire. Ci-dessous,
nous l'illustrons en utilisant deux classes d’opérateurs linéaires—la régression ridge et les méthodes spectrales—et
nous concluons en discutant du cas ou f je est un estimateur interpolant de norme minimale, un opérateur non linéaire
comparativement simple.

Pour les opérateurs linéaires en régression linéaire, c’est-a-dire, lorsqu’il existe un opérateur linéaire aléatoire
A : RN — Vje indépendant de (Y;)X, tel que fre (Xi, V)N, € OV s (-, Ay) € Vjye, nous identifions fre
comme ,BJC (y) = Ay. Alors, dans le modele de régression additif, y = X3* + &, et par conséquent ||ch||Lz(#X) <
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XZO'j
& .
Q O+ 05
&
&®
®OOOOOO
. :
X
X
X
X
XX X X X X X
Vy k™ Ve P J

Figure 6.1: D’apres le Théoreme 4, le spectre de %XTX + ¢t 'T a un plateau de hauteur % Tr(Xse) +t~1 qui est
différent de Spec(Xc) = {o; : j € J°}. C’est la raison pour laquelle aucune estimation n’est possible sur V.

(X, Be (XBINIL2(ux) + KX, By (XBIN 22 (ux) + X, Bre (€)M l22(ux)- Pour le terme [[(X, B¢ (€))l|z2(ux), nous
avons Ee| (X, 3. (ENNI72(puyy = 02 Tr(ATE e A), 0t Bje = PyeXPye. Clest précisément la stratégie que nous adop-
tons lors de I’analyse des méthodes spectrales.

Méthodes spectrales. Rappelons les méthodes spectrales définies dans I’Exemple 9. Nous savons que les
méthodes spectrales sont des estimateurs linéaires, et dans ce cas A = %@(E)XT Par conséquent,

I Frell20ux) < 1Pree(E)EF5 L2 ux) + [ Preee(E)S F el 2(ux) + 1Pre0e(E) N T XTIEN 12()-

Nous ne continuons pas & montrer le traitement ultérieur de ces termes ici ; voir [P5].

Régression ridge. Un cas encore plus spécial se produit lorsque fN est la régression ridge, c’est-a-dire, lorsque
F est identifié avec un certain RKHS (H,(-,)»), L : u € RN — X|ull3, et ¥ : f € H — t7f[|3. Dans ce
cas, non seulement nous savons que f je est un opérateur linéaire, mais aussi que f 7o est une régression ridge avec
parameétre ¢! appliquée & y — X f 7. En fait, la Proposition 12 montre que pour toute FSD, la régression ridge fN
avec parametre de réglage t ! satisfait

" 1 1 _ — ?
Fre = Ko (XX e + 47 N) "Ny = X ). (1.35)

A partir de (1.35), nous savons que ch est un opérateur linéaire sur y — XJfJ, et puisque y = X875 + X875 + &,
I’inégalité triangulaire donne

N 1 1 _ _ * 3
el < | K0 G0 KTe 4 €7 ) 5015 = )

L*(ux) (1.36)

1 1 _ _ *
+ HNX}C(NXJCX}C + 7 )T X e fe

1 1
+ HNX:]FC(NXJCX;C + tilfN)ilg
)

L2 (px L2(px)

Parmi ces trois termes, les deux premiers ne nécessitent que des normes d’opérateurs, tandis que le dernier terme
[+XJe (%X 7eXJe + 7 N ) 7 €| 12(ux) est le plus particulier ; nous devons exploiter le caractére aléatoire de €. La
proposition suivante est appelée le « coté supérieur » du théoreme de Dvoretzky-Milman ; sa preuve peut étre trouvée
dans [P2].

1

Hypotheése 3. Il existe des constantes absolues 1 € (0, E)? 51 >0,e>0 et & >1 telles que
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2
H21/2¢Jc( i) ‘
P| max H<146 | >1—7, (1.37)

1<i<N Tr (X2%,)

e pour tout f € Vje, ||fHL4+‘(ux) <K ||f||L2(ux)'

Proposition 13. Supposons que I’Hypothése 3 soit vérifiée. Il existe des constantes absolues c3 et Cg > 0 telles
1/2
=52 <OV HOVNZsellop

qu’avec une probabilité d’au moins 1—ppryu, ol Ppmu = = on ait

Par conséquent, si la Proposition 13 et le Théoréme 4 sont vérifiés, alors a partir de (1.35) nous savons qu’il existe
une constante absolue C' telle que sur l'intersection des deux événements aléatoires ce qui suit est vérifié :

