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école doctorale n◦574 École doctorale de mathématiques Hadamard (EDMH)
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Mme. Claire Boyer
Professeur, Université Paris-Saclay Examinateur

Mme. Marta Strzelecka
Professeur, University of Warsaw Examinateur

M. Guillaume Lecué
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Chapter 1

Introduction

1.1 Statistical Supervised Learning Theory
We consider supervised learning problems under random design setup in statistical learning theory.

Supervised Learning Problems and Their Solutions. Let (ΩX , µX) and (ΩY , µY ) be two probability spaces.
Let Ω = ΩX ×ΩY . Let X be a random element with distribution µX and Y be a random element with distribution
µY . We refer to X as the design variable, input, or experiment, and to Y as the response variable, label or output.
Let µ be the joint probability measure of (X,Y ). Let ℓ : (y1,y2) ∈ ΩY ×ΩY 7→ ℓ(y1,y2) ∈ R+ referred to as the loss
function. A supervised learning problem is uniquely characterized by the pair of probability space and loss function,
that is, (Ω, µ, ℓ).

A pair (F , {f̂N}N∈N+
), consisting of a set F ⊂ {f : ΩX → ΩY , f is measurable}, called the statistical model,

and a sequence of measurable maps {f̂N : (Xi, Yi)
N
i=1 ∈ ΩN 7→ f̂N ((Xi, Yi)

N
i=1; ·) ∈ F}N∈N+ , called decision rules,

is called a solution, where f̂N ((Xi, Yi)
N
i=1; ·) : x ∈ ΩX 7→ f̂N ((Xi, Yi)

N
i=1;x) ∈ ΩY . Here, N is called the sample

size, (Xi, Yi)
N
i=1 are called the training samples, and {f̂N}N∈N+

is a sequence of decision rules that take the training
samples and output a function f̂N ((Xi, Yi)

N
i=1; ·) in F ; afterwards we abuse notation by simply writing f̂N (·), called

estimator or learning machine. In this thesis, we always assume that the training samples (Xi, Yi)
N
i=1 are independent

copies of (X,Y ). Sometimes we also denote (F , {f̂N}N∈N+
) by ({f̂N}N∈N+

,F). Here, N ∈ N+ is for convenience;
some decision rules are only defined for sufficiently large N , i.e., there exists N0 ∈ N+ such that only {f̂N}N>N0

is
well‑defined; this case is still called a solution. When no confusion arises, we sometimes omit the subscript N of f̂N
and simply write f̂ .

Research on supervised learning problems in statistical learning theory thus consists of two parts:

1. studying the structure of the supervised learning problem (Ω, µ, ℓ), and

2. investigating the statistical properties of a solution (F , {f̂N}N∈N+
) of the given problem.

We provide numerous examples later in Section 1.2. Below we introduce the statistical property that is the focus of
this thesis: prediction risk.

Statistical Properties of Solutions. The problems considered in this thesis fall under statistical prediction
problems, whose core task is: given a test sample X, to predict its corresponding response Y by using f̂N (X).
Thus, the quantity that evaluates the quality of a solution on the given supervised learning problem is the predic-
tion risk incurred by the prediction f̂N (X) compared to the true response Y . Next, we define the prediction risk
mathematically.

Define ℓ• : f ∈ F 7→ ℓf where ℓf : (x,y) ∈ Ω 7→ ℓ(f(x),y). We denote by P : f ∈ L1(µ) 7→ E[f(X,Y )]
the population mean, and we define the prediction risk/ population risk/ generalization error Pℓ• : f ∈ F 7→ Pℓf .
Therefore, the prediction risk of an estimator f̂N is a random variable defined by

Pℓf̂N = E
[
ℓ(f̂N (X), Y )

∣∣(Xi, Yi)
N
i=1

]
,

1
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where (X,Y ) follows the probability distribution µ and is independent of the training samples (Xi, Yi)
N
i=1; it is called

the test sample. The predictor risk of an estimator measures its ability to generalize well on out-of-sample data.
To quantify the “smallness” of Pℓf̂N , one typically compares it with either the minimum of the population risk

over all measurable maps (assuming it exists) or the minimum over F (assuming it exists). Define

f∗ ∈ argmin(Pℓf : f : ΩX → ΩY measurable),

referred to as the Bayes rule; and
f∗F ∈ argmin(Pℓf : f ∈ F),

referred to as the oracle in F associated with this problem.
The quantity Pℓf∗ measures the intrinsic difficulty of the supervised learning problem (Ω, µ, ℓ), for instance its

noise level. Pℓf∗
F
quantifies the minimal prediction risk achievable by using the function with the smallest prediction

risk within the statistical model F , i.e., the oracle. Thus, it characterizes the “approximation error” between the
statistical model F and the problem (Ω, µ, ℓ).

Remark 1. Beyond statistical prediction parameters, mathematical statistics is also cencerned with inference prob-
lems, i.e., constructing confidence intervals for statistical quantities. Such problems lie outside the scope of this thesis,
but they are related to the statistical prediction problems studied herein, as seen in [BK20, Section 5]. Investigating the
application of the Feature Space Decomposition method developed in this thesis to inference problems is an interesting
research direction.

Remark 2. This thesis considers the random design setup, i.e., the design vectors (Xi)
N
i=1 are assumed to be random.

In statistical learning theory, there is another setup called fixed design, where (Xi)
N
i=1 are assumed to be deterministic,

while the response variables (Yi)
N
i=1 are assumed to be random—the randomness stems only from the noise. In fixed

design problems, it is typically assumed that (Xi)
N
i=1 are certain scattered sampling points on ΩX , as in [Tsy09,

Chapter 1], see also [BvdG11], and the noise perturbs the corresponding responses at these points. In fixed design
problems, there is no notion of test error; instead, the quantity used to evaluate the statistical performance of an
estimator f̂N is the empirical estimation error, for example, 1

N

∑N
i=1(f̂N (Xi)− f∗(Xi))

2. Although results obtained
under fixed design hold for arbitrary (Xi)

N
i=1 and thus may appear stronger than random‑design results that hold with

high probability or in expectation—and sometimes the training error under fixed design is of the same order as the
test error (in probability or expectation) under random design for the same estimator—we emphasize that these are
two fundamentally different problems. This distinction becomes particularly evident when there is a gap between test
error and training error, as with interpolant estimators; see Example 10 and Section 1.4.2.

Practice, Theory and the aim of this thesis. The task of a practitioner is as follows: given (Ω, ℓ) and some
partial prior knowledge of µ, one constructs a solution such that the prediction risk is as small as possible with high
probability, or in expectation. In practice, the statistician does not know µ (otherwise one could simply set f̂N = f∗).
Therefore, in practice, to assess the magnitude of the prediction risk, a practitioner usually needs to take multiple
i.i.d. distributed test samples, say (Xj , Yj)

M
j=1 independent with the training samples, to measure the prediction risk

of f̂N , for instance, compute the mean of test errors (ℓ(f̂N (Xj), Yj))
M
j=1.

The aim of theorists is to assess the performance of such a solution from a theoretical viewpoint (so the theorists
“know” µ), thereby evaluating the effectiveness of the solution for the supervised learning problem by proving prob-
ability inequalities. A theorist still possesses the authority to choose a solution, i.e., when the statistical properties
of a given solution are difficult to analyze, the theorist may opt to replace it with another solution for the same
supervised learning problem whose statistical properties are easier to analyze, termed a “provable solution.”

Below we denote L• : f ∈ F 7→ Lf := ℓf − ℓf∗ as the excess risk functional and LF
• : f ∈ F 7→ LF

f := ℓf − ℓf∗
F
as

the excess risk functional with respect to the oracle f∗F . This thesis focuses on the following abstract mathematical
problem:

given an arbitrary problem (Ω, µ, ℓ) and arbitrary solution (F , {f̂N}N∈N+), investigate the properties of the
random variable PLF

f̂N
and PLf̂N .

The aim of this thesis is to
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introduce a systematic methodology for tackling this abstract mathematical problem, thereby providing better
mathematical strategies and tools for theorists to analyze the statistical properties of a solution.

Therefore, this thesis focuses on certain solutions that have been difficult for theorists to analyze, such as the
interpolant estimators introduced in Example 10 later, and by establishing their statistical properties, it aims to
develop a new set of proof strategies intended to improve the most fundamental proof methods in statistical learning
theory.

Below, we review a classical task theorists usually face to analyze the statistical properties of an estimator f̂N .

Oracle inequalities. Regardless of whether the comparison is made with the Bayes rule or with the oracle, theorists
may establish two different types of oracle inequalities, [Kol11, LM12].

1. Exact oracle inequality. One seeks a quantity R(µ, ℓ, f̂N ,F , N) such that, with high probability or in
expectation, one has Pℓf̂N − Pℓf∗

F
≤ R(µ, ℓ, f̂N ,F , N), or Pℓf̂N − Pℓf∗ ≤ R(µ, ℓ, f̂N ,F , N).

2. Non-exact oracle inequality. One seeks an absolute constant C > 1 and a quantity R(µ, ℓ, f̂N ,F , N) such
that, with high probability or in expectation, one has Pℓf̂N − CPℓf∗

F
≤ R(µ, ℓ, f̂N ,F , N), or Pℓf̂N − CPℓf∗ ≤

R(µ, ℓ, f̂N ,F , N).

Once either type of inequality is established, by comparing with Pℓf∗
F
or Pℓf∗ (or a constant multiple thereof), one

obtains an upper bound (in the high-probability or expectation sense) on the population risk/ generalization error
of Pℓf̂N .

Remark 3. There are certain special situations in which one does not compare Pℓf̂ with Pℓf∗
F

or Pℓf∗ . Instead,
for various reasons (for instance, although f∗F or f∗ attains the minimal population risk, we may not favor it for
some reason), one wishes to retain the freedom to choose the function (called the target function) against which the
population risk is compared. This leads to a somewhat non-standard form of oracle inequality; see, for example,
[P5]. See Section 1.3.4 later for details. For instance, some oracle inequalities compare with the minimizer of the
regularized population risk, e.g., [Kol09]. We do not discuss them here.

In Section 1.3 later, we detail how classical mathematical statistics establishes oracle inequalities.

1.2 Examples
1.2.1 Examples of supervised learning problems
Below we present the two most important examples of supervised learning problems.

Example 1 (Real-valued regression). Let f∗ ∈ L2(µX) be an unknown function, also called the regression function
of Y given X, and let ξ be a centered random variable independent of X with variance E[ξ2] denoted by σ2

ξ . Define
Y = f∗(X) + ξ. Taking ℓ = ℓ(2) as the squared loss, that is, ℓ(2) : (y1, y2) ∈ R 7→ (y1 − y2)

2. A real-valued regression
problem is defined by such a triple (µX , f

∗, ξ). In real‑valued regression problems, the Bayes rule is f∗, satisfying
Pℓf∗ = σ2

ξ . Beyond this, one has Pℓf∗ = E[ξ2] and Pℓf̂N = ‖f∗ − f̂N‖2L2(µX) +E[ξ2]. If f∗ /∈ F , the model is said to
be misspecified. The term ‖f̂N − f∗F‖2L2(µX) is referred to as the estimation error of f̂N relative to the oracle f∗F ; the
term ‖f∗F − f∗‖2L2(µX) is referred to as the approximation error of the statistical model F relative to the signal f∗.

Since the approximation error ‖f∗F − f∗‖L2(µX) is independent of the decision rule and depends only on the
choice of the statistical model F , and its study is essentially non‑stochastic, in this thesis we focus primarily on the
estimation error ‖f̂N − f∗F‖2L2(µX).

Example 2 (Binary classification problems). Let ΩY = {−1, 1}, and define the 0/1 loss function by ℓ = ℓ(0/1) :
(y1, y2) ∈ {−1, 1} × {−1, 1} 7→ 1(sign(y1) 6= sign(y2)), where sign(t) = 1 if t > 0, sign(t) = −1 if t < 0, and
sign(t) ∈ [−1, 1] if t = 0. This is referred to as the supervised (binary) classification problem (also known as pattern
recognition/ discriminant analysis). Define the function η : x ∈ ΩX 7→ P(Y = 1 | X = x), called the posterior
distribution. The Bayes rule is then given by f∗ : x 7→ sign(η(x) − 1

2 ). For supervised classification problems,
(µ, ℓ) is uniquely characterized by the pair (µX , η). In supervised classification, for any given f ∈ F , one has
Pℓf = P[sign(Y ) 6= sign(f(X))] = P[Y f(X) < 0].
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1.2.2 Examples of solutions to supervised learning problems
Examples of statistical models in parametric statistics

The statistical model determines the best function within that model, i.e., the population risk achievable by f∗F .
Consequently, a statistical model with stronger “representational capacity” tends to have a smaller approximation
error. However, such a model is typically more complex.

Linear regression model. For any solution ({f̂N}N∈N+ ,F) to a supervised learning problem, if F is parameterized
by a linear algebraic structure, we call this a linear regression method. Note that functions in F may be allowed to
be nonlinear with respect to the input.

Example 3 (Real spaces). Let p ∈ N+. If F = {〈·,v〉 : v ∈ Rp}, then clearly F is linearly parameterized. Therefore,
on Rp, any {f̂N}N∈N+ is linear regression.

Example 4 (Reproducing kernel Hilbert space). If F is a real-valued Hilbert space of functions (H, 〈·, ·〉H), and
H ⊂ L2(µX) satisfies that for any x ∈ ΩX , there exists a constant Cx such that for any f ∈ H, |f(x)| ≤ Cx‖f‖H,
where ‖·‖H is the norm induced by the inner product 〈·, ·〉H, then H is called a reproducing kernel Hilbert space (RKHS).
For any x ∈ ΩX , there exists a continuous functional called the evaluation functional evx : f ∈ H 7→ f(x) ∈ R. By
the Riesz representation theorem, for any x ∈ ΩX , there exists ϕ(x) ∈ H such that for any f ∈ H, f(x) = 〈f, ϕ(x)〉H;
this is called the reproducing property. We call ϕ : ΩX → H the feature map. In an RKHS, F is linearly parameterized
by ϕ; therefore, any {f̂N}N∈N+ on an RKHS is linear regression. The most classical RKHS is the Sobolev space based
on L2(µX) that satisfies certain Sobolev embedding theorem, when ΩX is a compact subset of Rd, [Bac24, Chapter
7].

Example 5 (Reproducing kernel Banach space). If F is a Banach space (B, ‖·‖B) consisting of real-valued functions,
and B ⊂ L2(µX) satisfies that for any x ∈ ΩX , there exists a constant Cx such that for any f ∈ B, |f(x)| ≤ Cx‖f‖B,
then B is called a Reproducing Kernel Banach Space (RKBS). Analogously (see, e.g., [BVRV24]), for any x ∈ ΩX ,
there exists evx ∈ B′ such that for any f ∈ B, f(x) = 〈evx, f〉, where 〈·, ·〉 denotes the dual pairing between B′ and B.
We call ϕ : x ∈ ΩX 7→ ϕ(x) = evx ∈ B′ the feature map. In an RKBS, F is linearly parameterized by ϕ; therefore,
on an RKBS, any {f̂N}N∈N+

is linear regression. The most classical RKBS is the Banach space M(Θ) of signed
measures on a compact set Θ equipped with the total variation norm, which parameterizes shallow neural networks.
That is, B consists of bounded continuous functions on ΩX , and B′ is identified with Cb(Θ), [BVRV24].

Apart from the examples mentioned above, many classical function spaces, such as Hölder spaces, general Sobolev
spaces, and Besov spaces, are also linear spaces. However, on these spaces, we typically do not linearly parameterize
F ; therefore, they are not generally referred to as linear regression, but are typically referred to as nonparametric
statistics.

Non-linear regression model. Statistical models that do not fall under linear regression are referred to as non-
linear regression models.

Example 6 (Neural networks). Let d, L be positive integers, and let W1, . . . ,WL−1 be L − 1 positive integers. Let
W1 ∈ RW1×d, W2 ∈ RW2×W1 , . . . ,WL−1 ∈ RWL−1×WL−2 be L − 1 matrices, wL ∈ RWL−1 , and let σ1, . . . , σL−1 be
L− 1 real-valued functions (typically nonlinear). The statistical model formed by fully connected feedforward neural
networks is defined as

F = {fW1,··· ,WL−1,wL
(·) = 〈wL, σL−1(WL−1σL−2(WL−2σL−3(· · ·W2σ1(W1·))))〉 : W1, · · · ,WL−1,wL}.

Here, (σj)L−1
j=1 ’s act coordinate-wisely. Due to the nonlinearity of σ1, . . . , σL−1, although F is parameterized, it is not

linearly parameterized. With a bit abuse of notation, we write WL = w⊤
L .

The statistical model in Example 6 is not only nonlinear but also nonconvex. In contrast, the following model
(Example 7) is convex.

Example 7 (mean-field shallow neural networks). Let Θ ⊂ Rd+1 be a compact set. An element θ ∈ Θ is written as
(a,w), where a ∈ R and w ∈ Rd. Let P(Θ) denote the set of all probability measures that are absolutely continuous
with respect to the Lebesgue measure dθ. For any bounded continuous function g ∈ Cb(Θ) and probability measure
ν ∈ P(Θ), define 〈g, ν〉 =

∫
Θ
g(θ) dν(θ). Let ϕ : x ∈ Rd 7→ ϕ(x) ∈ Cb(Θ) satisfying supx ‖ϕ(x)‖∞ <∞ be the feature
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map. Here ϕ(x) : (a,w) ∈ Θ 7→ aσ(〈w,x〉) where σ : R → R is a continuous bounded function. Define F = {fν(·) =
〈ϕ(·), ν〉 : ν ∈ P(Θ)}. Then for any x ∈ Rd and any fν ∈ F , there holds |fν(x)| ≤ ‖ϕ(x)‖∞‖ν‖L1(Θ) = ‖ϕ(x)‖∞
where we used the reproducing property fν(x) = 〈ϕ(x), ν〉 that holds for all x. Therefore, the statistical model F is
a subset of a ball of the reproducing kernel Banach space generated by ϕ defined in Example 5.

Examples of Decision rules

decision rules determine how to effectively construct an estimator/predictor f̂N from the training samples (Xi, Yi)
N
i=1

within a given statistical model F , such that the estimation error is small. If the statistical model is extremely
complex, this construction can be exceedingly difficult. A decision rule uses the training samples to probe the
structure of µ.

Example 8 ((Regularized) Empirical Risk Minimization). The most fundamental decision rules are empirical risk
minimization (ERM) and regularized empirical risk minimization (RERM), defined as

f̂N ∈ argmin
(
Lf ((Xi, Yi)

N
i=1) + λΨ(f) : f ∈ F

)
, for some L• : f ∈ F 7→ Lf ∈ {g : ΩN → R},

and Ψ : F → R is some regularization functional and λ ∈ R is called the regularization parameter. When λ = 0, f̂N
is called ERM, otherwise called RERM.