1 1 R Tr(X2.) + VN|Z s R
X, =X e (XX e + 7 N) TG (fF — L PIx — B2 et
o G e i) N Al
1.38
1 1 Tr(X2.) 4+ VN| X s

X, —XJe(=XyeXJe +t7HN) "X e f3e J PNIX e fhe |2

H< N (N 7o X ~N) Xgefie) ) N1+ Te(S,) 1Xe fell2
Estimateur interpolant de norme || - ||, minimale. Rappelons que lorsque B est lestimateur interpolant
de norme || - ||, minimale (Exemple 10), la Proposition 6 stipule : si (V5,Ve) est une FSD de la forme définie dans

la Proposition 6, alors 3. = Aly — X;3,]. Cela confére & 3. une signification statistique : 3. est I'estimateur
interpolant de norme || - ||, minimale du résidu de 3;. Combinée avec le théoréme de Dvoretzky-Milman, cette
interprétation statistique nous permet d’obtenir le contrdle suivant sur la borne supérieure pour |[(X, B yc)|l£2(ux)-

Proposition 14. En utilisant la notation de la Proposition 6. Si N < rpue?d. (21/2Bp), alors il existe une
constante absolue C' telle que sur l'événement aléatoire Qpps reg(€), nous avons

diam (S} BY)

——— L ly — Xs8;la.
(2B ’

H<X7/BJC>||L2(MX) <C

Proof. A partir de la Proposition 6, nous avons ﬁ ge=Aly—X in ], et donc sous la condition de Dvoretzky-
Milman N < KDMEQd*(ElJ/CQBg,) vérifiée, puisque HZIJ/CQHg Sy = diarn(El/QBp)7 sur Qpu reg(e) par (1.23), on a
dlam(E B

1/2 P . 1/2 2
1555 Aly = X812 < diam(Z 5 B) | Aly - X8yl < CF5rEs Ny X8, 2. n
Classifieur interpolant de norme || - |2 minimale. Pour les problémes de classification binaire, nous avons
une compréhension plus unifiée de I’énergie de fj.. La proposition suivante est prouvée dans [P1], voir également la

Section 4.8.3.

Proposition 15. Soit F = V; @ Ve une FSD quelconque et fN un estimateur quelconque. Alors, u®N -p.s.,
P (¥ () < 0f(X Y0 ) = P (V7500 < 0] ¥ ) < B (1001 > 15 C0l| 0 ¥, )

LASSO avec récupération du support. Comme autre exemple d’estimateur non linéaire, nous considérons
dans ce paragraphe le cas ot 3 est lestimateur LASSO, c'est-a-dire, 3 € argmin (5% ||y — X,@HQ + A|B|l1)- Soit
B* € RP un vecteur inconnu et notons son support par S = supp(3” ), cest-a-dire, S = {j € [p] : (B, e;) # 0}, ou
nous rappelons que eq, ..., e, est la base canonique de RP. Soit s = |S| et supposons que s < Lcmj pour une
certaine constante ¢ < 1. Pour mettre en évidence la FSD et éviter d’étre distrait par des arguments stochastiques,
nous travaillons sur I’événement stochastique suivant

1
—XeXE <10
NSS =~ )

op

Qrasso = {Supp(ﬁ) = Xi¢

< 2s
oer ] 22
2 VN[
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ot Xg = [X1,5] | Xn,s]" € RVXS est larestriction de X & S, et X; g est larestriction de X; & S. Lorsque I'événement
supp(B) = S se produit, nous disons que B atteint la récupération du support. Des conditions suffisantes pour cet
événement ont été largement étudiées dans la théorie du LASSO, par exemple dans | , Section 5.5.2]. L’avantage
de travailler sur cet événement stochastique est que, si 'on pose J = S et V; = span({e; : j € S}), nous avons
B ge = B35 = 0, ce qui élimine le besoin de considérer 1'énergie de B je- Le cas ou la récupération du support ne
se produit pas nécessairement reste une direction particulierement intéressante pour les recherches futures. Dans ce
cas, nous avons la proposition suivante.

Proposition 16. Supposons que A > ag/% et p > e’s. Alors, sur Quasso, nOus avons ||B - B2 >

1 / slog(ep/s)

Proof. Par la définition de 3 et les conditions KKT, nous avons %Xg(XSny)Jr/\ sign( 3 ) = 0. En substituant
y = XgB%+¢ et en utilisant le fait que sign(3) = sign(8%), nous obtenons B— 3% = (F#X{Xg) " Asign(85)—+ XS]
En prenant la norme /5 des deux cotés et en appliquant 'inégalité triangulaire, nous avons

7 * 1 . % 2s
|B-8. = (A Isign(83)1l, — o N) : (1.39)
Etant donné que | sign(8%)|l2 = /5 et hypothése A > oer/ W+m, la preuve est compléte. [ ]

La Proposition 16 indique que lorsque la récupération du support (support recovery) a lieu, la borne d’erreur
d’estimation du LASSO est optimale par instance pour ce 8% spécifique. Plus précisément, si X est un vecteur
aléatoire isotrope, alors (Vy,VJ.) est donné par V; = span({e; : j € S}), et dans ce cas |[(X,8 — 8%)||L2(uyx) ~

r(VF,V5.), ou r(V§, V) = o¢ % avec une grande probabilité. Ce résultat est plus fort que l'optimalité
minimax, car il n’affirme pas simplement l'existence d'un certain 8% pour lequel l'erreur d’estimation n’est pas
inférieure a cette borne ; au lieu de cela, la borne inférieure est valable pour tout 8" satisfaisant la condition de

récupération du support. En fait, & partir de (1.39), nous pouvons observer que A|| sign(8%)||2 et o¢4/ 2—]\? correspondent
respectivement aux termes de biais et de variance (rappelons que s = dim(V})) du sous-espace d’estimation dans la
fonction de taux de la FSD (cf. (1.41) ci-dessous). Ici, puisque les projections de 3 et de 8% sur le sous-espace libre

sont toutes deux 0, il n’y a pas de termes de biais ou de variance provenant du sous-espace libre dans la fonction de
taux.

Direction de recherche. Lorsque f 7o est un estimateur non linéaire — comme dans le cas ol f 7o est U'estimateur
d’interpolation de norme || - ||, minimale, le LASSO, ou un RERM général — comment pouvons-nous développer
une boite a outils mathématique systématique qui nous permette d’obtenir une borne supérieure fine avec grande
probabilité pour || f gellz2(uyy 7 Ici, une méthode systématique désigne une méthode qui fonctionne pour un px

général et un fj. général, et qui, lorsqu’elle est spécialisée a la régression ridge et aux méthodes spectrales, permet
de retrouver les bornes supérieures fines qui ont été obtenues en utilisant le fait que f je est un estimateur linéaire,
[P4]. Pour la (R)ERM, cela constitue une classe de problémes qui n’a jamais été explorée ; cela pourrait stimuler le
développement de nouveaux outils géométriques.

6.3 La FSD comme cadre théorique

A travers la discussion de la Section 1.5.1, de la Section 1.5.2, et de la Section 1.5.3, nous avons expliqué le role
de la FSD en tant que méthode analytique. Dans cette section, nous soutenons en outre que la méthode FSD
sert également de cadre théorique pour comprendre comment une solution s’attaque a un probleme d’apprentissage
supervisé spécifique, offrant aux théoriciens une nouvelle perspective potentielle et une nouvelle facon de penser.
Dans cette section, nous nous concentrons sur les situations oti une FSD optimale (V,, V) peut étre construite,
de sorte que (1.15) puisse étre prouvée. Dans de tels cas, la méthode FSD révéle comment un estimateur emploie
réellement ’espace des caractéristiques pour l'estimation—quelles caractéristiques ’estimateur utilise lors de la ré-
solution du probléeme—et comment il utilise Ve pour traiter le signal et le bruit. Cela différe de 'objectif classique
de la théorie de 'apprentissage statistique consistant a « établir une inégalité d’oracle qui correspond a la borne
inférieure minimax » comme dans la Section 1.1 ; au lieu de cela, il se concentre davantage sur la compréhension,
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d’un point de vue mathématique, de la relation d’adéquation entre la solution et le probléme lui-méme. Ainsi, nous
disons que la méthode FSD introduit un nouveau paradigme de recherche potentiel dans la théorie de ’apprentissage
statistique.