A most classical form of Lf is Lf = 1
N

∑N
i=1 ℓf as the empirical mean. However, Lf can also take other forms,

e.g., Lf : (Xi, Yi)
N
i=1 7→

(∑N
i=1 |Yi − f(Xi)|q

)1/q
, where 0 ≤ q ≤ ∞.

ERM and RERM are at the origin of statistical learning theory [VC68]. However, because real‑valued regression
problems also encompass estimation problems in mathematical statistics, this thesis and the Feature Space Decom-
position introduced herein are also applicable to classical mathematical‑statistics methods beyond (R)ERM, such as
the following class of spectral methods.1

Example 9 (Spectral methods). Spectral methods are a class of methods adapted to linear regression problems on
RKHS (see Example 4) (H, 〈·, ·〉H), whose feature map is ϕ. Denote X : f ∈ H 7→ (〈f, ϕ(Xi)〉H)Ni=1 ∈ RN as the
design matrix, sometimes also called the sampling operator; and denote X⊤ : λ ∈ RN 7→

∑N
i=1 λiϕ(Xi) ∈ H by its

conjugate operator. Define Σ̂ = 1
N

∑N
i=1 ϕ(Xi)⊗ ϕ(Xi) as the sample covariance matrix. Let y = (Y1, . . . , YN ) ∈ RN

be the response vector. Let (φt)t≥1 be a family of real-valued functions defined on R+ call the filter functions. For
all t ≥ 1, we define the spectral method associated with φt by:

f̂N : y ∈ RN 7→ f̂N (y) =
1

N
φt(Σ̂)X⊤y =

1

N
X⊤φt(

1

N
XX⊤)y (1.1)

where φt(Σ̂) and φt( 1
NXX⊤) are defined via the spectral calculus. When there is no ambiguity, we abbreviate f̂N (y)

as f̂N . Spectral methods encompass a broad class of common linear regression techniques, such as ridge regression,
gradient descent, gradient flow, heavy-ball method, Nesterov’s acceleration, and principal component regression, among
others, see Example 16 of Chapter 3 for details.

Example 10 (Minimum norm interpolant estimators). In this thesis, we only consider the minimum norm interpolant
estimator in linear regression problems. If the statistical model F is a RKBS (F , ‖ · ‖), see Example 5, then the
minimum ‖ · ‖-norm interpolant estimator in regression is defined as

f̂N ∈ argmin (‖f‖ : f(Xi) = Yi, ∀1 ≤ i ≤ N) .

Its existence is established in [BDVRV23]. Similarly, we define the minimum norm interpolant classifier as

f̂N ∈ argmin(‖f‖ : sign(f(Xi)) = Yi, ∀1 ≤ i ≤ N).

Minimum norm interpolant estimators often arise as an implicit regularization in a class of optimization algorithms
(see Section 1.4.1 later).

1Many spectral methods can also be written in the form of RERM, [AKT19], but in such cases the regularization is a quadratic form
that depends on (Xi)

N
i=1, rather than a fixed functional Ψ as in the general definition of RERM.
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1.3 Classical Statistical Learning Theory based on Uniform Conver-
gence Argument

In this section, we introduce one of the most fundamental proof methods in statistical learning theory: the uniform
convergence argument, [VC68, Kol11]. Most of the content in this section is a summary and synthesis of developments
in statistical learning theory over the past few decades, and includes some unpublished observations by the author.
The uniform convergence argument can be traced back at least to [VC68] proposed to study ERM. We first recall
ERM defined in Example 8:

f̂N ∈ argmin
(
Lf ((Xi, Yi)

N
i=1) : f ∈ F

)
, for some L• : f ∈ F 7→ Lf ∈ {g : ΩN → R}.

With some abuse of notation, we still denote Lf ((Xi, Yi)
N
i=1) as PN ℓf , even though Lf ((Xi, Yi)

N
i=1) cannot always

be written as an integral with respect to an empirical measure, e.g., Lf ((Xi, Yi)
N
i=1) = (

∑N
i=1 |Yi − f(Xi)|2)1/2. We

write Pℓf = E[Lf ((Xi, Yi)
N
i=1)], PNLF

f = Lf ((Xi, Yi)
N
i=1) − Lf∗

F
((Xi, Yi)

N
i=1), and PLF

f = E[PNLF
f ]. In particular,

when there exists ℓf : ΩX × ΩY → R such that Lf ((Xi, Yi)
N
i=1) = 1

N

∑N
i=1 ℓf (Xi, Yi), then Pℓf = E[ℓf (X,Y )] is

precisely the prediction risk of f .
After nearly sixty years of development since [VC68], the connotation of the uniform convergence argument has

long extended beyond its initial version. In this thesis, we consider the following generalized uniform convergence
argument. Broadly speaking, the uniform convergence argument refers to the method of bounding the population
excess risk of an estimator by the supremum or infimum of an empirical process. The uniform convergence argument
is based on the following idea: since the estimator f̂N is a random function, a useful approach when analyzing its
population excess risk is to carefully construct a suitable subset of F and prove that f̂N belongs to this subset with
high probability, transforming the random nature of f̂N into the stochastic properties of each deterministic function
in that set.

Proposition 1. Let (Ω, µ, ℓ) be a supervised learning regression problem, and (f̂N ,F) be an ERM. Then PLF
f̂N

≤
sup ((P − PN )Lf : f ∈ F). Furthermore, if there are two real numbers R(µ, ℓ,F , N) > 0 and 0 < δ(µ, ℓ,F , N) < 1

such that P
(
sup

(
(P − PN )LF

f : f ∈ F
)
≤ R(µ, ℓ,F , N)

)
≥ 1 − δ(µ, ℓ,F , N), then the oracle inequality PLF

f̂N
≤

R(µ, ℓ,F , N) holds with probability at least 1−δ(µ, ℓ,F , N). If there exists a real number R′(µ, ℓ,F , N) > 0 such that
E sup

(
(P − PN )LF

f : f ∈ F
)

≤ R′(µ, ℓ,F , N), then the oracle inequality in expectation E[PLF
f̂N

] ≤ R′(µ, ℓ,F , N)

holds.

Proof. By definition, PN ℓf̂N ≤ PN ℓf∗
F
, hence

PLF
f̂N

= PNLF
f̂N

+ (P − PN )LF
f̂N

≤ (P − PN )LF
f̂N

≤ sup
(
(P − PN )LF

f : f ∈ F
)
. (1.2)

The conclusion in the “furthermore” part is evident.
Proposition 1 is the most primitive form of the uniform convergence argument. In Proposition 1, sup((P−PN )LF

f :

f ∈ F) is an (one-sided) empirical process if PN ℓf = 1
N

∑N
i=1 ℓf (Xi, Yi). Proposition 1 imposes almost no restrictions

on the supervised learning problem or its solution, except for the following two points.

1. sup(ELf (X,Y )− 1
N

∑N
i=1 Lf (Xi, Yi) : f ∈ F) is finite (with high probability or in expectation). This requires

F to satisfy certain conditions; for example, if one wishes to use Proposition 1 to prove that PLf̂N tends to 0

in some limit as N → ∞, a necessary condition is that F is a Glivenko–Cantelli class, [VDVW23, pp. 130];

2. f̂N is a global minimizer of PN ℓf over f ∈ F .

Existing refinements of the most primitive uniform convergence argument provided by Proposition 1 focus primarily
on handling (1.2).

1. The loss L• used by the ERM and the loss ℓ• defining the supervised learning problem may differ. For instance,
in binary classification, if we take Lf = 1

N

∑N
i=1 ℓ

(0,1)
f , i.e., ℓ(0,1)f : (x, y) ∈ ΩX × {−1, 1} 7→ 1(sign(f(x)) 6=

sign(y)), then computing this ERM is often an NP‑hard problem; see, e.g., [BBL05, Section 4]. Consequently,
practitioners typically choose some convex surrogate to define the ERM, e.g., ℓ(hinge)f : (y1, y2) ∈ R×R 7→ (1−
y1y2)+, where (x)+ = max(x, 0). The resulting (R)ERM f̂N ∈ argmin( 1

N

∑N
i=1 ℓ

(hinge)
f (Xi, Yi)+λΨ(f) : f ∈ F)

is called a support vector machine. If we directly use Proposition 1, we would only obtain the population excess
risk defined by ℓ(hinge)f , rather than the population excess risk defined by ℓ(0,1)f , which is our primary concern.
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2. Directly applying Proposition 1 may yield an upper bound on PLF
f̂N

that is far looser than what is actually

observed. This is often because the step of bounding (P −PN )LF
f̂N

by sup
(
(P − PN )LF

f : f ∈ F
)
is too crude.

In fact, in many situations, there exists a subset G ⊂ F such that the supremum of the empirical process over
G is much smaller than that over F , and f̂N belongs to G with high probability. This implies that, on this
random event, we could have used a more precise, localized uniform convergence argument. This scenario is
particularly common when F is a convex set.

3. For some estimators like ERM when F is non-convex, when the actually computed estimator f̃N is not the
theoretical global minimizer f̂N—even if f̂N might have a very small PLF

f̂N
, such an analysis is often meaningless

(see Section 1.4.1). In this thesis, we do not address this situation.

In Section 1.3.1 below, we introduce some fixed points, which are used to address item 1 and item 2. For
convenience, in what follows we focus primarily on regression problems; hence our main goal is to obtain an upper
bound for the estimation error ‖f̂N − f∗F‖L2(µX).

1.3.1 The fixed points as a way to measure the statistical complexity of F
We introduce two sets of fixed points, both of which describe a certain kind of lower isomorphy of the empirical
excess risk PNLF

f at those fixed‑point levels. The first set consists of the multiplier fixed point, the quadratic fixed
point, and their maximum, which defines the lower isomorphic fixed point, [LM16]. This set is mainly suitable when
ℓ(·, y) is a strongly convex function for any y ∈ R. The second set is the two‑sided isomorphic fixed point, which
is built upon the (local) Bernstein’s condition that is defined later, [BM06, CLL20]. The latter set of fixed points
is primarily applicable when ℓ itself is not strongly convex, but due to properties of µ, the function Pℓ• exhibits
strong convexity on some localized subset. Here we recall that Pℓf = E[ℓ(f(X), Y )], and the convexity of ℓ(·, y)
implies that for any 0 ≤ α ≤ 1 and any f1, f2 ∈ F , one has Pℓαf1+(1−α)f2 = E[ℓ(αf1(X) + (1 − α)f2(X), Y )] ≤
αE[ℓ(f1(X), Y )] + (1 − α)E[ℓ(f2(X), Y )] = αPℓf1 + (1− α)Pℓf2 . Similar convexity holds for PN ℓf as well. For any
set G, we say G is a localization subset if f∗F ∈ G ⊂ F . For any r ≥ 0 and any fF ∈ F , we denote BL2(µX)(fF ; r)
by {f ∈ F : ‖f − fF‖L2(µX) ≤ r}, and SL2(µX)(fF ; r) by {f ∈ F : ‖f − fF‖L2(µX) = r}. We denote by 〈·, ·〉 the
dual pair of a Banach space and its dual space. Let ∂−f denote the sub‑differential of a convex function f . For the
convex analysis in Banach spaces, see [BP12].

Definition 1 (Multiplier fixed point). Let (Ω, µ, ℓ) be a supervised learning problem. Suppose F is contained in a
Banach space. Let G be any localization subset, κ,□ > 0 and 0 < δM < 1

2 real numbers. Then the multiplier fixed point
rM(G, δM, κ,□) is defined as

rM (G, δM, κ,□) = min
r>0

(
P

(
sup
f

inf
g∈∂−PN ℓf∗

F

|〈g, f − f∗F 〉| ≤ □r 2
κ

)
≥ 1− δM

)
, (1.3)

where the supremum is taken over f ∈ G ∩BL2(µX)(f
∗
F ; r).

Definition 2 (Quadratic fixed point). Let (Ω, µ, ℓ) be a supervised learning problem. Suppose F is contained in a
Banach space. Let G be a localization subset, and let 0 < δQ < 1

2 , κ > 0 be real numbers. Then the quadratic fixed point
rQ(G, δQ, κ,4) is defined as the solution of the following minimization problem

min
r>0

(
P
(
∀f ∈ G ∩ SL2(µX)(f

∗
F ; r), PNLF

f ≥ 4r 2
κ + sup

(
〈g, f − f∗F 〉 : g ∈ ∂−PN ℓf∗

F

))
≥ 1− δQ

)
,

Abusing notation, we also denote this minimal 4 as 4.

In [Wai19, Section 9.3], the term PNLF
f − 〈g, f − f∗F 〉 is called the error of the first‑order Taylor expansion, when

∂−PN ℓf∗
F
is a singleton. The Restricted Strong Convexity (RSC) introduced in [Wai19, Definition 9.15] is similar to

our subsequent treatment.

Example 11. When Lf : (Xi, Yi)
N
i=1 7→ 1

N

∑N
i=1(Yi − f(Xi))

2, rQ(G, δQ, 1) is equivalent to

min
r>0

(
∃4 > 0 independent with r, ,s.t., P

(
inf

f∈G∩SL2(µX )(f
∗
F ;r)

PN (f − f∗F )
2 ≥ 4r2

)
≥ 1− δQ

)
,
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where 4 may be taken as an absolute constant. This is called the fixed point of the one‑sided Restricted Isomorphic
Property (RIP), denoted by rRIP,−(G), [CT05]. The corresponding δQ is denoted by δRIP. A standard result is: if
F can be identified with linear functionals on Rp and dim(F) < N , then under very general conditions (e.g., the
L4(µX)–L2(µX) norm‑equivalence property), the following holds: there exists δRIP <

1
100 such that for every G ⊂ F ,

we have rRIP(G) = 0; see [KM15]. See also [P6].

Definition 3 (Lower isomorphic fixed point). Let (Ω, µ, ℓ) be a supervised learning problem. Suppose F is contained
in a Banach space. Let G ⊂ F be a localization subset, and let 0 < δQ, δM < 1

2 , κ > 0 be real numbers. Define
riso(G, δM, δQ, κ,□,4) = max{rM(G, δM, κ,□), rQ(G, δQ, κ,4)} (which we abbreviate as riso(G, κ)) and δiso(G, κ) =
δM + δQ.

If 4 > 2□, then with probability at least 1− δiso(G, κ), the following random event happens:

∀f ∈ G ∩BL2(µX)(f
∗
F ; riso(G, κ)), PNLF

f ≥ −□r
2
κ

iso(G, κ), (1.4)

and

∀f ∈ G ∩ SL2(µX)(f
∗
F ; riso(G, κ)), PNLF

f ≥ 4riso(G, κ)
2
κ −□r

2
κ

iso(G, κ). (1.5)

Definition 4 (Two-sided isomorphic fixed point). Let (Ω, µ, ℓ) be a supervised learning problem. Let G be a localization
subset, and let 0 < δ < 1, κ > 0 and κiso,2 < 1 be real numbers. Define

riso,2(G, δ, κ) = min
(
r > 0 : P

(
sup

(
|(P − PN )LF

f | : f ∈ G ∩BL2(µX)(f
∗
F ; r)

)
≤ κiso,2r

2
κ

)
≥ 1− δ

)
. (1.6)

Any one of riso and riso,2 can be used as an upper bound for the estimation error of RERM; the main difference
lies in

1. when PN ℓ• is strongly convex, one can directly compute the smallest singular value of the empirical Hessian
matrix ∇2PN ℓf uniformly over a neighborhood of f∗F , c.f., [CLM24, Lemma 3], [Men15]. In this case, we should
adopt riso.

2. When ℓ• is not necessarily strongly convex, we instead compare PNL• with PL•, using properties of µ to obtain
some strong convexity at the population level, i.e., the Bernstein condition. In this case, we should use riso,2.

We emphasize that when using riso,2, i.e., item 2., to establish a uniform lower bound for PNLF
f , we usually need

the condition f∗F ∈ argmin(Pℓf : f ∈ F). In contrast, when we directly exploit the strong convexity of PN ℓ•, i.e.,
item 1., it is not strictly necessary to use that condition. Instead, we rely on the fact that f̂N is a minimizer of the
RERM, i.e., first‑order and second‑order optimality conditions—which in some situations allows us to handle upper
bounds for Pℓf̂N − PℓfF , where fF is an arbitrary function in F (see Section 1.3.4). Moreover, in certain cases it is
more straightforward to establish a connection between PNLF

f and the empirical excess risk of the squared loss via
route item 1., e.g., for the minimum norm interpolant estimator, or for the offset condition in aggregation problems
(e.g., [KRV24]). The advantage of using riso,2, i.e., item 2., is its broader applicability; in particular, it can smooth
out a loss function with poor intrinsic properties or extract second‑order information through the measure µ.

Below we explain how riso(G, κ) and riso,2(G, δ, κ) can be used to improve the uniform convergence argument.

1.3.2 Uniform convergence argument based on lower isomorphic fixed point
Convex localization: the homogeneity argument

When both F and PN ℓ• are convex (see Lemma 1 for definition), the following homogeneity argument (Lemma 1) is
the first step to improve the uniform convergence argument in existing literature. When F and ℓ may be non-convex,
see, for instance, [KRV24].

In this section we use RERM as an example to introduce convex localization. We recall the definition in Example 8.
Let λ ≥ 0 be the tuning parameter, Ψ : F → R be some regularization functional. Define

f̂N ∈ argmin
(
Lf ((Xi, Yi)

N
i=1) + λΨ(f) : f ∈ F

)
, for some L• : f ∈ F 7→ Lf ∈ {g : ΩN → R}.

For any r > 0 and any fF ∈ F , let BPL(fF ; r) = {f ∈ F : Pℓf − PℓfF ≤ r} and SPL(fF ; r) = {f ∈ F :
Pℓf −PℓfF = r}. The following Lemma 1 summarizes a series of existing proofs [CLL20, CLL21]. Recall that PN ℓ•
denotes L•((Xi, Yi)

N
i=1).
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Lemma 1. Assume that F is convex, and ℓ is convex in its first argument in the sense that for any 0 ≤ α ≤ 1, any
(x,y) ∈ Ω and any f, g ∈ F , there holds ℓ(αf(x) + (1−α)g(x),y) ≤ αℓ(f(x),y) + (1−α)ℓ(g(x),y). Let (f̂N ,F) be
a RERM for solving (Ω, µ, ℓ) with regularization term λΨ(·), where Ψ : F → R is assumed to be convex. Let fF ∈ F
be any function and λ ∈ R be any real number. Suppose there exists some r > 0 and some convex subset G with
fF ∈ G, such that G ∩BPL(fF ; r) ⊂ F , and such that for every

f◦ ∈ ∂(BPL(fF ; r) ∩ G) := (SPL(fF ; r) ∩ G) t (BPL(fF ; r) ∩ ∂G) ,

where ∂G is the boundary of G (see, e.g., [BP12, Section 1.1.3] or [Roc70, Section 6]), there holds PN ℓf◦ −PN ℓfF +
λ(Ψ(f◦) − Ψ(fF )) > 0. There then holds Pℓf̂N − PℓfF < r. If we replace BPL by BL2(µX), then similarly we have
‖f̂N − fF‖L2(µX) ≤ r.

Proof. Since PN ℓf + λΨ(f) is minimized over f ∈ F by f̂N , any f ∈ F satisfying PN ℓf − PN ℓfF + λ(Ψ(f) −
Ψ(fF )) > 0 cannot be f̂N . Notice that F is convex around fF ; thus for any f ∈ F\(BPL(fF ; r) ∩ G), there exist
f◦ ∈ ∂(BPL(fF ; r)∩G) and α > 1 such that f−fF = α(f◦−fF ). Moreover, since PN ℓf+λΨ(f)−(PN ℓfF +λΨ(fF ))
is convex in f , we have PN ℓf+λΨ(f)−(PN ℓfF +λΨ(fF )) ≥ α[(PN ℓf◦ +λΨ(f◦)−(PN ℓfF +λΨ(fF ))] > 0. Therefore,
it must hold that f̂N ∈ (BPL(fF ; r) ∩ G), hence, Pℓf̂N − PℓfF < r.

Lemma 1 transforms an upper bound for Pℓf̂N −PℓfF of RERM into a lower bound for the regularized empirical
excess risk PN ℓf − PN ℓfF + λ(Ψ(f)−Ψ(fF )), and this is precisely where the lower isomorphic fixed point riso(G, κ)
comes into play.

RERM via riso

In RERM, the uniform convergence argument mainly combines riso(G, κ) with the subgradient of the regularization
term and the Bregman divergence, thus allowing F to be unbounded in L2(µX). In this section we assume that F
can be identified with a subset of a Banach space. For convenience, we assume here that Ψ is convex (for the case
where Ψ is nonconvex, see [LW15]). We call DΨ : (f, g) ∈ F × F 7→ DΨ(f, g) = Ψ(f) − Ψ(g) − 〈∇Ψ(g), f − g〉
the Bregman divergence of Ψ, where we recall that 〈·, ·〉 is the dual pairing, [BP12, Section 2.2]. The approach to
handling RERM depends primarily on whether DΨ(f, f

∗
F ) is non‑negative.

When Ψ has non-trivial Bregman divergence. We say that Ψ has a non‑trivial Bregman divergence around
f∗F if Ψ satisfies DΨ(·, f∗F ) is convex and non-negative, or DΨ(·, f∗F ) can be bounded from below by a non‑negative
convex function; in that case we abuse notation by denoting this non‑negative convex function also as DΨ(·, f∗F ).

Example 12. The following Bregman divergences are non-trivial. The proof of item 3. is provided in Lemma 26 in
Chapter 4.

1. When F is identified by the Euclidean space (Rp, ‖ · ‖2) for some p ∈ N+, and Ψ : v ∈ Rp 7→ ‖v‖22, then
DΨ(v1,v2) = ‖v1 − v2‖22.

2. When F is identified by (P(Θ), ‖ · ‖L1(Θ)), where P(Θ) is the manifold of probability measure on Θ which
has density with respect to the Lebesgue measure dθ, see Example 7, and Ψ : ν ∈ P(Θ) 7→ Ent−(ν) =∫
Θ
dν
dθ log( dνdθ )dθ, then DΨ(ν1, ν2) = KL(ν1‖ν2) and KL(ν1‖ν2) is the Kullback-Leibler divergence between ν1

and ν2.

3. Let 1 < q <∞ be a real number, and Ψ : v ∈ Rp 7→ ‖v‖qq. Then there exists an absolute constant c = q−1
q2q such

that DΨ(v1,v2) ≥ c αq(|v2|,v1 − v2), where αq is a real‑valued function acting coordinate‑wise, defined by

αq(x, y) =

{
q
2x

q−2y2, if |y| ≤ x

|y|q +
(
q
2 − 1

)
xq, otherwise.

Abusing notation, we redefine DΨ(·, ·) as cαq(·, ·). It is easy to check that DΨ(·, f∗F ) = cαq(|f∗F |, · − f∗F ) is a
convex function for any 1 < q <∞.

For any ρ > 0, define BΨ(f
∗
F ; ρ) = {f ∈ F : DΨ(f, f

∗
F ) ≤ ρ} and SΨ(f

∗
F ; ρ) = {f ∈ F : DΨ(f, f

∗
F ) = ρ}. If Ψ

has a non‑trivial Bregman divergence, then BΨ(f
∗
F ; ρ) is a (non-empty) convex set and SΨ(f

∗
F ; ρ) is its boundary,

[Roc70].
Depending on whether theorists have the freedom to choose λ or not, we present two refinements of the uniform

convergence argument below in Theorem 1. To the best of our knowledge, the following result is novel.



10 CHAPTER 1. INTRODUCTION

Theorem 1. Let (Ω, µ, ℓ) be a supervised learning problem and F be a subset of a Banach space. Suppose Ψ has a
non‑trivial Bregman divergence. Let κ > 0 be some real number. Recall □, 4 and riso from Definition 1, Definition 2
and Definition 3. Let 4 > 4□. For any ρ > 0, denote riso(ρ) by riso(BΨ(f

∗
F ; ρ), κ). For any λ > 0, let r∗ and ρ∗ be

the smallest r and its corresponding ρ such that the following system of inequalities on (ρ, r) holds simultaneously:
r ≥ riso(ρ),

3□r 2
κ > λ|||∇Ψ(f∗F )|||(r,ρ), and

ρ ≥ 1

λ
4r 2

κ ,

(1.7)

where

|||∇Ψ(f∗F )|||(r,ρ) = sup
(
〈∇Ψ(f∗F ), f − f∗F 〉 : f ∈ BΨ(f

∗
F ; ρ) ∩BL2(µX)(f

∗
F ; r)

)
.

Let (f̂N ,F) be a RERM with regularization term λΨ(·). Then with probability at least 1− δiso(BΨ(f
∗
F ; ρ∗), κ), there

hold ‖f̂N − f∗F‖2L2(µX) ≤ r2∗ and DΨ(f̂N , f
∗
F ) ≤ ρ∗.

Specifically, if there exists ρ∗ = argmin{ρ > 0 : ρ > △
3□ |||∇Ψ(f∗F )|||(riso(ρ),ρ)}, and we set λ∗ = △

ρ∗
riso(ρ∗)

2
κ =

3□
|||∇Ψ(f∗

F )|||
(riso(ρ∗),ρ∗)

riso(ρ∗)
2
κ , then ρ∗ and r∗ = riso(ρ∗) constitute a solution to the aforementioned system of inequal-

ities.
Proof. We work on the intersection of the random events provided in (1.4) and (1.5). Let G = BΨ(f

∗
F ; ρ∗) in

Lemma 1 and with fF = f∗F , it suffices to prove that for every

f ∈
(
SΨ(f

∗
F ; ρ∗) ∩BL2(µX)(f

∗
F ; r∗)

)
t
(
BΨ(f

∗
F ; ρ∗) ∩ SL2(µX)(f

∗
F ; r∗)

)
,

we have PN ℓf + λΨ(f)−
(
PN ℓf∗

F
+ λΨ(f∗F )

)
> 0.

By the definition of Bregman divergence, for any f ∈ G ∩BL2(µX)(f
∗
F ; r∗), there holds

λ(Ψ(f)−Ψ(f∗F )) = λ〈∇Ψ(f∗F ), f − f∗F 〉+ λDΨ(f, f
∗
F ) ≥ λDΨ(f, f

∗
F )− λ|||∇Ψ(f∗F )|||(r∗,ρ∗), (1.8)

1. When f ∈ BΨ(f
∗
F ; ρ∗) ∩ SL2(µX)(f

∗
F ; r(ρ∗)). By (1.8), λ(Ψ(f)−Ψ(f∗F )) ≥ −λ|||∇Ψ(f∗F )|||(ρ∗). By (1.5), for any

such f ,

PNLF
f + λ(Ψ(f)−Ψ(f∗F )) ≥ 4r

2
κ
∗ −□r

2
κ
∗ − λ|||∇Ψ(f∗F )|||(r∗,ρ∗).

2. When f ∈ SΨ(f
∗
F ; ρ∗) ∩ BL2(µX)(f

∗
F ; r(ρ∗)). By (1.8), there holds λ(Ψ(f) − Ψ(f∗F )) ≥ λρ∗ − λ|||∇Ψ(f∗F )|||(ρ∗).

By (1.4), we have PNLF
f ≥ −□r

2
κ
∗ . Combining with ρ∗ ≥ 1

λ4r
2
κ
∗ , for any such f ,

PNLF
f + λ(Ψ(f)−Ψ(f∗F )) ≥ 4r

2
κ
∗ −□r

2
κ
∗ − λ|||∇Ψ(f∗F )|||(r∗,ρ∗).

Finally, from the definition of ρ∗, we have PNLF
f + λ(Ψ(f)−Ψ(f∗F )) > 0 in both cases.

When Ψ is a norm. In this case, one must resort to the sparsity equation, [LM18].
Definition 5. Let Ψ(·) be some norm ‖ · ‖. Let ∂−‖ · ‖(f∗F ) be the sub-differential of ‖ · ‖ evaluated at f∗F . For any
ρ, r > 0, when the following equation is satisfied, we say that ‖ · ‖ satisfies the sparsity‑equation at scale (ρ, r).

inf
(
sup

(
〈g, f − f∗F 〉 : g ∈ ∂−‖ · ‖(f∗F )

)
: f ∈ B∥·∥(f

∗
F ; ρ) ∩BL2(µX)(f

∗
F ; r)

)
≥ 4

5
ρ,

where B∥·∥(f
∗
F ; ρ) by {f ∈ F : ‖f − f∗F‖ ≤ ρ}.

When the sparsity equation holds, it suffices to replace the term λDΨ(f, f
∗
F ) provided by the Bregman divergence

in item 2 of Theorem 1 with λρ; we omit further details here and refer to [LM17, LM18].
Before concluding this section, we emphasize that in fact, when F and ℓ are convex and f̂N is a RERM, ob-

taining the estimation error of f̂N only requires the homogeneity argument provided by Lemma 1, and the various
fixed points can be combined in different ways. For instance, one could also use only the multiplier fixed point
rM(G, δM) together with the one‑sided version of riso,2 from Definition 4, namely riso,−(G, δ, κ) = min

(
r > 0 :

P
(
sup

(
(P − PN )LF

f : f ∈ G ∩BL2(µX)(f
∗
F ; r)

)
≤ κiso,−r

2
κ

)
≥ 1 − δ

)
, where κiso,− is an absolute constant. This

would still yield conclusions analogous to (1.4) and (1.5), which can then be used to bound the estimation error.
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Computation of multiplier fixed point

The computation of the multiplier fixed point rM(G, δM, κ,□) is usually relatively straightforward; it requires an
upper bound for the multiplier process. For the sake of simplicity, we assume that the sub‑differential of PN ℓf∗

F
is

trivial, i.e., ∂−PN ℓf∗
F
= ∇PN ℓf∗

F
. Here, we refer to the following stochastic process as the multiplier process:

sup
(∣∣〈∇PN ℓf∗

F
, f − f∗F

〉∣∣ : f ∈ G ∩BL2(µX)(f
∗
F ; riso(G, κ))

)
. (1.9)

Consequently, we can employ various existing tools for multiplier processes, c.f., [Men16, Men17, HW19]. More
specifically, if PN ℓf∗

F
= 1

N

∑N
i=1 ℓ(f

∗
F (Xi)− Yi) for some ℓ : R → R, then

(1.9) = sup

(∣∣∣∣∣ 1N
N∑
i=1

ℓ′(Yi − f∗F (Xi))(f − f∗F )(Xi)

∣∣∣∣∣ : f ∈ G ∩BL2(µX)(f
∗
F ; riso(G, κ))

)
.

When PN ℓf∗
F
is not decomposable, the situation is slightly more complicated, as illustrated by the following example.

Example 13. Let Lf : x ∈ RN 7→ ‖x‖q, where 1 ≤ q ≤ ∞. Let (µX , f∗F , ξ) be an additive regression problem and let
F = {〈·,v〉 : v ∈ Rp}. Then ∇PN ℓf∗

F
= ∇Lf (ξ), where ξ = (ξ1, · · · , ξN ).

In this case the multipliers are correlated, yet independent of the Xi’s; then the following upper bound for the
multiplier process can be used. Its proof may be found in Section 4.9.1 in Chapter 4, see also [P1].

Lemma 2. Let F ⊂ L2(µX) be a functions class with sub-Gaussian increments with respect to ‖ · ‖L2(µX), that is,
there exists an absolute constant θ > 1 such that for any f, g ∈ F , ‖f−g‖ψ2 ≤ θ‖f−g‖L2(µX). Let w = (wi)

N
i=1 ∈ RN

be a deterministic vector. Let X1, · · · , XN be i.i.d. random vectors distributed as µX . Suppose 0 ∈ F . Then there
exists an absolute constant C depending only on θ such that for any t > 0, with probability at least 1− 2 exp(−t2),

sup

(∣∣∣∣∣
N∑
i=1

wi (f(Xi)− E[f(X)])

∣∣∣∣∣ : f ∈ F

)
≤ C ‖w‖2

(
γ2(F, dL2(µX)) + t diam(F, ‖ · ‖L2(µX))

)
,

where γ2(F, dL2(µX)) is the Talagrand’s γ2-functional of F with respect to the distance generated by ‖ · ‖L2(µX) while
diam(F, ‖ · ‖L2(µX)) = 2 sup(‖f‖L2(µX) : f ∈ F ).

In Lemma 2, identifying w as ∇PN ℓf∗
F
yields an upper bound for this multiplier process.

Corollary 1. Let (µX , f
∗, ξ) be any real-valued regression problem (Example 1), f∗ ∈ F ⊂ L2(µX) be a subset of a

Banach space containing 0 and has sub-Gaussian increments with respect to ‖ · ‖L2(µX). Assume that E[f(X)] = 0
for any f ∈ F . For any localization subset G, let δ1 = 2 exp(−d∗(G)), where d∗(G) = (γ2(G, ‖ · ‖L2(µX))/ diam(G, ‖ ·
‖L2(µX)))

2. Suppose ∂−PN ℓf∗
F
= ∇PN ℓf∗

F
is independent with (Xi)

N
i=1, and suppose that there exist some w > 0 and

0 < δ2 < 1 such that P(‖∇PN ℓf∗
F
‖2 ≤ w

√
N) ≥ 1 − δ2. Let δM = δ1 + δ2. There then exists an absolute constant c

depending on the constant C in Lemma 2 such that

rM(G, δM, κ,□) ≤ min
(
r > 0 : wγ2

(
G ∩BL2(µX)(f

∗
F ; r), ‖ · ‖L2(µX)

)
≤ c□r 2

κ

√
N
)
.

The proof of Corollary 1 follows readily and is omitted here.

1.3.3 Uniform convergence argument based on two-sided isomorphic fixed point
The Bernstein’s condition

The Bernstein condition provides an upper bound for ‖f̂N − f∗F‖L2(µX) or PL(0,1)

f̂N
= Pℓ

(0,1)

f̂N
− Pℓ

(0,1)
f∗
F

in terms of
PLF

f̂N
. We define the following condition:

Definition 6 (Bernstein’s condition and local Bernstein’s condition). Denote L(2)
f by ‖f − f∗F‖2L2(µX) and L(0,1)

f by
ℓ
(0,1)
f − ℓ

(0,1)
f∗
F

respectively. If there exist absolute constants c, κ > 0 such that the following holds:

1. for every f ∈ F , PL(2)
f ≤ c(PLF

f )
κ in a regression problem, or PL(0,1)

f ≤ c(PLF
f )

κ in a classification problem;
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2. for every f ∈ F ∩ SL2(µX)(f
∗
F ; r), PL

(2)
f ≤ c(PLF

f )
κ in a regression problem, or PL(0,1)

f ≤ c(PLF
f )

κ in a
classification problem, where SL2(µX)(f

∗
F ; r) = {f ∈ L2(µX) : ‖f − f∗F‖L2(µX) = r} and r > 0 is a parameter.

Then we say that (F , µ, ℓ) satisfies the Bernstein condition with parameters (c, κ); or that it satisfies a local Bernstein
condition with parameters (c, κ) at scale r, respectively.

The following is a trivial example, see, for instance, [Men19].

Example 14. Let ΩY = R, ℓ be the squared loss, and F be any statistical model. Suppose Y = f∗F (X) + ξ satisfies
E[ξ(f − f∗F )(X)] ≥ 0 for any f ∈ F , then (F , µ, ℓ) satisfies the Bernstein’s condition with parameters (1, 1). The
condition E[ξ(f − f∗F )(X)] ≥ 0 is satisfied, for instance, when either ξ is independent with X and is centered; or
when F is convex.

The Bernstein condition describes the positional relationship between the supervised learning problem (Ω, µ, ℓ)
and the statistical model F , see [Lec11]. To our knowledge, the Bernstein condition was originally introduced by
[BJM03] and has been progressively refined and verified in a series of subsequent works, c.f., [BJM06, BM06, ACL19,
CCLN21, LN24]. Among these, the Bernstein condition for the 0/1 loss is often verified via Zhang‑type inequalities,
[Zha04]. The Bernstein condition heavily relies on the definition of f∗F ∈ argmin(Pℓf : f ∈ F). When we replace f∗F in
the Bernstein condition with f∗, i.e., the Bayes rule, the Bernstein condition reduces to Tsybakov’s margin condition
[MT99, Tsy03], which captures the intrinsic difficulty of the supervised learning problem (Ω, µ, ℓ), independent of the
choice of statistical model.

When Pℓ• and F are convex. The proof of Bernstein’s condition generally relies on an extra assumption that
Pℓ• and F are convex – though it is only sufficient but not necessary (see the following Proposition 3 for an example of
verifying a local Bernstein’s condition when both F and ℓ are nonconvex, and the Example 14 above for a case where ℓ
is convex but F is not necessarily convex). In fact, it is sufficient to studying a lower bound on the smallest eigenvalue
of the Hessian matrix of Pℓ• around f∗F . That is, if F is convex, Pℓ• is convex and if f∗F ∈ argmin(Pℓf : f ∈ F),
then for any g ∈ ∂−(Pℓ•)(f

∗
F ), there holds 〈g, f − f∗F 〉 ≥ 0 for any f ∈ F , hence the second order Taylor expansion

(if exists) gives

PLF
f ≥

∫ 1

0

(1− t)〈f − f∗F ,∇2(Pℓ•)(f
∗
F + t(f − f∗F ))(f − f∗F )〉L2(µX)dt.