La méthode FSD, en tant que cadre théorique, peut—comme tout cadre théorique réussi—fournir les « bonnes »
définitions. Nous illustrons ce point en définissant les trois concepts suivants :

1. une définition d’un préordre sur les méthodes spectrales pour un probléme de régression supervisée donné,
2. une définition de l'effet de saturation généralisé et ses conditions nécessaires et suffisantes, et

3. une définition mathématique de la propriété d’apprentissage de caractéristiques ainsi que de la propriété
d’alignement signal-caractéristiques.

Les définitions de ces concepts doivent s’appuyer sur I’étude des méthodes spectrales via la méthode FSD. Dans [P5],
nous appliquons la méthode FSD pour étudier les méthodes spectrales (Exemple 9) pour résoudre des problémes de
régression linéaire dans R?, c’est-a-dire que nous supposons que H est identifié avec R? via f(-) = (-, 8) ; alors la
méthode spectrale fN est identifiée avec B, et le signal f* est identifié avec 3.

Définition 11. Rappelons que o1 > -- - sont les valeurs propres de X.. Soitb > 0 ett > 1. La dimension d’estimation
de la méthode spectrale 3 avec la fonction de filtre ¢, est définie comme

K =k, = min{k €lpl: ot < bt—l}. (1.40)

Soit V;, =span(e; : j € J,), J, = {1,--- ,k*}, (e;); sont les vecteurs propres de X et 1, est la fonction résiduelle
définie par ¢ (z) = 1 — zp¢(z). Définissons

1/2 % 1/2 Tr(¥3.)
Vo Vae) = 220y |, +oe 2+ [ mbizms |+ oy —, (1.41)
oll nous rappelons que nous notons ¥;, = Py, X Py, et ¥;c = Py . XPy,.. La conclusion principale de [I’5], voir

également le Chapitre 3, est que, sous des hypotheses générales, les méthodes spectrales ,3 = %(pt(fl)XTy satisfont
la propriété suivante avec une grande probabilité :

||<X’3—ﬂ*>||L2(MX) ~r(Vy,Vie). (1.42)

6.3.1 Préordre des Méthodes Spectrales

Gréice a la méthode FSD, (1.42) fournit des bornes supérieure et inférieure correspondantes pour un probléme de
régression linéaire arbitraire R = (X, 8", 0¢), plutét que d’étre restreinte & une décroissance spectrale spécifique ou
a une classe particuliére de 3*. Par conséquent, pour toute R, comparer ’exceés de risque en population de deux
méthodes spectrales se réduit & comparer deux nombres réels donnés par leur FSD optimale.

Puisqu’'un algorithme spectral est déterminé de maniére unique par sa fonction de filtre, nous considérons deux

(A . (B
méthodes spectrales Bi et Bi ) avec parametres t 4,tp , et avec les fonctions de filtre gogf) et wgf),

Par (1.42), il existe r(A)(VJ(A) VJ( )) et T(B)(V(B) V(fg)) caractérisant I’exces de risque en population pour la perte

quadratique ||21/2(,6tA - B
régression linéaire. Etant donné tout R = (X, 8, o¢) € RPXP x RP x R, nous définissons le préordre suivant « <z »
sur ’ensemble de toutes les méthodes spectrales.

respectivement.

»t/ 2(5t3 — B%)||2 pour ces deux méthodes spectrales dans ce probléme de

Définition 12 (Préordre des algorithmes spectraux dans les problémes de régression linéaire). Pour le probléme de
régression linéaire R := (X, 8", 0¢), nous écrivons

B <m B, s DV VD) =0 (D viP Vi)

lorsque N et p tendent vers lUinfini. En particulier, si rgA)(V(A) V(A)) = @( (B)(V(B) VJ(p ))), nous écrivons

(A
ﬁEA) =R ,Bt . 1l est facile de vérifier que « =g » définit une relation d’équivalence sur l’ensemble de toutes les

méthodes spectrales, tandis que < définit un préordre.
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Dans ce qui suit, nous considérons le cas ou t4 = tpg.
. . B
Corollaire 2. Etant donné tout probléme de régression linéaire R = (X, 3", 0¢). Pour toutt > 1, ﬂi =R ﬁi )
et seulement si lorsque N et p tendent vers l’infini
2 ) '

1 *
(DRI

,=o( [ uP @8,

Corollaire 3 (Le Flot de Gradient surpasse Ridge). Pour tout probléme de régression linéaire, cp( ) =R @ERidge), ot
@gRldg")(m) = +1t r est la fonction de filtre de la régression ridge ; tandis que ap( F)( ) = 1ex+(m) est la fonction

de filtre du flot de gradient.