Therefore, if the Hessian ∇2(Pℓ•) : L2(µX) → L2(µX) of Pℓ• : L2(µX) → R is positive definite in a small neigh-
borhood of f∗F , say, there exists an interval T ⊂ [0, 1] such that

∫
T
dt > 0 on which for any t ∈ T , and any f ∈ F

(or f ∈ F ∩ SL2(µX)(f
∗; r)), there holds ∇2(Pℓ•)(f

∗
F + t(f − f∗F )) � cIL2(µX) for some c > 0, where IL2(µX) is the

identity on L2(µX), then there exists some c′ depending only on c such that (F , µ, ℓ) satisfies the (local) Bernstein
condition with parameters (c′, 1), see, for instance [ACL19].

The Bernstein condition depends on µ. We need to emphasize that the Bernstein condition depends on µ.
Hence, even for certain special loss functions that possess second derivatives only in a distributional sense, we can
still verify the Bernstein condition because we are examining ∇2(Pℓ•), and the probability measure µ smooths out
this function. To the best of our knowledge, the following Proposition 2 and Proposition 3 are novel.

Proposition 2. In a real‑valued regression problem Y = f∗F (X) + ξ where X is independent with ξ, let y =
(Y1, . . . , YN ), ξ = (ξ1, · · · , ξN ), and X : f ∈ F 7→ (f(Xi))

N
i=1 ∈ RN . Suppose there exists an even real-valued function

L ∈ L1
loc(RN ) such that PN ℓf = L(y − Xf), and suppose that ξ has a probability density function φ with respect to

the Lebesgue measure on RN , and that φ ∈ C∞
0 (RN ), then Pℓ• : f ∈ F 7→ R is C∞.

Proof. Let g : x ∈ RN 7→ (L ∗ φ)(x) =
∫
RN L(x − y)φ(y)dy, where φ is the probability density function of

ξ with respect to the Lebesgue measure, and ∗ denotes convolution. Then g(x) = EξL(x − ξ). Since ϕ ∈ C∞
0 (RN )

and L ∈ L1
loc(RN ), there holds g ∈ C∞(RN ). By Fubini’s theorem, Pℓf = EL(y − Xf) = EL(−ξ + X(f∗F − f)) =

Eg(X(f∗F − f)), indicating that Pℓ• : f ∈ F 7→ R is C∞.

A special case of Proposition 2 is when L(x) = ‖x‖1 or L(x) = ‖x‖∞, where ‖ · ‖1 and ‖ · ‖∞ are the ℓ1 and ℓ∞
norms on RN , respectively.

Proposition 3. Under the assumptions of Proposition 2, if we further assume that for any f ∈ F , Xf has the same
distribution as ‖f‖L2(µX)G, where G is a standard Gaussian random vector in RN . Suppose ξ is a Gaussian random
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variable independent of X with variance σ2
ξ , and L is α-homogeneous, i.e., for any t ∈ R, L(tx) = tαL(x), then there

exists some absolute constant cα depending only on α such that for any r < σξ, (F , µ, ℓ) satisfies the local Bernstein’s
condition with parameters (cαE[L(σ

α−2
α

ξ G)], 1) at scale r.
Proof. For any f ∈ F∩SL2(µX)(f

∗
F ; r), we have X(f∗F−f) has the same distribution as rG, where G ∼ N (0, IN )

is a standard Gaussian random vector on RN . Therefore, there exists some absolute constant cα such that, for any
such f , there holds

PLF
f = E

[
L
(√

r2 + σ2
ξG
)]

− E[L(σξG)] = E[L(σξG)]

(1 + r2

σ2
ξ

)α
2

− 1


≥ cαr

2E[L(σξG)]
σ2
ξ

= cα‖f − f∗F‖2L2(µX)E[L(σ
α−2
α

ξ G)].

Therefore, (F , µ, ℓ) satisfies the local Bernstein’s condition with parameters (cαE[L(σ
α−2
α

ξ G)], 1) at scale r.
Note that in Proposition 3, we do not assume that L is convex (the properties of L can even be very poor), nor do

we assume that F is a convex set. A special case is L(x) = ‖x‖qq, where 0 < q < 1 and ‖ · ‖q is the ℓq pseudo‑norm.
Let K ⊂ Rp be an arbitrary set (not necessarily convex) such that F = {fv(·) = 〈·,v〉 : v ∈ K}, and let X be a
Gaussian random vector in Rp with an arbitrary covariance matrix. The validity of Proposition 3 stems from the
special nature of µ. Therefore, Proposition 3 emphasizes that the Bernstein condition depends on µ.

Due to space constraints, we do not provide the derivation of the upper bound on the estimation error for RERM
via riso,2 here—it is entirely consistent with Theorem 1.

1.3.4 General target functions under squared loss
When ℓ is the squared loss, for a general real‑valued regression problem Y = f∗(X) + ξ, we have the freedom
to establish oracle inequalities with respect to an arbitrary target function in F . Consider an arbitrarily chosen
fF ∈ F ; in this section, we aim to derive an upper bound for ‖f̂N − fF‖2L2(µX). Note that here fF is not necessarily
f∗F ∈ argmin(Pℓf : f ∈ F). This situation arises, for instance, in mean‑field shallow neural networks trained
by Wasserstein gradient flow (Example 7 and Example 15). In this example, when f∗ can be approximated by a
mean‑field shallow neural network that is sparse in a certain sense (see [P5]), the complexity term in the residual of
the oracle inequality often becomes infinite for such sparse approximations, rendering the obtained oracle inequality
meaningless. We can transform the problem using the following lemma.
Lemma 3. Let (µX , f∗, ξ) be A real-valued regression problem (Example 1), and let (f̂N ,F) be a solution to it. Let
fF ∈ F be any function.

1. Define ξ′ = f∗(X) − fF (X) and ζ = ξ + ξ′. Then the supervised regression problem (µX , f
∗, ξ) is equivalent

to the scalar-valued regression problem (µX , fF , ζ) in the sense that, the probability distribution of the pair of
input, response is the same.

2. For any fF ∈ F with ‖fF − f∗‖L2(µX) <∞ and any f ∈ F , there holds

PN ℓf − PN ℓfF ≥ PN (f − fF )
2 − 2 |PNξ(f − fF )|

− 2 |PN (f∗ − fF )(f − fF )− P (f∗ − fF )(f − fF )| − 2r‖fF − f∗‖L2(µX).

Proof.
1. Conditioned on X, the response of the real-valued regression problem is Y = f∗(X) + ξ; while the response

of the scalar‑valued regression problem is Y ′ = fF (X) + ζ = f∗(X) + ξ. They are identically distributed.
Moreover, the input X has the same probability distribution in both cases. This completes the proof.

2. Notice that for any real numbers a, b, we have a2 − b2 = (a − b)2 + 2b(a − b). Applying a, b to ℓf (Xi, Yi) and
ℓfF (Xi, Yi), respectively, and summing over i = 1 to N , we obtain PN ℓf−PN ℓfF = PN (f−fF )2+2PNζ(f−fF ).
From the definition of ζ and the fact that ζ is a centered random variable independent of X, the conclusion
follows directly via the Cauchy–Schwarz inequality.

Combining Lemma 3 with Lemma 1 yields an upper bound for ‖f̂N − fF‖L2(µX). We do not repeat here.
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1.4 The Future of Statistical Learning Theory: When Computation
Comes into Play

Research on complex statistical models, exemplified by neural networks, has a long history, c.f. [Ros62]. However,
constrained by computational power, they were once difficult to apply in practice. In recent years, leaps in computa-
tional capabilities have finally brought such complex statistical models back into the spotlight of the machine learning
field, where they have achieved unexpectedly strong advantages in industrial applications [GBC16]. This glimpse
illustrates a trend in the development of mathematical statistics and statistical learning theory—computational prop-
erties have become a consideration equally important as statistical properties. From the 0/1 loss function to convex
surrogates yielding support vector machines [BBL05], from minimum ℓ0 interpolant estimators to basis pursuit
[FR13], from infinite‑dimensional nonparametric statistics to finite‑dimensional statistical learning theory [Lec11],
from minimax lower bounds to computational lower bounds [Wei25]—this belief has been verified time and again
over decades.

Below we introduce some problems in mathematical statistics that emerge when computational feasibility is taken
into consideration.

1.4.1 Theory associated to Optimization Algorithms: Beyond Mathematical Defini-
tions

Given a supervised learning problem (Ω, µ, ℓ) and one of its solutions ({f̂N}N∈N+
,F), the examination of its statistical

properties typically relies on establishing oracle inequalities. From the perspective of computational properties,
although statisticians intend to construct the estimator f̂N according to decision rules and to the training samples
(Xi, Yi)

N
i=1, constrained by computational limitations, the estimator actually obtained in practice via a computer

is usually a different one, which we denote as f̃N . For example, using gradient descent with a constant step size
(say, η > 0) to train a ERM on the set of deep neural networks, initialized with parameters (W1(0), · · · ,WL(0)), see
Example 6. Here, f̃N is defined as ft := fW1(t),··· ,WL(t), where

Wℓ(t) = Wℓ(t− 1)− η∇Wℓ
PN ℓft , ∀1 ≤ ℓ ≤ L.

We refer to f̃N as the algorithm. Consequently, there is often a discrepancy between the theoretically defined f̂N and
the practically computed f̃N , and this gap can sometimes be substantial enough that their statistical properties may
differ significantly. Therefore, if we incorporate into the statistical properties the discrepancy between f̂N and f̃N
arising from computational considerations, then in modern statistical learning theory, what we are actually interested
in is the following “decomposition”, c.f., [Bac24, Section 5.1]:

Pℓf̃N − Pℓf∗ = (Pℓf̃N − Pℓf̂N ) + (Pℓf̂N − Pℓf∗
F
) + (Pℓf∗

F
− Pℓf∗),

Here, Pℓf∗
F
− Pℓf∗ is the approximation error of the statistical model F ; Pℓf̂N − Pℓf∗

F
is the estimation error of the

“theoretical” estimator; and Pℓf̃N − Pℓf̂N is the difference in population risk between the output of the “practical”
algorithm and that of the theoretical estimator.

This discrepancy between f̂N and f̃N caused by the choice of optimization algorithm (which includes the choice
of parameterization) is referred to as implicit regularization or implicit bias. It means that although the practi-
tioner does not explicitly include regularization in the definition of f̂N , the algorithm itself implicitly introduces
regularization or bias when actually executed.
Example 15 (Implicit regularization). This example considers linear parameterization and convex parameterization.

1. Let F be an RKHS H (see Example 4), let f̂N be the ERM (see Example 8) with the squared loss, i.e.,
f̂N ∈ argmin

(
1
N ‖y − Xf‖22 : f ∈ H

)
, and suppose in practice we compute it using gradient descent or gradient

flow starting from 0 with step size η, stopping at time t. Then the output f̃N is a spectral algorithm (see
Example 9).

2. Take F as the mean‑field shallow neural network (see Example 7), and take f̂N as ERM (see Example 8). If
f̂N is computed via a Wasserstein gradient flow with parameter λ (where λ ≥ 0) as the algorithm, then

f̃N ∈ argmin(PN ℓν + λEnt−(ν) : ν ∈ P(Θ)),

where we establish a correspondence F 3 f ↔ ν ∈ P(Θ) and where Ent−(·) is the negative Shannon entropy
with respect to the Lebesgue measure dθ. See, for instance, [NWS22].
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3. Take F as the deep neural networks (see Example 6), and take f̂N to be the ERM. Suppose f̂N is computed
in practice in the Neural Tangent Kernel (NTK) regime (see [JGH18]) by a first order method starting from
0 ([Boy22]) for infinite time. Then there exists a RKHS H (called the RKHS generated by the NTK kernel)
that is independent with µ, such that the output f̃N is the minimum ‖ · ‖H-norm interpolant estimator, see
Example 10.

Example 15 considers estimators trained using training algorithms with guaranteed convergence. Here, the
convergence guarantee means that, as the training time t go to ∞, t 7→ PN ℓft converges to 0 when initialized
properly—i.e., the global convergence property of the empirical risk/training error. A more challenging problem is
that for some solutions, finding a computationally efficient algorithm with guaranteed convergence is often extremely
difficult. For example, how to design an optimization algorithm that, with theoretically guaranteed convergence, can
efficiently compute the ERM or RERM for deep neural networks has long been a focal research topic in optimization,
that is, how to compute the minimizer of the following problem

f̂N ∈ argmin
(
Lf ((Xi, Yi)

N
i=1) + λΨ(f) : f ∈ F

)
,

where F is the class of deep neural networks (Example 6). See [BB21, LRJ23] and the references therein.
A developing trend in statistical learning theory is to establish guarantees on the statistical properties of estimators

in nonconvex models and that depend on training algorithms, particularly by taking implicit regularization into
account, for instance, [CL19, MU25, HI25].

1.4.2 Training-test gap
The problem arising from non-convexity itself appears daunting. Yet even if it were solved—meaning that such
an algorithm with global convergence guarantees existed and could compute the ERM or RERM for statistical
models like deep neural networks efficiently—it would still pose additional challenges for characterizing its statistical
properties: the high complexity of neural networks implies that the loss landscape contains many local minima
and global optima, but the test errors of these points may differ drastically. This leads to the following issue: the
training–test gap, i.e., the empirical (excess) risk may not reflect the population (excess) risk. This is particularly
evident for overfitting estimators, see Example 10.

Definition 7 (Benign, tempered and catastrophic overfitting, [MSA+22]). In regression and classification problems,
let L be the excess risk L(2) of the squared loss ℓ(2) and L(0,1) of the 0/1 loss ℓ(0,1), respectively. Suppose dim(F) = ∞.
We say an estimator is overfitting if PN ℓf̂N = 0. Furthermore, given a definition of the limit of {(Ω, µ, f̂N ,F)}, we
say an overfitting estimator f̂N exhibits

1. benign overfitting, if limPLF
f̂N

= 0;

2. tempered overfitting, if 0 < limPLF
f̂N

<∞ in regression, and 0 < limPLF
f̂N

< 1
2 in (binary) classification;

3. catastrophic overfitting, if limPLF
f̂N

→ ∞ in regression, and limPLF
f̂N

= 1
2 in (binary) classification.

For overfitting estimators, the classical proof technique for oracle inequalities introduced in Section 1.3 fails.
That is, the uniform convergence argument can only yield the trivial residual Pℓf∗ in the oracle inequality for such
estimators, that is, tempered overfitting, while the actual residual may be much smaller than this trivial bound, for
instance, benign overfitting.

In the case of real-valued regression problem, there exists an empirical–population excess risk gap: that is,
PNLF

f̂N
= −(1+o(1))σ2

ξ , while we wish to show PLF
f̂N

= o(1)σ2
ξ , wherein the absolute difference between PNLF

f̂N
and

PLF
f̂N

is non-negligible. This requires that the upper bound on the empirical process sup((P − PN )LF
f : f ∈ F) be

of the order of σ2
ξ for the uniform convergence method to go through. In fact, the upper bound must be accurate up

to a (1 + o(1))σ2
ξ factor, so that it cancels with the −σ2

ξ in PNLF
f̂N

, leaving only a o(1)σ2
ξ term; this is necessary for

benign overfitting to result. This extremely fine precision in the constant is exactly why, at present, benign overfitting
via a uniform convergence method is known only in the Gaussian setting in [KZSS21, WDY22, DRSY22, ZKS+22].
If one applies the uniform convergence method to general probability measures, to the best of our knowledge, it is
currently impossible to establish benign overfitting; only tempered overfitting can be obtained (that is, PLF

f̂N
∼ σ2

ξ ),
for example, [CLvdG22].
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Describing necessary and sufficient conditions for the consistency of ERM is one of the most important tasks
in learning theory, [Vap00, Section 1.6]. The emergence of benign overfitting phenomenon challenges the most
fundamental methodological approach in statistical learning theory, especially since such a gap frequently appears
in the practice of neural networks, see, for instance, [HI25]. Consequently, a developing trend in statistical learning
theory is to devise a set of analytical methods compatible with interpolant estimators (in particular, it can characterize
the phenomenon of benign overfitting), thereby providing a refinement of the uniform convergence argument that
can be used beyond interpolant estimators.

1.4.3 Feature learning of neural networks
In recent years, as neural networks have extensively outperformed classical statistical methods in various engineering
problems, while its statistical theory has long remained underdeveloped. Among these, comprehending the feature
engineering capability of neural networks is a central concern. In the study of neural network theory, the map
φ : x ∈ Rd 7→ φ(x) := σL−1(WL−1σL−2(WL−2σL−3(· · ·W2σ1(W1x)))) ∈ RWL−1 defined in Example 6 is usually
called the feature or representation learned by the neural network, or referred to as feature engineering ; see [PHD20,
RBPB22, YH21]. The academic community largely believes that the unique feature engineering capability of neural
networks is responsible for their remarkable success in industrial practice. However, the definition of neural networks’
feature learning ability—both empirically and mathematically—remains rather vague. For instance, [YH21] refers to
situations where φ, after training, differs significantly from its initialized state as feature learning, i.e., the feature
evolves during training. This conclusion only describes the change of features from the perspective of training
dynamics and does not involve test error. [BES+22] defines feature learning as a scenario where, using the learned
φ as the feature map of an RKHS (known as data-dependent conjugate kernel) for linear regression on a specific
supervised learning problem, the resulting test error is smaller than that obtained by linear regression with a generic
RKHS. That is, through training, the neural network learns features relevant to the supervised learning problem,
enabling good performance when these features are used for linear regression. Such a definition only focuses on the
comparison between deep neural networks and classical kernel methods, yet still fails to touch the essence of “how to
understand the learned features.” Besides neural networks, [RBPB22] also demonstrates that several other estimators
exhibit, experimentally, feature‑engineering phenomena similar to those of neural networks.

Providing a sound mathematical definition of the feature learning property is the first step toward understanding
the unique and mysterious statistical nature of neural networks. Here, by a sound mathematical definition we
mean one that is not only well‑defined mathematically, but also capable of characterizing the estimation error of a
neural network. Moreover, it should simultaneously be able to explain the various empirical phenomena regarding
feature learning in neural networks observed in the deep‑learning‑theory community, such as neural collapse [PHD20],
multiple descent [ZLRB24], grokking, [BMA24].

How to establish a characterization of the population risk for deep neural networks that incorporates the training
method, so that it can reflect the feature learning capability of neural networks, is an unavoidable question in
statistical learning theory.

1.5 Feature Space Decomposition
“Profound study of nature is the most fertile source of mathematical discoveries.”

— Joseph Fourier, The Analytical Theory of Heat, Ch. 1, p. 7 (1822; English transl. 1878)

In this section we introduce the main methodological contribution of this thesis: the Feature Space Decomposition
(FSD) method. The FSD method was developed in a series of works by [P4, P2, P3, P1]. The Feature Space
Decomposition method is first of all a tool to help theorists analyze the population excess risk; at the same time, it
could also serve as a potential new theoretical framework for statistical learning theory and mathematical statistics,
offering theorists a fresh perspective for understanding the statistical properties of a estimator.