6.3.2 Effet de saturation généralisé

Définition 13 (Effet de Saturation Généralisé). Pour tout probléme de régression linéaire R, tout intervalle I C

[1,400) et toutes familles de fonctions de filtre {¢§A)}t21 et {@EB)}tzl, nous écrivons {(pgA)}tef =R {@ﬁB)}teI st
lorsque N et p tendent vers l'infini

1nf(r§ )(VJ*7VJ(‘) ita € I) = O(lnf(rg )(VJ*7VJ€) (g € I)) .

Si {SOEA)}tGI <r {gpiB)}tel, nous disons que lalgorithme spectral ,B(B) défini par la famille de fonctions de filtre
{apr)}tzl sature par rapport a la famille de fonctions de filtre {<p§A>}t21 dans I.

Corollaire 4 (Effet de Saturation dans I’Espace de Sobolev). Soient go,EGF) cx = (1 —exp(—tx))/z et ¢ (Rldge)

= ()7 Soit R € Rson(s, ). Nous avons {9 GF) sy < {pRidee) ). De plus, lorsque t=' ~ N T+
ot § = s A2 pour la regresswn rzdge et § = s pour le flot de gradient, nous avons (r; (GF )(VJ*,VJ*C))Q ~ N™THea et
(P (v Vi)~ N

Corollaire 5 (Effet de saturation dans le modele de covariance a pointes). Supposons qu’il existe certains k < N <
p—k,o>e>0telsqueoy = =0, =0, et opp1 =+ =0p =¢. Soit J={1,--- k} et supposons qu’il existe
un nombre réel v, > 0 tel que |(B",e;)| = . pour tout j € J alors que (B",e;) =0 sinon. Posons

=282 ov'N
o Te(23.)

SNR =

Supposons que 4 < SNR < bZ, ot b provient de (1.40). Soit I = {t >1: b=le <t7l <o}. Alors

IgPMGF)(VJ Vye) < mel}n«@dge)(vj Vye).

De plus, lorsque SNR — oo et o = Q(e), {gp(Rldge ber <r {<pt }tEI-

6.3.3 La FSD pour définir la propriété d’apprentissage de caractéristiques

La définition suivante fournit une définition mathématique, dans le domaine de la théorie de 'apprentissage profond,
de ce qui est appelé la propriété d’apprentissage de caractéristiques (feature learning property) (voir la Section 1.4.3).
Dans la définition suivante, les k premiers vecteurs propres impliqués dans la propriété d’alignement sont spécifique-
ment liés a la compréhension acquise en étudiant les méthodes spectrales via la méthode FSD — a savoir, que les
méthodes spectrales apprennent en utilisant les vecteurs propres (caractéristiques) correspondant aux k plus grandes
valeurs propres, voir la Définition 11. Grosso modo, la FSD elle-méme explique comment un estimateur utilise
les caractéristiques dans ’espace des caractéristiques, tandis que la propriété d’apprentissage de caractéristiques se
concentre sur la fagon dont les caractéristiques bénéfiques pour résoudre un probleme d’apprentissage supervisé spé-
cifique sont implicitement construites et utilisées par les estimateurs, en particulier les réseaux de neurones. Par
conséquent, le role de la FSD dans la définition de la propriété d’apprentissage de caractéristiques est de nous aider
a comprendre comment ces caractéristiques construites par les réseaux de neurones sont liées au probléme spécifique.
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Définition 14. [Propriété d’alignement] Soit (ux, f*,€) un probléme de régression supervisée, soit H un RKHS,
et soit gy un estimateur prenant ses valeurs dans H. Soit gy, € argmin{|lg — f*||12(uy) : 9 € H} loracle dans
H. Etant donné une fonction croissante ® : Ry — R, une suite de nombres réels positifs ou nuls {15k et
un nombre réel 0 < 0 < 1, nous disons que gy satisfait la propriété d’alignement (®,k,d) par rapport d {fyj};’ikJrl

si, avec une probabilité d’aw moins 1 — 4§, on a ||gn — 9;1”%2(;»;() < <I>(Z?';kvj<g;‘_[,ej)2), ou (g3, €;) est le produit
scalaire dans H entre g3, et e;.