In Section 1.5.1, we present the basic framework of the FSD method for real‑valued supervised regression problems
and binary classification problems. In Section 1.5.2 and Section 1.5.3, we discuss the roles of the two subspaces
produced by the FSD method, respectively, and illustrate them with examples from various supervised learning
problems. Finally, in Section 1.5.4, we show how the FSD method can serve as a potential new theoretical framework.
Throughout this section, we always assume that F is a linear space, or at least can be embedded in a linear space.
Following the tradition of statistical learning theory, we then refer to F as the feature space, [VC68].
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1.5.1 The Feature Space Decomposition method
In this section, we present the FSD method tailored for supervised regression and classification problems. We begin
with real‑valued supervised regression problems.

Real-valued supervised regression problem. We recall from Section 1.2 that the goal of a theorist is: given a
real‑valued supervised regression problem (µX , f

∗, ξ) and one of its solutions (F , f̂N ), to characterize the estimation
error ‖f̂N − f∗F‖2L2(µX).

For the estimation error, there are two fundamentally different ways to bound it from above:

1. Obtain an upper bound for ‖f̂N − f∗F‖2L2(µX) via cancellation between f̂N and f∗F , i.e., by showing that f̂N and
f∗F are close under the L2(µX) metric;

2. Use the smallness of ‖f̂N‖2L2(µX) and ‖f∗F‖2L2(µX), i.e., apply the triangle inequality to get ‖f̂N − f∗F‖2L2(µX) ≤
2(‖f̂N‖2L2(µX) + ‖f∗F‖2L2(µX)).

For real‑valued supervised regression problems, FSD method can be viewed formally as an interpolation between
these two approaches. To see this, we first define FSD.

Definition 8. Any direct‑sum decomposition F = VJ ⊕ VJc of F is called a Feature Space Decomposition (FSD)
of F . Denote by PVJ

the projection operator onto the linear subspace VJ , and by PVJc the projection onto VJc ;
equivalently, the identity operator IF = PVJ

+ PVJc on the feature space F is decomposed. In particular, if an FSD
satisfies that VJ and VJc are orthogonal with respect to the L2(µX) inner product, we call it an orthogonal FSD, and
denote it by F = VJ ⊕⊥ VJc .

For any f ∈ F , write fJ = PVJ
f and fJc = PVJc f . We abbreviate PVJ

f̂N as f̂J , PVJc f̂N as f̂Jc , PVJ
f∗F as f∗J ,

and PVJc f∗F as f∗Jc . Note that we will not confuse f∗F with f∗, because we can always incorporate the approximation
error into the noise; see Lemma 3. Given any FSD F = VJ ⊕ VJc , the estimation error admits the decomposition

∥∥∥f̂N − f∗F

∥∥∥2
L2(µX)


=
∥∥∥f̂J − f∗J

∥∥∥2
L2(µX)

+
∥∥∥f̂Jc − f∗Jc

∥∥∥2
L2(µX)

, if VJ ⊥ VJc in L2(µX),

≤ 2
∥∥∥f̂J − f∗J

∥∥∥2
L2(µX)

+ 2
∥∥∥f̂Jc − f∗Jc

∥∥∥2
L2(µX)

, otherwise.
(1.10)

The interpolation between item 1 and item 2 can be expressed as the following inequality.

‖f̂N − f∗F‖2L2(µX) ≤ min
(
2‖f̂J − f∗J‖2L2(µX) + 4‖f̂Jc‖2L2(µX) + 4‖f∗Jc‖2L2(µX) : F = VJ ⊕ VJc

)
. (1.11)

The FSD method consists in seeking real‑valued functions r : (VJ , VJc) 7→ r(VJ , VJc) ∈ R+ and δ : (VJ , VJc) 7→
δ(VJ , VJc) ∈ [0, 1], such that for every (or at least some) FSD, the following inequality holds with probability at least
1− δ(VJ , VJc) (or in expectation, if one desires an upper bound on the expected estimation error),

2‖f̂J − f∗J‖2L2(µX) + 4‖f̂Jc‖2L2(µX) + 4‖f∗Jc‖2L2(µX) ≤ r2(VJ , VJc). (1.12)

We call such r the rate function of (µX , f∗, ξ) and (F , f̂N ). Here, saying that we seek a rate function means seeking
a function that is as small as possible; otherwise one could trivially take r(VJ , VJc) = ∞.

As a mathematical proof strategy, the core idea of the FSD method is based on the following belief.

1. On the subspace VJ , called the estimation subspace, classical statistics takes place, i.e., f̂N estimates f∗F on VJ ;
hence the distance between f̂J and f∗J under the L2(µX) metric is small, contributing to the estimation error
via cancellation ‖f̂J − f∗J‖2L2(µX).

2. On the other hand, we believe that f̂N on VJc does not estimate f∗F . Therefore we call VJc the free subspace.
On this subspace, f̂Jc fulfills certain tasks determined by the definition of f̂N , but in general not estimation;
consequently, we expect the distance between f̂Jc and f∗Jc under the L2(µX) metric not necessarily to be small
compared to the sum of their L2(µX) norms, so applying the triangle inequality does not necessarily lead to
an overestimation of ‖f̂Jc − f∗Jc‖2L2(µX). In this case, the estimation error receives contributions in the form of
the smallness of ‖f̂Jc‖2L2(µX) and ‖f∗Jc‖2L2(µX).
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Inspecting (1.12), we see that a FSD splits the upper bound on ‖f̂N − f∗F‖2L2(µX) into three components. Each
component carries its own statistical meaning: ‖f̂J − f∗J‖L2(µX) is the estimation error incurred because f̂J estimates
f∗J ; ‖f̂Jc‖L2(µX) is the “energy” of the free part f̂Jc ; and ‖f∗Jc‖L2(µX) is the approximation error resulting from the
fact that f̂J does not estimate f∗Jc .

Proposition 4. For any FSD F = VJ ⊕ VJc and any rate function r, we have

P
(
‖f̂N − f∗F‖2L2(µX) ≤ r2(VJ , VJc)

)
≥ 1− δ(VJ , VJc).

Define

(V ∗
J , V

∗
Jc) ∈ argmin (r(VJ , VJc) : F = VJ ⊕ VJc) . (1.13)

We call (V ∗
J , V

∗
Jc) the optimal FSD for the solution (F , f̂N ) of the real‑valued supervised regression problem (µX , f

∗, ξ).
Then in particular,

P
(
‖f̂N − f∗F‖2L2(µX) ≤ r2(V ∗

J , V
∗
Jc)
)
≥ 1− δ(V ∗

J , V
∗
Jc). (1.14)

In the following, we write PV ∗
J
f as fJ∗ , PV ∗

Jc
f as fJc

∗
; write PV ∗

J
f̂N as f̂J∗ , PV ∗

Jc
f̂N as f̂Jc

∗
; and write PV ∗

J
f∗F as

f∗J∗ , PV ∗
Jc
f∗F as f∗Jc

∗
.

The classical statistical learning theory introduced in Section 1.3 corresponds to choosing the trivial FSD VJ = F .
In this case, classical statistical learning theory expects classical statistics to perform estimation over the entire feature
space, thereby obtaining an upper bound for the estimation error. This approach is intuitive given that when an
estimator f̂N of f∗F is consistent, we expect f̂N to estimate f∗F and not only a part of it. One key idea exposed by
the FSD method is that it may not be the case, that is, this trivial FSD is not necessarily optimal; consequently, the
upper bound it provides for the estimation error is not always sharp. In fact, for a large class of spectral algorithms—
such as ridge regression, gradient descent, gradient flow, etc., see Example 9, and for every real-valued supervised
regression problem and for any feature space given by some RKHS, with high probability, we can reverse (1.14), i.e.,
for those supervised learning problems and solutions, there exist some absolute constant 0 < c < 1 and some real
number 0 < δ < 1, the following inequality holds

P
(
‖f̂N − f∗F‖2L2(µX) ≥ cr2(V ∗

J , V
∗
Jc)
)
≥ 1− δ. (1.15)

This implies the following remarkable phenomenon: for this class of (µX , f∗, ξ) and (F , f̂N ), the estimation error
‖f̂N − f∗F‖2L2(µX) is “characterized” by an interpolation between these two distinct approaches. Here, because ‖f̂N −
f∗F‖2L2(µX) is with high probability equivalent to r(V ∗

J , V
∗
Jc), we use the term “characterized”. Moreover, there exists

no other way to control the estimation error beyond the two avenues described in Proposition 4.

Binary supervised classification problems. In this paragraph we consider the population excess risk for binary
classification problem (µX , η), which we recall is defined as

PL(0,1)

f̂N
= P

(
Y f̂N (X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P

(
Y

(
η(X)− 1

2

)
< 0

)
, and

PL(0,1),F
f̂N

= P
(
Y f̂N (X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P (Y f∗F (X) < 0) ,

where η : x ∈ ΩX 7→ P(Y = 1|X = x). As in regression problems, PLF
f̂N

or PLf̂N consists of three contributions.
Namely, given an arbitrary decomposition F = VJ ⊕VJc , let f∗J be some function in VJ — we will define it later. We
decompose the 0-1 risk of f̂N as follows:

PL(0,1)

f̂N
= P

(
Y f̂N (X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P

(
Y f̂J(X) < 0

∣∣(Xi, Yi)
N
i=1

)
(1.16)

+ P
(
Y f̂J(X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P (Y f∗J (X) < 0) (1.17)

+ P (Y f∗J (X) < 0)− P
(
Y

(
η(X)− 1

2

)
< 0

)
, (1.18)
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where (1.16) is the error caused by free part f̂Jc ; (1.17) is the prediction error caused by f̂J compared to the one of
f∗J ; and (1.18) is the prediction error caused by f∗J compared with the one of the Bayes rule (or, when we replace
η(X) − 1/2 with f∗F (X), it becomes the approximation error of f∗J to f∗F ). These three terms are precisely the
counterparts of ‖f̂Jc‖2L2(µX), ‖f̂J − f∗J‖2L2(µX), and ‖f∗Jc‖2L2(µX) in (1.11).

Analogously to the regression case, the FSD method aims to find a non‑trivial rate function r : (VJ , VJc) 7→
r(VJ , VJc) ∈ R+ and a confidence function δ : (VJ , VJc) 7→ δ(VJ , VJc) ∈ [0, 1] such that for every FSD, the following
inequality holds with probability at least 1− δ(VJ , VJc) (or in expectation):

(1.16)+ (1.17)+ (1.18) ≤ r(VJ , VJc).

Similarly, the following proposition holds.

Proposition 5. For any FSD F = VJ ⊕ VJc and any rate function r, we have

P
(
PL(0,1)

f̂N
≤ r2(VJ , VJc)

)
≥ 1− δ(VJ , VJc).

Define

(V ∗
J , V

∗
Jc) ∈ argmin (r(VJ , VJc) : F = VJ ⊕ VJc) . (1.19)

We call (V ∗
J , V

∗
Jc) the optimal FSD for the solution (F , f̂N ) of the binary supervised classification problem (µX , η).

Then in particular,

P
(
PL(0,1)

f̂N
≤ r2(V ∗

J , V
∗
Jc)
)
≥ 1− δ(V ∗

J , V
∗
Jc). (1.20)

FSD as an analytical method. We emphasize that FSD method serves as a tool to help theorists analyze the
excess risk of any estimator as well as to understand its behavior. That is to say, in the construction of estimators
f̂N , the practitioners has no control over the choice of VJ and VJc—because the estimator itself does not take VJ or
VJc as input parameters. For instance, the minimum norm interpolating estimator in Example 10 has no tunable
parameters whatsoever. Therefore, we assert that the decomposition of F into two subspaces is performed implicitly
by the estimator, not by the practitioners. Consequently, when practitioners execute this statistical algorithm, this
decomposition occurs as a black-box operation. For estimators with tunable parameters, given a parameter set by
the practitioners, the estimator automatically determines the optimal FSD (V ∗

J , V
∗
Jc) based on both this parameter

and the regression problem itself. Certainly, we emphasize that theorists can leverage the new theoretical insights
provided by the FSD method to help design practical methods. For example, using the precise characterization of
the estimation error offered by the FSD method to design an adaptive estimator via Lepski’s method, [Lep91], see
also the survey [Lep23] for other adaptive methods.

Below, in Section 1.5.2 and Section 1.5.3, we separately explain the roles of these two subspaces and how they
specifically assist theorists in their analysis.

1.5.2 VJ defines a morphism in the category of supervised learning problems
For convenience, throughout this section we always assume f∗ ∈ F , and therefore do not distinguish between f∗

and f∗F . Before starting this section, we recall that to obtain an upper bound for ‖f̂N − f∗‖2L2(µX) or for PL(0,1)

f̂N

in binary classification problems via the FSD method, on VJ , we need an upper bound for ‖f̂J − f∗J‖L2(µX) or for
P(Y f̂J(X) < 0|(Xi, Yi)

N
i=1) − P(Y f∗J (X) < 0). This is precisely the task of classical statistical learning theory and

mathematical statistics. What, then, is the role of the FSD method on VJ?
For any given quintuple (µX , f∗, ξ,F , f̂N ) consisting of a real‑valued supervised regression problem and a solution,

the FSD provides, via VJ , the following arrow:

•J : (µX , f
∗, ξ,F , f̂N ) 7−→ (µX , f

∗
J , ζ, VJ , f̂J), where ζ = ξ + f∗Jc ,

through the following relation:

Y = f∗(X) + ξ = f∗J (X) + ζ.

In other words, the FSD method endows the theorist with the power to pass from handling a supervised regression
problem and its solution (µX , f

∗, ξ,F , f̂N ) to another supervised regression problem and its solution (µX , f
∗
J , ζ, VJ , f̂J).
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Furthermore, if one only wishes to obtain an upper bound for ‖f̂N−f∗‖2L2(µX), then the theorist possesses the freedom
to choose the arrow, i.e., by selecting an FSD, thereby freely selecting the target supervised regression problem and
its solution (µX , f

∗
J , ζ, VJ , f̂J). This can often grant the theorist extra analytical power beyond the classical statistical

learning theory introduced in Section 1.3 — because then it suffices to apply the classical statistical learning theory
on the new model VJ , and the new signal f∗J may be easier to analyze. Of course, if one aims to obtain an upper
bound for ‖f̂N − f∗‖2L2(µX) that is as sharp as possible, or even a precise characterization of ‖f̂N − f∗‖2L2(µX) in the
sense of (1.15), then it is necessary to choose a good FSD (VJ , VJc), such that the rate function r(VJ , VJc) as small
as possible—or even the optimal FSD (V ∗

J , V
∗
Jc).

Let us now illustrate this point with some examples.

•J defines the new f̂J .

Although f̂J is by definition PVJ
f̂N , if VJ is chosen appropriately, f̂J may admit an equivalent characterization other

than PVJ
f̂N , which the theorist can then exploit to facilitate the analysis. Three examples follow. Their proofs are

readily thus omitted, see also Proposition 20 later in Chapter 2 for the proof of Proposition 8 below.

Proposition 6 (self-regularization of the minimum ‖ · ‖q-norm interpolant estimator). Let p ∈ N+, F = {〈·,β〉 :
β ∈ Rp}. Let e1, . . . , ep be a basis of Rp. Let 1 ≤ q < ∞ be a real number, and ‖ · ‖q be the ℓq norm on Rp with
respect to this basis. Consider the minimum ‖ · ‖q‑norm interpolant estimator defined in Example 10, that is,

β̂ ∈ argmin(‖β‖q : Xβ = y), where X = [X1| · · · |XN ]⊤, y = (Y1, · · · , YN ).

Take any FSD Rp = VJ ⊕ VJc , where VJ = span(ej : j ∈ J) for some J ⊂ {1, · · · , p}. Define A : µ ∈ RN 7→ A[µ] ∈
argmin(‖ν‖q : Xν = µ, ν ∈ VJc). Then β̂Jc = A[y − Xβ̂J ], and

β̂J ∈ argmin
βJ∈VJ

(
LβJ

((Xi, Yi)
N
i=1) + ‖βJ‖qq

)
, where LβJ

((Xi, Yi)
N
i=1) = ‖A[y − XβJ ]‖

q
q .

Proposition 6 tells us that although β̂J is by definition equal to PVJ
β̂, as theorists, when we choose a suitable

FSD, we can endow it with a new statistical meaning—a RERM whose loss function LβJ
is in fact a stochastic loss

function and ‖ ·‖qq is the self-regularization functional. Because this regularization is imposed by β̂ upon itself, rather
than being explicitly defined by the practitioner, we call it self‑regularization. This regularization does not depend
on the specific training algorithm, and therefore differs from implicit regularization introduced in Section 1.4, see
[BMR21, pp. 92].

Proposition 7 (self-regularization of the minimum ‖ · ‖2-norm interpolant classifier). If F is identified with Rp, and
β̂ is the minimum ‖ · ‖2‑norm interpolant classifier (Example 10). Take an arbitrary FSD Rp = VJ ⊕ VJc , denote
1 = (1, . . . , 1) ∈ RN , and let Xy,Jc = [Y1PVJcX1| · · · |YNPVJcXN ]⊤. Define B : µ ∈ RN 7→ B[µ] ∈ argmin(‖ν‖H :

Xy,Jcν � µ). Then β̂Jc = B[1− Xy f̂J ], and

β̂J ∈ argmin
(
LβJ

((Xi, Yi)
N
i=1) + ‖βJ‖

2
2 : fJ ∈ VJ

)
, where LfJ ((Xi, Yi)

N
i=1) = ‖B[1− XyβJ ]‖22.

Here, for any a = (ai)
N
i=1 and b = (bi)

N
i=1, we write a � b, if ai ≥ bi for any 1 ≤ i ≤ N .

Similarly, here f̂J is identified as a RERM whose loss function is a stochastic loss function.
For these two new loss functions, because they incorporate regularization, they do not suffer from overfitting.

Consequently, applying classical statistical learning theory on VJ yields an oracle inequality whose residual term can
tend to zero. This is precisely the advantage brought by the new estimator f̂J via FSD.

Proposition 8 (effective regularization). If F is identified with an RKHS (H, 〈·, ·〉H) with feature map ϕ, and f̂N
is the ridge regression on F with parameter t−1, i.e., f̂N = 1

NX⊤( 1
NXX⊤ + 1

t IN )−1y, where y = (Y1, . . . , YN ) and
X : f ∈ H 7→ (〈ϕ(Xi), f〉H)Ni=1. Take an arbitrary FSD H = VJ ⊕ VJc , and denote XJc = XPJc . Then

f̂J ∈ argmin
(
LfJ ((Xi, Yi)

N
i=1) + ‖fJ‖2H

)
, where LfJ ((Xi, Yi)

N
i=1) = ‖Q(y − XfJ)‖2H ,

and Q : RN → VJc is a bounded linear operator such that Q⊤Q = ( 1
NXJcX⊤

Jc + t−1IN )−1.

In other words, f̂J is identified as a RERM whose loss function LfJ is also a stochastic loss function. Here, ridge
regression has a tuning parameter t−1; thus, for any tuning parameter t−1 given by the practitioner, f̂N itself selects
an FSD, generating a new regularization ( 1

NXJcX⊤
Jc + t−1IN ), which is referred to as effective regularization.
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•J defines the new signal f∗J .

By choosing an FSD, the theorist can also select a suitable new signal to work with. In this paragraph we present
two examples: latent factor regression and the minimum ‖ · ‖H‑norm interpolant classifier.

Latent factor regression. Latent factor regression is a special class of real‑valued regression problems where the
dependence between (X,Y ) is governed by a latent random vector Z, an unknown embedding matrix A, and two
types of noise.

Definition 9 (Latent factor regression problem). Let k < p be two positive integers, let ΩX = Rp, and let A ∈ Rp×k
be a fixed but unknown matrix. Let Z ∈ Rk be a random vector, called latent factor. Let W ∈ Rp be a zero-mean
random vector, independent of Z, with covariance matrix ΣW = E[W ⊗W ]. Let ξ ∈ R be a zero-mean random
variable with variance σ2

ξ , independent of (Z,W ). The design vector is defined by X = AZ+W . Thus, in this model,
the observable design vector X arises from a latent factor Z through an unobserved linear transformation A, together
with an unobserved noise perturbation W , so that X = AZ +W .

Let ΩY = R, and let Y be defined as follows. Let α∗ ∈ Rk be a location vector, and the response variable by
Y = 〈α∗, Z〉 + ξ. The response variable Y depends only on the latent factor Z, the unknown signal α∗ ∈ Rk, and
an unobserved noise perturbation ξ. In latent factor regression, the most common loss function is the squared loss
ℓ : (y1, y2) ∈ R× R 7→ (y1 − y2)

2. See, for instance, [BBSMW21].

Let F = {fβ(·) = 〈β, ·〉 : β ∈ Rp}. The latent factor regression problem is mis-specified unless (Z,X) is jointly
Gaussian. In fact, the Bayes rule is given by f∗ : x 7→ 〈α∗,E[Z | X = x]〉. However, the statistical model F is the
class of linear functionals. The oracle in F is given by f∗F , identified by a vector β∗ through f∗F (·) = 〈·,β∗〉, defined
as β∗ ∈ argmin(Pℓβ : β ∈ Rp) = argmin(E[(〈β, X〉 − Y )2] : β ∈ Rp) . Let Σ = E[X ⊗X] be the covariance operator
of X. A direct computation yields Σ = AΣZA

⊤ + ΣW , where ΣZ = E[Z ⊗ Z] : Rk → Rk. Since ΣW is positive
definite, Σ is also positive definite, and Σ can be viewed as the rank-k informative component AΣZA⊤ perturbed by
ΣW . It is computed in [BBSMW21, Equation 6] that β∗ = Σ−1AΣZα

∗. Let Z : α ∈ Rk 7→ (〈Zi,α〉)Ni=1 ∈ RN . In
the latent factor regression problem, the response vector y = Zα∗ + ξ, but we need to solve the problem in Rp, and
the oracle in Rp is β∗.

Below we show how, by choosing a good FSD—i.e., a good VJ—we can explore the rank‑k informative component
AΣZA

⊤ hidden in Rp, which is exactly the aim of the latent factor regression problem. Take VJ = Range(AΣZA
⊤) =

Range(A). In this case, β∗
J = PVJ

β∗ = β∗. Consequently, we have the following supervised regression problem
(µX ,β

∗
J , ζ), where ζ = ξ + (〈Z,α∗〉 − 〈X,β∗

J〉). Here, the new noise consists of two parts: ξ is the original noise,
while 〈Z,α∗〉−〈X,β∗

J〉 = 〈Z,α∗〉−〈X,β∗〉 corresponds to the approximation error of α∗ on Rp. In [BBSMW21] it is
proved that this term is an irreducible component of the estimation error. Therefore, for the latent factor regression
problem, by choosing a suitable VJ , we reduce the dimension of the problem to k, while guaranteeing that the signal
in this space satisfies β∗

J = β∗.

Minimum ‖·‖2 norm interpolant classifier. In this paragraph we consider the minimum ‖·‖2‑norm interpolant
classifier defined in Example 10, i.e., we assume F is identified with Rp. We now illustrate that by choosing an
FSD appropriately, the approximation error resulting from restricting estimation to VJ—namely, (1.18)—can be
eliminated. We examine the following standard model for binary supervised classification problems:

Definition 10 (Logistic classification problem). Let µ ∈ Rp be called the signal, and Λ ∈ Rp×p be a positive definite
bounded linear operator. Let X ∼ N (0,Λ) be a Gaussian random vector with mean 0 and covariance operator Λ. By
defining η(x) = P(Y = 1 | X = x) = 1/(1 + exp(−2〈Λ−1µ,x〉)) and P(Y = −1 | X = x) = 1 − η(x), we specify the
distribution of Y . This problem is called the logistic model, [Gir14, Section 11.1.3].

A straightforward calculation shows that the Bayes classifier for the logistic classification problem is f∗(·) =
sign(〈·,Λ−1µ〉). Hence, the Bayes classifier can be identified with Λ−1µ. Therefore, as long as the FSD is chosen so
that f∗J and Λ−1µ are well aligned, (1.18) becomes zero. Later, in Proposition 11, we prove that if Λ−1µ ∈ VJ , then
this indeed holds.

The logistic model represents a class of binary supervised classification models; both the Gaussian mixture
classification model [WT21] and the latent factor classification model [BW23] share the same characteristic—namely,
there exists an optimal linear classifier that corresponds to f∗.
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•J reduces the fixed points.

Because we believe that estimation occurs only on VJ , as a consequence the theorist should apply classical statistical
learning theory—i.e., the methods from Section 1.3—only on VJ . One outcome of doing so is that, since both the
supervised learning problem and its solution have changed, applying classical statistical learning theory on VJ may
yield a smaller fixed point, and thus a smaller bound on ‖f̂J − f∗J‖2L2(µX). The main reason why the fixed points on
VJ are expected to be smaller than the one over F is because we usually have dim(VJ) � dim(F), not because f∗J
and f̂J have changed. In this section, we illustrate how FSD reduces the fixed points defined in Section 1.3.1, by
using the example of benign overfitting for the minimum ‖ ·‖q‑norm interpolant estimator. For ridge regression, FSD
can also reduce the multiplier and quadratic fixed points, but the proof is more involved and will not be presented
here (see [P2]).

FSD reduces multiplier fixed point. The formal version and the proof of the following Proposition 9 can be
found in [P1], see also Section 4.3.4; we do not repeat it here. Proving these properties requires the geometric tools
on VJc introduced in Section 1.5.3.

Proposition 9 (informal). Using the notation of Proposition 6.
Under some assumptions, there exist some absolute constants 0 < δM < 1

100 , c, c′ < 1, ℓ∗ > 0 and c′′ =

c′′(c, c′, δM) > 1 such that for any localization subset G ⊂ VJ , rM(G, δM, 2q , 4c
N

q
2

ℓq∗
) ≤ c′′σξ(

|J|
N )

1
2(q−1) when q ≥ 2; and

rM(G, δM, 1, 4c′σq−2
ξ

N
q
2

ℓq∗
) ≤ c′′σq−1

ξ ( |J|N )
1
2 when 1 ≤ q < 2.

FSD reduces quadratic fixed point. For the minimum ‖ · ‖q-norm interpolant estimator, the FSD provided by
Proposition 6 can also reduce the quadratic fixed point. The formal version and the proof of the following proposition
can be found in [P1], see also Section 4.3.4 later.

Proposition 10 (informal). Under the assumptions of Proposition 9, there exist some absolute constant 0 < δQ < 1
100 ,

c = c(q), and c′ = c′(q), such that the following hold.

1. When q ≥ 2. Then for any r > 0, and any localization subset G, with probability at least 1 − δQ, for any
βJ ∈ G ∩ SL2(PVJ

µX)(β
∗
J ; r),

PNLVJ

βJ
= ‖A[y − XβJ ]‖qq − ‖A[y − Xβ∗

J ]‖qq ≥ 〈g,βJ − β∗
J〉+4rq, where 4 = c

N
q
2

ℓq∗
,

and g = ∇Lβ∗
J
.

2. When 1 ≤ q < 2. Suppose XJ is a centered Gaussian random vector, then for any localization subset G and
any 0 < r < σξ, with probability at least 1− δQ, (G, XJ , L•) satisfies the local Bernstein’s condition at scale r,
with parameters (♦, 1), where

♦ = c′
N

q
2 σq−2

ξ

ℓq∗
.

Note: the local Bernstein’s condition that holds with high probability in item 2 is due to the fact that in
Proposition 6, the loss function LβJ

((Xi, Yi)
N
i=1) = ‖A[y − XβJ ]‖qq is a stochastic loss function that depends on

XPVJc ; hence the population excess risk PLVJ

βJ
is a conditional expectation EXJ ,ξPNLVJ

βJ
, and the local Bernstein

condition holds with high probability. One can prove that β∗
J ∈ argmin(PℓβJ

: βJ ∈ VJ) holds almost surely, where
PℓβJ

= EXJ ,ξLβJ
, see Lemma 21 later.

Proposition 10 tells us that when q ≥ 2, if the FSD is suitably chosen, there exists δQ < 1
100 such that for

every localization subset G ⊂ VJ , the quadratic fixed point rQ(G, δQ, 2q ) = 0 when q ≥ 2. Consequently, in this
situation FSD completely eliminates the quadratic fixed point. This implies that in Theorem 1, for any ρ > 0,
riso(ρ) = rM (G, δM, 2q , 4c

Nq/2

ℓ∗
). Hence the system of inequalities in Theorem 1 with λ = 1 can decouple ρ and r—the

system can be reduced to the simpler scheme of setting ρ = 4r 2
κ and then solving for the smallest r > riso(ρ) such

that the inequality 4r 2
κ > □r 2

κ +λ|||∇Ψ(f∗F )|||(ρ) holds; this r becomes r∗. We do not repeat the detailed conclusion
here; see [P1], see also Section 4.7.2 later. When 1 < q < 2, because PN ℓ• = L• lacks strong convexity, the quadratic
fixed point is not completely removed. The situation here is more complicated and will not be discussed immediately
in this chapter; see [P1] and Section 4.7.1 for all details.
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•J as a shell wrapping classical mathematical‑statistical analysis

The ridge regression and minimum‑norm interpolant estimators studied earlier can both be written as RERM (or
their limits). Estimators of this form generally fall within the scope of statistical learning theory, [VC68]. In this
section, we show that the FSD method is not only applicable to estimators defined by ERM and RERM, which are
common in statistical learning theory, but also to classical estimators that belong more broadly to the domain of
mathematical statistics: spectral methods (Example 9). Applying the FSD method to the analysis of the estimation
error of such estimators amounts to wrapping a shell around the original mathematical‑statistical analysis—i.e.,
confining the analysis of estimation error, which originally covered the whole feature space, to the subspace VJ . Even
if this may not necessarily create a new estimator or shrink the fixed points as it does for minimum‑norm interpolant
estimators or ridge regression, it still yields a “correct” signal f∗J to work with.

Classical statistical theory for spectral methods provides ways to obtain an upper bound on ‖f̂N − f∗‖L2(µX), for
instance, [SZ07, YRC07, BPR07, LGRO+08, BM16, BM18, BMM19, ZLL23, LGSL24]. However, if we first perform
an FSD, then we only need to apply the classical theory to obtain an upper bound on ‖f̂J − f∗J‖L2(µX). This means
we have switched from estimating the full signal f∗ to estimating the “effective signal” f∗J , and consequently we
can obtain a characterization of the estimation error (in the sense of (1.15))—something that the classical approach
cannot achieve. In Chapter 3, we specifically demonstrate how this analytical approach enables us to characterize
the sharp convergence rate of the population excess risk for nearly arbitrary spectral methods in linear regression
in Rp. This implies that for any estimator studied in mathematical statistics for supervised regression problems, we
always have a painless way to handle ‖f̂J − f∗J‖L2(µX)—simply transplant the classical analysis to the subspace VJ .
However, one needs to handle the “free part” VJc that is now what we show how to proceed.

1.5.3 VJc: new tools from Geometric Aspects of Functional Analysis
Since no estimation of f∗Jc by f̂Jc takes place in the free subspace, we say that no statistics occur on that subspace.
Consequently, the tools required for this subspace do not belong to classical mathematical statistics, and for this
reason we still know relatively little about it. Our work therefore constitute the first examples of the analysis of some
estimators in the free space. Of course we used existing tools from the Geometric Aspects of Functional Analysis
(GAFA) that were not previously used in statistics and we had to extend them to fit our statistical framework.
However, we may anticipate that new tools (potentially from GAFA) may be required to fully understand the
statistical properties of estimators in the free space. In this section we offer partial insights into the free subspace
for some special cases.

Regarding the free subspace and the estimator f̂Jc on it, we focus primarily on the following two issues:

1. the stochastic properties that the free subspace provides for f̂J ;

2. the energy ‖f̂Jc‖L2(µX) of f̂Jc .

VJc provides stochastic properties of f̂J
In this section, we consider the minimum ‖ · ‖q‑norm interpolant estimator (Example 10) and the ridge regression.

1. Minimum ‖ · ‖q-norm interpolant estimator.

In Proposition 6, Proposition 9, and Proposition 10 we have already seen that FSD identifies β̂J equivalently
as a RERM whose loss function is given by LβJ

: (Xi, Yi)
N
i=1 ∈ ΩN 7→ ‖A[y − XβJ ]‖qq. Here we recall its

definition: let XJ = XPVJ
and XJc = XPVJc ; then A : µ ∈ RN 7→ A[µ] ∈ argmin(‖ν‖q : XJcν = µ). Thus

A : (RN , ‖·‖2) → (VJc , ‖·‖q) is a random embedding operator, and consequently L• is a stochastic loss function.

2. Ridge regression.
Similarly, Proposition 8 tells us that for a ridge regression with parameter t−1, its f̂J is also a RERM whose
loss function is LfJ ((Xi, Yi)

N
i=1) = ‖Q(y − XfJ)‖2H, where Q⊤Q = ( 1

NXJcX⊤
Jc + t−1IN )−1.

Following the FSD credo—apply classical mathematical statistics and statistical learning theory (see Section 1.3) on
VJ—we need to study the properties of these stochastic loss functions in order to complete the proofs of Proposition 9
and Proposition 10, as well as to compute the multiplier and quadratic fixed points for ridge regression. The properties
of these stochastic loss functions therefore require analysis using specialized geometric tools. This tool is provided
by the celebrated Dvoretzky–Milman theorem, [Dvo59, Dvo61, Mil71].
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The Dvoretzky–Milman theorem and its role in benign overfitting for the minimum ‖ · ‖q‑norm inter-
polant estimator. For any compact subset K ⊂ Rp, we define ℓ∗(K) = E(sup〈v, G〉 : v ∈ K) as the Gaussian
mean width of K, where G ∈ Rp is a standard Gaussian random vector. We let diam(K) = max(‖v‖2 : v ∈ K)
be the ℓ2 diameter of K. We denote K◦ = {v ∈ Rp : 〈v,u〉 ≤ 1, ∀u ∈ K} as the polar body of K. Denote
d∗(K) = (ℓ∗(K

◦)/ diam(K◦))2 to be the Dvoretzky dimension of K. We denote q′ by q
q−1 . Below is Milman’s version

of Dvoretzky’s theorem; see [Pis89].

Theorem 2 (Dvoretzky-Milman). There are absolute constants κDM ≤ 1 and c1 such that the following holds. Let
||||·|||| be some norm on Rp and denote by B its unit ball. Denote by G := G(N×p), the N × p standard Gaussian
matrix with i.i.d. N (0, 1) Gaussian entries. Given any 0 < ε1 ≤ 1. Assume that N ≤ κDMε

2
1d∗(B). Then with

probability at least 1− exp(−c1ε21d∗(B)), for every λ ∈ RN ,

(1− ε1) ‖λ‖2 ℓ∗(B
∗) ≤

∣∣∣∣∣∣∣∣G⊤λ
∣∣∣∣∣∣∣∣ ≤ (1 + ε1) ‖λ‖2 ℓ∗(B

∗). (1.21)

For all 0 < ε1 < 1, we define the event

ΩDM,reg(ε1) :=
{
∀λ ∈ RN : ‖λ‖2 (1− ε1)ℓ∗(Σ

1/2
Jc B

p
q ) ≤

∥∥X⊤
Jcλ

∥∥
q′
≤ ‖λ‖2 (1 + ε1)ℓ∗(Σ

1/2
Jc B

p
q )
}

(1.22)

⊂

{
∀µ ∈ RN :

‖µ‖2
(1 + ε1)ℓ∗(Σ

1/2
Jc B

p
q )

≤ ‖A[µ]‖q ≤
‖µ‖2

(1− ε1)ℓ∗(Σ
1/2
Jc B

p
q )

}
. (1.23)

It follows from Theorem 2 applied to the norm ||||·|||| = ‖Σ1/2
Jc · ‖q′ that, if XJc is a Gaussian random vector and

κDMε
2
1d∗(Σ

−1/2
Jc Bpq′) ≥ N , then P(ΩDM,reg(ε1)) ≥ 1 − exp(−c1ε21d∗(Σ

−1/2
Jc Bpq′)). The inclusion from (1.23) follows

from strong duality: for all µ ∈ RN ,

‖A[µ]‖q = min
(
‖ν‖q : X

⊤
Jcν = µ

)
= max

(〈
µ,λ

〉
:
∥∥X⊤

Jcλ
∥∥
q′
≤ 1
)
. (1.24)

Even though A : (RN , ℓ2) → (VJc , ℓq) is a non-linear metric embedding (except when q = 2), it satisfies a DM
theorem inherited from X⊤

Jc . Since our loss functions in the estimation part of the features space depend on A in the
regression problem, working on the event ΩDM,reg(ε1) will allow us to greatly simplify its expression because now it is
isomorphic to the ℓN2 -norm and so we will work with the classical squared loss function. That is the reason why DM
theorem plays a crucial role in our analysis: we use this isomorphic property from DM to greatly simplify the loss
function appearing in VJ and then go back to the classical analysis of regularized ERM with respect to the squared
loss on VJ .