Un estimateur gy satisfaisant la propriété d’alignement présente la caractéristique suivante : lorsque 'oracle g3,
est bien aligné avec les vecteurs propres (fonctions propres) correspondant aux k plus grandes valeurs propres de
l'opérateur de covariance X, 'estimateur peut exploiter cette structure et ainsi atteindre une erreur d’estimation plus
faible ||gn — gZ;lHQLQ(MX). 11 est connu que de nombreux estimateurs satisfont cette propriété, y compris la régression
ridge, le flot de gradient (gradient flow), la descente de gradient, la régression sur les composantes principales, et la
RERM avec des termes de régularisation dont la divergence de Bregman est non triviale ; voir le Théoreme 1. Pour
une RERM générale, les poids «y; peuvent étre choisis égaux & 1 ; pour la régression ridge, le flot de gradient, la
descente de gradient et la régression sur les composantes principales, v; peut étre choisi égal & o, voir (1.41).

La propriété d’alignement caractérise la capacité d’un estimateur a exploiter un alignement géométrique favor-
able existant ; cependant, un tel alignement n’est pas toujours intrinsequement présent. Lorsque cette relation
d’alignement est sous-optimale, certains estimateurs produisent de grandes erreurs de prédiction. Pour étudier
I'impact de I’alignement défavorable entre I'oracle g3, et les fonctions propres de 'opérateur de covariance de H sur
Ierreur d’estimation d’une large classe d’estimateurs, nous introduisons le concept suivant d’efficacité de I’alignement.

Définition 15. Soit (ux, f*,£) un probléme de régression supervisée, ag la variance de £, H un RKHS et N la taille
de U’échantillon. Soit 0 < o < 1 un sewil pré-spécifié. Nous définissons la dimension d’équilibre (balance dimension)
k°(N) = min{k e N: HPkH:oog;lH%z(#X) < O’?%}, 0l Pii1io0 = D) €5 © €; est la projection sur span(e; : j > k).

Sik°(N) < aN, nous disons que lalignement est efficace ; si k°(N) > aN, nous disons que Ualignement est déficient.

La Définition 15 a pour but de caractériser la relation entre la dimension d’équilibre et la taille de I’échantillon N.
D’apres la FSD, la projection P 1.5093, n'est pas estimée et entre donc dans 'erreur d’estimation comme le prix de la
non-estimation. Parallélement, Ug% représente le terme de variance associé au sous-espace d’estimation. Puisque les
deux termes sont indépendants du choix spécifique de I'estimateur, la dimension d’équilibre — en décrivant ’équilibre
entre ces deux composantes — révele 'impact sur 'erreur d’estimation qui dépend exclusivement de ’alignement de
g3, avec les vecteurs propres de 'opérateur de covariance de H, indépendamment de 1’algorithme spécifique.

Dans la fonction de taux de la FSD, les termes || Py 1:0097%; ||i2(ux) et og £ sont universels, ce qui signifie qu'ils sont
indépendants du choix spécifique de I’estimateur et apparaissent toujours dans la fonction de taux. Par conséquent,
Péquilibre entre ces deux termes caractérise, dans un sens indépendant de l’estimateur (estimator-free), I'impact
de I'alignement entre g3, et les vecteurs propres de I'opérateur de covariance sur ’erreur d’estimation de n’importe
quel estimateur. En particulier, par la définition de k°(N), pour tout k& € N (spécialement pour la dimension

d’estimation k*), nous avons towjours || Prot1:0093 /|72,y + Ug% < 2| Pit1ic0g3 1720y + 0¢%). Cela implique

que la fonction de taux optimale de la FSD est toujours soumise & une borne inférieure fournie par 02%, quel que
soit l'estimateur sélectionné pour la FSD. Lorsque la dimension d’équilibre est excessivement grande, cette borne
inférieure peut étre assez substantielle, conduisant a une erreur d’estimation sous-optimale. Un élément clé de la
propriété d’apprentissage de caractéristiques introduite dans ce qui suit est que I’apprentissage de caractéristiques
peut construire automatiquement des alignements géométriques favorables grace a l'apprentissage autonome des
caractéristiques.