Below, we demonstrate how to use the Dvoretzky–Milman theorem to prove Proposition 10, item 1.
Proof. (of Proposition 10, item 1) By Example 12, we have

‖A[y − XJβJ ]‖
q
q − ‖A[y − XJβ∗

J ]‖
q
q ≥ 〈g,βJ − β∗

J〉+
q − 1

q2q
‖A[y − XJβJ ]−A[y − XJβ∗

J ]‖
q
q ,

where g is defined in Proposition 9. From the definition of A, we have ‖A[y−XJβJ ]−A[y−XJβ∗
J ]‖q ≥ ‖A[XJ(βJ−

β∗
J)]‖q. Then using (1.23), we obtain

PNLβJ
≥ 〈g,βJ − β∗

J〉+
q − 1

q2q
‖XJ(βJ − β∗

J)‖
q
2

(1 + ε1)qℓ
q
∗(Σ

1/2
Jc B

p
q )
.

Finally, from the assumption dim(VJ) ≲ N and the fact that for any G ⊂ VJ , we have rRIP,−(G) = 0 (see Example 11),
the proof of Proposition 10, item 1 is completed.

Of course, if one wants to go beyond the Gaussian design case, one needs to extend DM theorem beyond that
case.

The Dvoretzky–Milman theorem for ‖ · ‖q′‑norms under general probability measures. Theorem 2 pro-
vides the Dvoretzky–Milman theorem for Gaussian measures. Because we need to study the case where XJc is
distributed according to a general probability measure, we require an extension of the Dvoretzky–Milman theorem
for ‖ · ‖q′ ‑norms. Extensions of the Dvoretzky–Milman theorem to general probability measures already exist in a
substantial body of literature, e.g., [GLPTJ07, MTJ08, BM22a, BM22b, Men22, BM24]. In these works the random
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embedding operator is usually induced by row‑independent random matrices or by more complex random‑matrix
models; however, in ΩDM,reg(ε) we need a column‑independent random‑matrix model. Hence, an entirely new
Dvoretzky–Milman theorem for such random matrices is required. The following theorem, taken from [P1], is a
contribution to GAFA that was motivated precisely by the FSD method. Its proof may be found in Section 5.1.
Denote Log(x) = max{1, ln(x)}.

Assumption 1. ζ = (ζj)
p
j=1 is a centered, isotropic random vector in Rp with i.i.d. coordinates, satisfying E[ζ21 ] = 1,

and there exist absolute constants 0 < κ ≤ 1 and ε > 0 such that E|ζ1|max{4,2q+ε} ≤ κmax{4,2q+ε}.

Theorem 3 ([P1]). Let ζ be a random vector satisfying Assumption 1, and let Σ be a positive definite diagonal matrix
on Rp, Σ = diag(σ1, · · · , σp). Let X = Σ1/2ζ, and let X1, · · · , XN be independent copies of X, forming the random
matrix X = [X1| · · · |XN ]⊤ = [Z1| · · · |Zp], where (Zj)

p
j=1 are the column vectors of X. Denote ℓ∗ = ℓ∗(Σ

1/2Bpq ) and
d∗ = d∗(Σ

−1/2Bpq′). Without loss of generality, assume that d∗ ≥ 1. There then exists an absolute constant 0 < θ < 1

such that for any λ ∈ SN−1
2 , P(|〈Zj ,λ〉| ≥ θ) ≥ κ. Moreover, there exist absolute constants c, c′, C, C ′, C ′′, κDM, ε0 > 0

such that the following facts hold.

1. When q ≥ 2. If N ≤ κDMd∗Log
−2(p

1
q′ /d∗), then with probability at least

1− C ′Log

(
p

1
q′

d∗

)
exp

−C ′′κDM
dθ∗

Log2θ
(
p

1
q′

d∗

)
− 2 exp (−C ′d∗)− C ′d

−cmin{ε,ε0}
∗ =: 1− p̄DM ,

there holds for any λ ∈ SN−1
2 ,

cℓ∗ ≤
∥∥X⊤λ

∥∥
q′
≤ CLog(p)ℓ∗.

2. When q < 2. If N ≤ κDMd∗(Σ
−1/2Bpq′), then

P
(
∀λ ∈ SN−1

2 , cℓ∗ ≤ ‖X⊤λ‖q′ ≤ Cℓ∗
)
≥ 1− 3 exp(−c′d∗)− C ′d

− q′−2
4

∗ =: 1− p̄DM .

Theorem 3 establishes that, under Assumption 1, the linear span of N independent copies of Σ1/2ζ provides a
generalization (up to a logarithmic factor when q ≥ 2) of the Dvoretzky-Milman theorem for the convex body Bpq′
under a general probability measure. We emphasize here that if one focuses solely on the sub-Gaussian case, then
for q ≥ 2, the Log(p) factor in the uniform upper bound for ‖X⊤λ‖q′ can be removed. To the best of our knowledge,
this theorem is the first generalization of the Dvoretzky-Milman theorem for the ‖Σ1/2 · ‖q′ norm under such broad
(almost the most general) conditions.

The Dvoretzky–Milman theorem for ‖ · ‖H‑norms under general probability measures. When q = 2,
the Dvoretzky–Milman theorem can hold for more general probability measures, e.g., for feature map generated by
RKHS whose kernel functions are polynomials of finite degree. Recall the definition of RKHS (H, 〈·, ·〉H) ⊂ L2(µX) in
Example 4. Let Σ = E[ϕ(X)⊗ ϕ(X)] : f ∈ H 7→ E[ϕ(X)〈ϕ(X), f〉] ∈ H be its integral operator. Let H = VJ ⊕⊥ VJc

be a FSD. Recall that ϕJc = PVJcϕ, ΣJc = ΣPVJc . Let Tr(·) be the trace, and ‖ · ‖op be the H → H operator norm.
Let XJc : f ∈ VJc 7→ (〈ϕJc(Xi), f〉H)Ni=1 ∈ RN and X⊤

Jc : λ ∈ RN 7→
∑N
i=1 λiϕJc(Xi) ∈ VJc be its transpose. For any

λ ≥ 0, define

d∗λ(Σ
−1/2
Jc BH) :=

Tr(ΣJc) + λ

‖ΣJc‖op
. (1.25)

Assumption 2. There are absolute constants C1 > 1, C2 > 1, 0 ≤ γ < 1/16, 0 ≤ δ < 1/(100
√
C2), δ̄ < C−1

1 , ϵ > 0
and κ > 1 such that

• With probability at least 1− γ,

max
1≤i≤N

∣∣∣∣∣‖ϕJc(Xi)‖2H
(ℓ∗)2

− 1

∣∣∣∣∣ ≤ δ, (1.26)

where we define ℓ∗ =
√

E ‖ϕJc(X)‖2H =
√

Tr (ΣJc).
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• For any f ∈ VJc , we have
‖f‖L2+ϵ(µX) ≤ κ ‖f‖L2(µX) . (1.27)

• Depending on the choice of ϵ, there are two cases:

1. if ϵ > 2, then no extra assumption is required.
2. if 0 < ϵ ≤ 2, then

κN
2−ϵ

2ϵ+ϵ2 log (N)

(√
N‖ΣJc‖op
Tr (ΣJc)

)
< δ̄. (1.28)

A typical example satisfying Assumption 2 is when ϕJc is the identity mapping and Xi is a sub-Gaussian random
vector; in this case, the result follows from the Hanson–Wright inequality. A more involved example arises when ϕJc

is the feature map of a finite-degree polynomial kernel; see the results in [P2]. The following theorem is proved in
[P2], see also Section 5.2.

Theorem 4. Let X be a random vector distributed as µX in a compact set ΩX ⊂ Rd, and let X1, · · · , XN be i.i.d.
copies of X. Let ϕ : x ∈ ΩX 7→ K(x, ·) ∈ H be the feature map of the RKHS H. Let C3, C4, C5 and C6 be absolute
constants.

1. Suppose that λ ≤ C3 Tr (ΣJc). Consider 0 < δ, δ̄ < 1 from Assumption 2, define

δ̃ = C2δ
2 + C4δ̄

2 + 4
√(

3δ + C5δ̄
) (

1 + δ + C6δ̄
)

(1.29)

Suppose that for some λ ≥ 0, we have N ≤ κDM δ̄
2d∗λ

(
Σ

−1/2
Jc BH

)
for a sufficiently small constant κDM < 1

which depends only on κ (see [P2, Equation 96] for a precise description). We assume that ϕJc satisfies
Assumption 2. Then with probability at least

1− γ − 1

N2
−
(κ
δ̄

)2+ϵ(√N‖ΣJc‖op
Tr (ΣJc)

)2+ϵ

log2+ϵ(N)

N
ϵ
2−1

=: 1− p̄DM ,

for all λ ∈ RN , it holds that(
1− δ̃

)√
Tr(ΣJc) ‖λ‖2 ≤

∥∥X⊤
Jcλ

∥∥
H ≤

(
1 + δ̃

)√
Tr(ΣJc) ‖λ‖2 . (1.30)

2. Suppose that λ > C3 Tr (ΣJc). Suppose that ϕJc satisfies the first two points of Assumption 2. Suppose that
for some λ ≥ 0, we have N ≤ (κDM/4)d

∗
λ(Σ

−1/2
Jc BH). Then there exist absolute constants C7 depending on

ϵ, κ, κDM , and 0 < c2 < 1 such that with probability at least

1− γ −N

((
κDMκ

2 log2(N)

N

)1+ϵ/2

N

)⌈(12+2ϵ)/ϵ⌉−1

− 1

N2
=: 1− p̄DM ,

we have
∥∥XJcX⊤

Jc + λIN
∥∥
op

≤ C7λ+Tr (ΣJc) and

σN (XJcX⊤
Jc + λIN ) ≥ c2λ+ (1− c2)C3 Tr (ΣJc) .

Theorem 4 provides a Dvoretzky–Milman theorem for q = 2 (or, more generally, in RKHS settings), and it does
not require any special structure among the coordinates of ϕJc(X). Since q = 2, the theorem can be regarded as
a statement about the spectrum of random matrices. This theorem can be used to study the properties of the loss
function for f̂J in ridge regression and for β̂J in the minimum ‖ · ‖2‑norm interpolant classifier. Formal statement of
the next proposition and its proof can be found in [P1] or Section 4.3.3.
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Proposition 11 (informal). Assume F is identified with linear functionals on Rp. If Rp = VJ ⊕ VJc is an FSD
satisfying the following properties: 1. Y XJc is a centered sub‑Gaussian random vector; 2. N ≤ κDMδ̄

2 Tr(ΣJc )
∥ΣJc∥op

, where
ΣJc = E[XJc ⊗XJc ]. Then with high probability the loss function LβJ

defined in Proposition 7 possesses the following
property: for any βJ ∈ VJ ,

N

(1 + δ̃)2 Tr(ΣJc)
PN ℓ

(sh)
βJ

≤ LβJ
((Xi, Yi)

N
i=1) ≤

N

(1− δ̃)2 Tr(ΣJc)
PN ℓ

(sh)
βJ

≤ LβJ
((Xi, Yi)

N
i=1),

where δ̃ is from Theorem 4, and PN ℓ
(sh)
βJ

= 1
N

∑N
i=1 ℓ

(sh)
βJ

(Xi, Yi), and ℓ
(sh)
βJ

(x, y) = (1 − y〈βJ ,x〉)2+ is the squared
hinge loss. Morevoer, for any binary classification problem (µX , η), if f∗∗ = argmin(Pℓ

(sq)
f : f is measurable), then

f∗∗ = f∗, that is, the Bayes rule.

In proposition, since Y XJc is a sub-Gaussian random vector, Assumption 2 holds naturally, and Theorem 4
therefore applies. Proposition 11 states that for the minimum ‖ · ‖2‑norm interpolant classifier, its loss function
is almost “isometrically” equivalent to a squared hinge loss—a loss function that has been extensively studied in
classical statistical learning theory.

Proof. Applying Theorem 4 to ϕJc(X) = Y XJc and to H = Rp, we only need to prove the following inclusion
holds

ΩDM,class(δ̃) :=
{
∀λ ∈ RN : ‖λ‖2 (1− δ̃)

√
Tr(ΣJc) ≤

∥∥X⊤
y,Jcλ

∥∥
2
≤ ‖λ‖2 (1 + δ̃)

√
Tr(ΣJc)

}
(1.31)

⊆

{
∀µ ∈ RN :

‖[µ]+‖2
(1 + δ̃)

√
Tr(ΣJc)

≤ ‖B[µ]‖2 ≤
‖[µ]+‖2

(1− δ̃)
√

Tr(ΣJc)

}
, (1.32)

where [µ]+ = (max(µi, 0))
N
i=1. By standard duality argument, see, for instance, [BV14, Equation 5.11], we obtain

that

‖B[µ]‖2 = max
(
〈µ,λ〉 : λ � 0,

∥∥X⊤
y,Jcλ

∥∥
2
≤ 1
)
. (1.33)

Condition on ΩDM,class(δ̃), see (1.31), we have

max
λ⪰0

(
〈µ,λ〉 : ‖λ‖2 ≤ 1

(1 + δ̃)
√
Tr(ΣJc)

)
≤ ‖B[µ]‖2 ≤ max

λ⪰0

(
〈µ,λ〉 : ‖λ‖2 ≤ 1

(1− δ̃)
√

Tr(ΣJc)

)
.

Let H(µ) := {i ∈ [N ] : µi < 0} and let λ− be the maximizer of the left-hand-side maximization problem and λ+ be
the maximizer of the right-hand-side maximization problem. We prove that if i ∈ H(µ), then λ−i = 0. We prove this
by contradiction. Suppose i ∈ H(µ) but λ−i > 0, then by letting λ̃

−
= (λ−1 , · · · , λ

−
i−1, 0, λ

−
i+1, · · · , λ

−
N ), we know that

‖λ̃
−
‖2 < ‖λ−‖2 ≤ 1

(1+δ̃)
√

Tr(ΣJc )
. Moreover, 〈µ, λ̃−

〉 =
∑
i′ ̸=i µi′λ

−
i′ >

∑N
i′=1 µi′λ

−
i′ = 〈µ,λ−〉 since µiλ−i < 0. This

implies that λ̃
− is a feasible solution but with larger objective function value, hence contradicting the assumption

that λ− is the maximizer. Recalling the constraint that λ � 0, we have: for any i ∈ H(µ), we necessarily have
λ−i = 0. The same also holds for λ+. Now, by Cauchy-Schwartz, we have λ− = (µ/(‖µ‖2(1 + δ̃)

√
Tr(ΣJc)))+, and

λ+ = (µ/(‖µ‖2(1− δ̃)
√
Tr(ΣJc)))+. Therefore, condition on ΩDM,class(δ̃), (1.32) follows. For proofs of properties of

the squared hinge loss, see Section 4.9.3.

Energy of the f̂Jc .

Apart from supplying favorable stochastic properties for the possible new loss function that defines β̂J , the energy
‖f̂Jc‖L2(µX) of the free part on VJc is the most difficult component to understand. At present our knowledge of this
term remains very limited even though we were able to obtain sharp results of the minimum ‖ · ‖2-norm interpolant
estimators, ridge regression and spectral methods. In this paragraph we consider the following cases: 1. f̂N is a
regularized empirical risk minimization; 2. f̂N is a spectral method; 3. the minimum ‖·‖q‑norm interpolant estimator;
4. LASSO with support recovery.



28 CHAPTER 1. INTRODUCTION

: σj

j
k∗

N

: σ̂j

p
VJ VJc

Figure 1.1: By Theorem 4, the spectrum of 1
NX⊤X+ t−1I has a plateau of height 1

N Tr(ΣJc) + t−1 that is different
from Spec(ΣJc) = {σj : j ∈ Jc}. This is the reason why there is no possible estimation over VJc .

Identification of f̂Jc . First, for RERM and the minimum‑norm interpolant estimator, we identify that f̂Jc itself
is also a RERM and a minimum‑norm interpolant estimator. For the minimum‑norm interpolant estimator, this has
already been proved in Proposition 6; therefore we only address RERM here.

We use the notation of Example 8. The following proposition shows that f̂Jc is a RERM of the residual of f̂J .

Proposition 12. Assume there exists differentiable function L : RN → R such that for any f ∈ F , Lf : (Xi, Yi)
N
i=1 ∈

ΩN 7→ L(y − Xf), where X : f ∈ F 7→ (f(Xi))
N
i=1 and y = (Y1, · · · , YN ). Let λ ∈ R be any real number, let Ψ be a

differentiable function and assume that F is a linear space. Define

f̂N ∈ argmin
f∈F

(L(y − Xf) + λΨ(f))

be a RERM. Let F = VJ ⊕ VJc be a FSD. Suppose Ψ : F → R is decomposable with respect to VJ ⊕ VJc , in the sense
that for any f ∈ F , Ψ(f) = Ψ(fJ) + Ψ(fJc). Then

f̂Jc ∈ argmin
fJc∈VJc

(L(y′ − XfJc) + λΨ(fJc)) , where y′ = y − Xf̂J . (1.34)

Here, f̂Jc is learning the residual of f̂J , using XJc that are not necessarily isomorphic to Σ
1/2
Jc , see Figure 1.1.

Proof. By assumption, we can expand the map (fJ , fJc) ∈ VJ × VJc 7→ L(y − Xf) + λΨ(f) as (fJ , fJc) ∈
VJ × VJc 7→ L((y−XfJ)−XfJc) + λΨ(fJ) + λΨ(fJc). Now fix fJ = f̂J = PVJ

f̂N . We know that f̂ must satisfy the
first‑order optimality condition, i.e, the gradient of this map equals 0,

0 = −2PVJcX⊤∇L((y − Xf̂J)− f̂Jc) + λ(∇Ψ)(f̂Jc).

This is precisely the first‑order necessary condition of the optimization problem defined in (1.34).

In the real-valued regression problem (Example 1), y − XJ f̂J = ξ + XJcf∗Jc + XJ(f̂J − f∗J ). Yet, unlike classical
theory on RERM, we do not need the estimation error of f̂Jc ; we only require an upper bound on its L2(µX) norm.
This task is unprecedented in classical mathematical statistics and statistical learning theory.

Linear estimators and minimum‑norm interpolant estimators. Next, we consider an upper bound for
‖f̂Jc‖L2(µX)—an aspect of the FSD method that we were able to study in 4 cases but that requires a deeper un-
derstanding. In fact, at present we have a relatively complete understanding only when f̂Jc is a linear operator
in y in linear regression problem. Below, we illustrate this using two classes of linear operators—ridge regression



1.5. FEATURE SPACE DECOMPOSITION 29

and spectral methods—and conclude by discussing the case where f̂Jc is a minimum‑norm interpolant estimator, a
comparatively simple nonlinear operator.