Définition 16. [Propriété d’alignement et propriété d’apprentissage de caractéristiques] Considérons un
probléme de régression supervisée a valeurs réelles (ux, f*,€). Soit fn un estimateur. Nous disons que fn accomplit la
propriété d’apprentissage de caractéristiques (feature learning property) en résolvant (ux, f*,€), s’il existe un RKHS

Hiea avec sa carte de caractéristiques (feature map) canonique notée Gien : Ux — Hiea, €t un élément Gy € Hea tels
que les conditions suivantes soient vérifiées da la limite quand N — oo :

1. gn satisfait la propriété d’alignement avec une dimension d’estimation k pour un certain k € Ny ;
2. IN(-) = gn(bteal-)) 0t GN (Pteal-)) = (INs Ptea(-)) Heen +
3. Voracle g3, € argmin{||g — f*||L2(ux) : 9 € Hiea} satisfait | f* — g5, |r2(ux) = 0r(1) ;

4. k= O(d), et HPk+1:oog’>;-Lfea||L2(uX) = O]p(l) ou Pk+1:oo = Zj>k €; ® €;.
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Nous appelons un tel Hien le sous-espace de caractéristiques appris (learned feature subspace).

La signification de la Définition 16 est la suivante : si f n construit a partir des échantillons d’entrainement un
sous-espace de caractéristiques Heen (que nous supposons étre un RKHS) tel que, pour le probléme de régression a
valeurs réelles (ux, f*,€), 'erreur d’approximation de I'espace de caractéristiques construit Hrea, | f* — g7, [I22(ux)>
est petite, et qu’au sein de ce sous-espace de caractéristiques Hyea, les caractéristiques qui sont utiles pour estimer f*
sont effectivement utilisées pour estimer f*. En d’autres termes : la capacité d’ingénierie des caractéristiques de f N
sur ce probleme de régression se manifeste par le sous-espace de caractéristiques Hge, construit a partir des données,
qui posséde une petite erreur d’approximation, et les k premieres caractéristiques construites sont bénéfiques pour
estimer f* dans le sens ou, sur Hge,, il existe un estimateur latent gy capable d’utiliser les k premiers vecteurs
propres les plus importants pour obtenir une petite erreur d’estimation afin d’estimer l'oracle g3, . Enfin, fN est
proche de cet estimateur latent gy en distance L?(ux).

Par conséquent, le phénomene observé a la fois par les praticiens et les théoriciens lorsque f ~ résout le probleme
(px, f*,€) est le suivant : sur la base des données d’entrainement (X;, Y)Y ,, f semble construire automatiquement,
dans L?(ux), un espace de caractéristiques Hie, qui posséde des propriétés statistiques favorables pour le probléme,
apprend « a lintérieur » de cet espace, et atteint une petite erreur d’estimation — comme si fN lui-méme était un
estimateur défini sur Hge,. Ce phénomene est précisément ce que 'on appelle souvent la propriété d’apprentissage
de caractéristiques dans la théorie de I'apprentissage profond.

Par conséquent, si f possede la propriété d’apprentissage de caractéristiques lors de la résolution de (ux, f*,£),
alors son erreur d’estimation (& un carré pres) peut étre majorée comme suit :

v = Flle2gux) < N = anllzzux) + 198 = Gaea 22 ox) + 1930, = 722 gux)-

L’exigence dans la Définition 16 que || fN — Gnllz2(uyx) soit petite ne peut pas étre omise, car sous des conditions
trés larges, pour tout f* € L%(ux), il existe toujours un RKHS déterministe H (dont la carte de caractéristiques
est notée ¢) tel qu’il existe un gy possédant la propriété d’alignement pour lequel ||f* — g3/12(. ) est petit, ol
g3 x € Qx = E[Y | ¢(x)] est la fonction de régression dans H. En fait, les méthodes spectrales avec des fonctions
de filtrage analytiques possedent toujours la propriété d’alignement, et de nombreux RKHS #H sont denses dans
L?(ux). Par conséquent, ce que la Définition 16 souligne, c’est qu'un tel RKHS doit dépendre de (X;,Y;)Y , ainsi
que de (F, fN) (c’est pourquoi nous le notons Hie,), et tel que gy soit proche de fn pour la métrique L2 (nx). Ce
n’est qu’alors que ce sous-espace de caractéristiques latent et I'estimateur latent gy défini sur celui-ci deviennent
capables d’expliquer la propriété d’apprentissage de caractéristiques de f ~ pour le probléme donné.
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Résumé : Le probléme de la prédiction statistique
constitue 'une des questions les plus centrales des
domaines de la théorie de l'apprentissage statis-
tiqgue et de la statistique mathématique. Largument
de convergence uniforme est 'une des méthodes les
plus fondamentales pour étudier ce probléeme. Ces
dernieres années, I'argument de convergence uni-
forme s’est révélé inadéquat pour étudier les estima-
teurs surajustés, en particulier en raison de son inca-
pacité a expliquer le phénoméne de surapprentissage
bénin.

Motivé par ce constat, cette thése propose un cadre
mathématique systématique pour raffiner 'argument
de convergence uniforme, nommé la méthode de
Décomposition d’Espace de Caractéristiques. Elle
vise a étudier le phénoméne de surapprentissage
bénin des estimateurs d’interpolation & norme ¢, mi-
nimale en régression linéaire, ainsi que de I'estima-
teur d’interpolation a norme ¢, minimale en classi-
fication linéaire. En outre, cette thése applique la
méthode a la régression ridge et, plus généralement,
aux méthodes spectrales (qui incluent la descente de
gradient et le flux de gradient), permettant d’obtenir
des descriptions non asymptotiques et précises de

leur erreur d’estimation dans presque tout probleme
de régression linéaire.

Ces applications démontrent que la méthode permet
non seulement aux statisticiens théoriciens de ca-
ractériser le risque excédentaire en population d’'un
estimateur, mais offre également un nouveau cadre
théorique potentiel, fournissant une perspective ana-
lytique novatrice. Pour illustrer cela, nous utilisons le
cadre de la méthode de Décomposition d’Espace de
Caractéristiques pour définir trois concepts nouveaux
: un ordre partiel sur 'ensemble des méthodes spec-
trales pour un probleme de régression linéaire donné,
un effet de saturation généralisé, et une définition
mathématique de la propriété d’apprentissage de ca-
ractéristiques.

Outre les implications statistiques mentionnées
précédemment, cette thése établit également une
généralisation du théoreme de Dvoretzky-Milman
pour la norme ¢, sous une mesure de probabi-
lité générale. Ce résultat, qui découle naturellement
du développement de la méthode de Décomposition
d’Espace de Caractéristiques, releve des aspects
géométriques de I'analyse fonctionnelle.

Title : Feature Space Decomposition

Keywords : Uniform Convergence Argument, Dvoretzky-Milman theorem, Fixed Points, Benign Overfitting,

Ridge Regression, and Gradient Descent/Flow

Abstract : The problem of statistical prediction stands
as one of the most central issues in the fields of statis-
tical learning theory and mathematical statistics. The
uniform convergence argument is one of the most fun-
damental methods for studying this problem. In recent
years, the uniform convergence argument has pro-
ven inadequate for investigating overfitting estimators,
particularly in its inability to explain the phenomenon
of benign overfitting.

Motivated by this observation, this thesis proposes
a systematic mathematical framework to refine the
uniform convergence argument, termed the Feature
Space Decomposition method, to study the benign
overfitting phenomenon of minimum £,-norm interpo-
lant estimators in linear regression, and of minimum
£o-norm interpolant estimator in linear classification.
Furthermore, this thesis applies the method to ridge
regression and, more generally, to spectral methods
(which include gradient descent, and gradient flow),
thereby obtaining non-asymptotic, sharp descriptions

of their estimation error in nearly any linear regression
problem.

These applications demonstrate that the method not
only aids theoretical statisticians in characterizing the
population excess risk of an estimator but also offers
a potential new theoretical framework, providing a no-
vel perspective for analysis. To illustrate this point, we
employ the framework of the Feature Space Decom-
position method to define three new concepts: a par-
tial order on the set of spectral methods for a given
linear regression problem, a generalized saturation ef-
fect, and a mathematical definition of the feature lear-
ning property.

In addition to the aforementioned statistical implica-
tions, this thesis also establishes a generalization of
the Dvoretzky-Milman theorem for the ¢, norm under
a general probability measure. This result, which natu-
rally arose from the development of the Feature Space
Decomposition method, constitutes a conclusion wi-
thin the geometric aspects of functional analysis.
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