For linear operators in linear regression, i.e., when there exists a random linear operatorA : RN → VJc independent
of (Yi)Ni=1 such that f̂Jc : (Xi, Yi)

N
i=1 ∈ ΩN 7→ 〈·, Ay〉 ∈ VJc , we identify f̂Jc as β̂Jc(y) = Ay. Then, in the additive

regression model, y = Xβ∗+ξ, and consequently ‖f̂Jc‖L2(µX) ≤ ‖〈X, β̂Jc(Xβ∗
J)〉‖L2(µX)+‖〈X, β̂Jc(Xβ∗

Jc)〉‖L2(µX)+

‖〈X, β̂Jc(ξ)〉‖L2(µX). For the term ‖〈X, β̂Jc(ξ)〉‖L2(µX), we have Eξ‖〈X, β̂Jc(ξ)〉‖2L2(µX) = σ2
ξ Tr(A

⊤ΣJcA), where
ΣJc = PJcΣPJc . This is precisely the strategy we adopt when analyzing spectral methods.

Spectral methods. Recall the spectral methods defined in Example 9. We know that spectral methods are
linear estimators, and in this case A = 1

Nφ(Σ̂)X
⊤. Therefore,

‖f̂Jc‖L2(µX) ≤ ‖PJcφt(Σ̂)Σ̂f
∗
J‖L2(µX) + ‖PJcφt(Σ̂)Σ̂f

∗
Jc‖L2(µX) + ‖PJcφt(Σ̂)[N

−1X⊤]ξ‖L2(µX).

We do not continue to show the subsequent handling of these terms here; see [P5].
Ridge regression. An even more special case occurs when f̂N is ridge regression, i.e., when F is identified with

some RKHS (H, 〈·, ·〉H), L : u ∈ RN 7→ 1
N ‖u‖22, and Ψ : f ∈ H 7→ t−1‖f‖2H. In this case we not only know that

f̂Jc is a linear operator, but also that f̂Jc is a ridge regression with parameter t−1 applied to y − XJ f̂J . In fact,
Proposition 12 shows that for any FSD, the ridge regression f̂N with tuning parameter t−1 satisfies

f̂Jc =
1

N
X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1(y − XJ f̂J). (1.35)

From (1.35) we know that f̂Jc is a linear operator on y − XJ f̂J , and since y = XJβ∗
J + XJcβ∗

Jc + ξ, the triangle
inequality gives

‖f̂Jc‖L2(µX) ≤
∥∥∥∥ 1

N
X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1XJ(f∗J − f̂J)

∥∥∥∥
L2(µX)

+

∥∥∥∥ 1

N
X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1XJcf∗Jc

∥∥∥∥
L2(µX)

+

∥∥∥∥ 1

N
X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1ξ

∥∥∥∥
L2(µX)

.

(1.36)

Among these three terms, the first two only require operator norms, whereas the last term ‖ 1
NX⊤

Jc( 1
NXJcX⊤

Jc +
t−1IN )−1ξ‖L2(µX) is the most peculiar; we must exploit the randomness of ξ. The following proposition is called the
“upper side” of the Dvoretzky–Milman theorem; its proof can be found in [P2].

Assumption 3. There exist absolute constants γ1 ∈
(
0, 1

16

)
, δ1 ≥ 0, ϵ > 0 and κ′ > 1 such that

•

P

 max
1≤i≤N

∥∥∥Σ1/2
Jc ϕJc(Xi)

∥∥∥2
H

Tr (Σ2
Jc)

≤ 1 + δ1

 ≥ 1− γ1, (1.37)

• for any f ∈ VJc , ‖f‖L4+ϵ(µX) ≤ κ′ ‖f‖L2(µX).

Proposition 13. Suppose Assumption 3 holds. There exist some absolute constants c3 and C8 >0 such that with
a probability of at least 1− p̄DMU , where p̄DMU = c3

Nϵ + γ1, there holds
∥∥∥Σ1/2

Jc X⊤
Jc

∥∥∥
op

≤ C
√
Tr(Σ2

Jc)+C
√
N‖ΣJc‖op.

Therefore, if Proposition 13 and Theorem 4 hold, then from (1.35) we know that there exists an absolute constant
C such that on the intersection of the two random events the following holds:∥∥∥∥〈X, 1N X⊤

Jc(
1

N
XJcX⊤

Jc + t−1IN )−1XJ(f∗J − f̂J)〉
∥∥∥∥
L2(µX)

≤ C

√
Tr(Σ2

Jc) +
√
N‖ΣJc‖op

Nt−1 +Tr(ΣJc)
‖XJ(β̂J − β∗

J)‖2 and∥∥∥∥〈X, 1N X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1XJcf∗Jc〉
∥∥∥∥
L2(µX)

≤ C

√
Tr(Σ2

Jc) +
√
N‖ΣJc‖op

Nt−1 +Tr(ΣJc)
‖XJcf∗Jc‖2.

(1.38)

To bound ‖ 1
NX⊤

Jc( 1
NXJcX⊤

Jc + t−1IN )−1ξ‖L2(µX), we first take expectation over ξ, yielding

Eξ

∥∥∥∥〈X, 1N X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1ξ〉
∥∥∥∥2
L2(µX)

≤ Cσ2
ξ

∑N
i=1 ‖Σ

1/2
Jc ϕJc(Xi)‖2H

(Nt−1 +Tr(ΣJc))2
≤ C ′σ2

ξ

N Tr(Σ2
Jc)

(Nt−1 +Tr(ΣJc))2
,
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holds with high probability.
Minimum ‖ · ‖q-norm interpolant estimator. Recall that when β̂ is the minimum ‖ · ‖q‑norm interpolant

estimator (Example 10), Proposition 6 states: if (VJ , VJc) is an FSD of the form defined in Proposition 6, then
β̂Jc = A[y − XJ β̂J ]. This endows β̂Jc with a statistical meaning: β̂Jc is the minimum ‖ · ‖q‑norm interpolant
estimator of the residual of β̂J . Combined with the Dvoretzky–Milman theorem, this statistical interpretation allows
us to obtain the following control on the upper bound for ‖〈X, β̂Jc〉‖L2(µX).

Proposition 14. Using the notation of Proposition 6. If N ≤ κDMε
2d∗(Σ

1/2
Jc B

p
q′), then there exist an absolute

constant C such that on the random event ΩDM,reg(ε), we have

‖〈X, β̂Jc〉‖L2(µX) ≤ C
diam(Σ

1/2
Jc Bpq )

ℓ∗(Σ
1/2
Jc B

p
q′)

‖y − XJ β̂J‖2.

Proof. From Proposition 6, we have β̂Jc = A[y − XJ β̂J ], and hence under the Dvoretzky-Milman condition
N ≤ κDMε

2d∗(Σ
1/2
Jc B

p
q′) holds, since ‖Σ1/2

Jc ‖ℓq→ℓ2 = diam(Σ
1/2
Jc Bpq ), on ΩDM,reg(ε) by (1.23), there holds ‖Σ1/2

Jc A[y−

XJ β̂J ]‖2 ≤ diam(Σ
1/2
Jc Bpq )‖A[y − XJ β̂J ]‖q ≤ C

diam(Σ
1/2
Jc B

p
q )

ℓ∗(Σ
1/2
Jc B

p

q′ )
‖y − XJ β̂J‖2.

Proposition 14 states that the energy ‖f̂Jc‖L2(µX) of the free part f̂Jc is at most the Euclidean norm of the

residual of β̂J , scaled by the factor diam(Σ
1/2
Jc B

p
q )

ℓ∗(Σ
1/2
Jc B

p

q′ )
. The Euclidean norm of the residual of β̂J can be obtained readily;

we do not repeat it here.
Minimum ‖ · ‖2-norm interpolant classifier. For binary classification problems, we have a more unified

understanding of the energy of f̂Jc . The following proposition is proved in [P1], see also Section 4.8.3.

Proposition 15. Let F = VJ ⊕ VJc be any FSD and f̂N be any estimator. There holds µ⊗N -a.s.,

P
(
Y f̂N (X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P

(
Y f̂J(X) < 0

∣∣(Xi, Yi)
N
i=1

)
≤ P

(
|f̂Jc(X)| > |f̂J(X)|

∣∣∣∣(Xi, Yi)
N
i=1

)
.

LASSO with support recovery. As another example of a nonlinear estimator, we consider in this paragraph
the case where β̂ is the LASSO estimator, i.e., β̂ ∈ argmin( 1

2N ‖y − Xβ‖22 + λ‖β‖1). Let β∗ ∈ Rp be an unknown
vector and denote its support by S = supp(β∗), i.e., S = {j ∈ [p] : 〈β∗, ej〉 6= 0}, where we recall that e1, . . . , ep is
the canonical basis of Rp. Let s = |S| and assume s ≤ bc N

log(p/N)c for some constant c < 1. To highlight the FSD
and avoid being distracted by stochastic arguments, we work on the following stochastic event

ΩLASSO =

{
supp(β̂) = S,

∥∥∥∥ 1

N
XSX⊤

S

∥∥∥∥
op

≤ 10,

∥∥∥∥ 1

N
X⊤
S ξ

∥∥∥∥
2

≤ σξ

√
2s

N

}
,

where XS = [X1,S | · · · |XN,S ]
⊤ ∈ RN×s be the restriction of X to S, and Xi,S is the restriction of Xi to S. When

the event supp(β̂) = S occurs, we say that β̂ achieves support recovery. Sufficient conditions for this event have
been extensively studied in the theory of LASSO, e.g., in [Gir14, Section 5.5.2]. The advantage of working on this
stochastic event is that, if we let J = S and VJ = span({ej : j ∈ S}), we have β̂Jc = β∗

Jc = 0, which eliminates the
need to consider the energy of β̂Jc . The case where support recovery does not necessarily occur remains a particularly
interesting direction for future research. In this case, we have the following proposition.

Proposition 16. Assume that λ > σξ

√
log(ep/s)

N and p > e7s. Then on ΩLASSO, we have ‖β̂−β∗‖2 ≥ 1
20σξ

√
s log(ep/s)

N .

Proof. By the definition of β̂ and the KKT conditions, we have 1
NX⊤

S (XSβ̂ − y) + λ sign(β̂) = 0. Substituting
y = XSβ∗

S + ξ and using the fact that sign(β̂) = sign(β∗
S), we obtain β̂ − β∗

S = ( 1
NX⊤

SXS)−1[λ sign(β∗
S) − 1

NX⊤
S ξ].

Taking the ℓ2 norm on both sides and applying the triangle inequality, we have∥∥∥β̂ − β∗
∥∥∥
2
≥ 1

10

(
λ ‖sign(β∗

S)‖2 − σξ

√
2s

N

)
. (1.39)

Given that ‖ sign(β∗
S)‖2 =

√
s and the assumption λ > σξ

√
log(ep/s)

N , the proof is complete.
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Proposition 16 indicates that when support recovery occurs, the estimation error bound of LASSO is instance
optimal for this specific β∗. Specifically, if X is an isotropic random vector, then (V ∗

J , V
∗
Jc) is given by V ∗

J = span({ej :
j ∈ S}), and in this case ‖〈X, β̂−β∗〉‖L2(µX) ∼ r(V ∗

J , V
∗
Jc), where r(V ∗

J , V
∗
Jc) = σξ

√
s log(ep/s)

N with high probability.
This result is stronger than minimax optimality, as it does not merely assert the existence of some β∗ for which the
estimation error is no less than this lower bound; instead, the lower bound holds for every β∗ that satisfies the support
recovery condition. In fact, from (1.39), we can observe that λ‖ sign(β∗

S)‖2 and σξ
√

2s
N correspond respectively to

the bias and variance terms (recall that s = dim(V ∗
J )) of the estimation subspace in the FSD rate function (cf. (1.41)

below). Here, since the projections of both β̂ and β∗ onto the free subspace are 0, there are no bias or variance terms
from the free subspace in the rate function.

Research direction. When f̂Jc is a nonlinear estimator—as in the case where f̂Jc is the minimum ‖ · ‖q-norm
interpolant estimator, LASSO, or a general RERM—how can we develop a systematic mathematical toolkit that
allows us to obtain a possibly sharp high‑probability upper bound for ‖f̂Jc‖L2(µX)? Here, a systematic method
means one that works for general µX and general f̂Jc , and when specialized to ridge regression and spectral methods,
it can recover the sharp upper bounds that were obtained using the knowledge that f̂Jc is a linear estimator, [P4].
For (R)ERM, this constitutes a class of problems that have never been explored; it may spur the development of new
geometric tools.

1.5.4 FSD as a theoretical framework
Through the discussion in Section 1.5.1, Section 1.5.2, and Section 1.5.3, we have explained the role of FSD as
an analytic method. In this section we further argue that FSD method also serves as a theoretical framework for
understanding the properties of how a solution tackles a specific supervised learning problem, offering theorists a
potential new perspective and way of thinking.

In this section we focus on situations where an optimal FSD (VJ∗ , VJc
∗
) can be constructed, such that (1.15)

can be proved. In such cases, the FSD method reveals how an estimator actually employs the feature space for
estimation—which features the estimator uses when solving the problem - and how it uses VJc

∗
to handle signal

and noise. This differs from the classical statistical‑learning‑theory goal of “establishing an oracle inequality that
matches the minimax lower bound” as in Section 1.1; instead, it focuses more on understanding, from a mathematical
perspective, the fitting relationship between the solution and the problem itself. Thus we say that the FSD method
introduces a potential new research paradigm into statistical learning theory.

The FSD method, as a theoretical framework, can—like all successful theoretical frameworks—supply the “right”
definitions. We illustrate this point by defining the following three concepts, namely:

1. a definition of a pre-order on spectral methods for a given supervised regression problem,

2. a definition of the generalized saturation effect and its necessary and sufficient conditions, and

3. a mathematical definition of the feature learning property as well as the signal-features alignment property.

Definitions of these concepts need to be built upon the study of spectral methods via the FSD method. In [P5] we
apply the FSD method to study spectral methods (Example 9) for solving linear regression problems in Rp, that is,
we assume H is identified with Rp via f(·) = 〈·,β〉; then the spectral method f̂N is identified with β̂, and the signal
f∗ is identified with β∗.

Definition 11. Recall that σ1 ≥ · · · are the eigenvalues of Σ. Let b > 0 and t ≥ 1. The estimation dimension of
the spectral method β̂ with filter function φt is defined as

k∗ = k∗t−1,b = min
{
k ∈ [p] : σk+1 ≤ bt−1

}
. (1.40)

Let VJ∗ = span(ej : j ∈ J∗), J∗ = {1, · · · , k∗}, (ej)j are the eigenvectors of Σ and ψt is the residual function
defined by ψt(x) = 1− xφt(x). Define

r(VJ∗ , VJc
∗
) =

∥∥∥Σ1/2
J∗
ψt(Σ)β

∗
J∗

∥∥∥
2
+ σξ

√
|J∗|
N

+
∥∥∥Σ1/2

Jc
∗
β∗
Jc
∗

∥∥∥
2
+ σξt

√
Tr(Σ2

Jc
∗
)

N
, (1.41)
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where we recall that we denote ΣJ∗ = PVJ∗
ΣPVJ∗

and ΣJc
∗
= PVJc

∗
ΣPVJc

∗
. The main conclusion of [P5], see also

Chapter 3, is that, under general assumptions, the spectral methods β̂ = 1
Nφt(Σ̂)X

⊤y satisfies the following property
with high probability:

‖〈X, β̂ − β∗〉‖L2(µX) ∼ r(VJ∗ , VJc
∗
). (1.42)

From Section 1.5.1, we know that estimation of β∗ occurs only on VJ∗ , while “absorption of noise” occurs on the
free space VJc

∗
. Equation (1.42) shows that, for any given linear regression problem (Σ,β∗, σξ) and tuning parameter

t, the space VJ∗ where estimation takes place is determined solely by the spectrum of Σ and the tuning parameter,
and is independent of the signal β∗ to be estimated, the eigenvectors of Σ, and the family of filter functions (φt)t≥1.
This observation indicates the following facts:

1. Since VJ∗ is independent of (φt)t≥1, we know that for a given linear regression problem, all algorithms in the
class of spectral methods (such as ridge regression, gradient descent and gradient flow) decompose the feature
space in the same way to estimate the signal. By examining the definition of r(VJ∗ , VJc

∗
) in (1.41), we find

that only the term ‖Σ1/2
J∗
ψt(Σ)β

∗
J∗‖2 depends on the specific choice of the filter / residual functions. In other

words— the only difference in the statistical properties of different spectral methods for a given linear regression
problem lies in how close the residual function ψt is to 0 on {x > 0 : tx > b}—the closer it is to 0, the better
the statistical properties (i.e., the faster the convergence rate).

2. The FSD approach yields some understanding on the behavior of spectral methods. For instance, the estimation
dimension k∗ tells us that gradient descent at step t is estimating only the first k∗ coordinates of the signal in
the basis of eigenvectors of Σ, no more no less. This means that along the path of gradient descent, there are
more and more coordinates (in the eigenbasis of Σ) that are estimated; the estimation dimension quantifying
this phenomenon and the estimation space VJ∗ localizing the space where this estimation is happening. We
may suspect that Newton’s method behaves similarly but with an estimation dimension growing faster than
the one of gradient descent.

3. Since k∗ and VJ∗ does not depend on the signal, spectral methods do not have the feature learning property
that is defined later in Definition 16, meaning that they are not able to design features in order to improve
their prediction ability.

Pre-order of Spectral Methods

Thanks to the FSD method, (1.42) provides matching upper and lower bounds for arbitrary linear regression problem
R = (Σ,β∗, σξ), rather than being restricted to a specific spectrum decay or a particular class of β∗. Consequently,
for any R, comparing the population excess risk of two spectral methods is reduced to comparing two real numbers
given by their optimal FSD.

Since a spectral algorithm is uniquely determined by its filter function, we consider two spectral methods β̂
(A)

tA

and β̂
(B)

tB with parameters tA, tB , and with filter functions φ(A)
tA and φ

(B)
tB , respectively. By (1.42), there exist

r
(A)
tA (V

(A)
J∗

, V
(A)
Jc
∗

) and r(B)
tB (V

(B)
J∗

, V
(B)
Jc
∗

) characterizing the squared loss population excess risk ‖Σ1/2(β̂
(A)

tA −β∗)‖2 and

‖Σ1/2(β̂
(B)

tB − β∗)‖2 for these two spectral methods in this linear regression problem. Given any R = (Σ,β∗, σξ) ∈
Rp×p × Rp × R, we define the following pre-order “�R” on the set of all spectral methods.

Definition 12 (Pre-order of Spectral Algorithms in Linear Regression Problems). For the linear regression problem
R := (Σ,β∗, σξ), we write

β̂
(A)

tA �R β̂
(B)

tB if r
(A)
tA (V

(A)
J∗

, V
(A)
Jc
∗

) = O
(
r
(B)
tB (V

(B)
J∗

, V
(B)
Jc
∗

)
)

as N and p go to infinity. In particular, if r(A)
tA (V

(A)
J∗

, V
(A)
Jc
∗

) = Θ
(
r
(B)
tB (V

(B)
J∗

, V
(B)
Jc
∗

)
)

, we write β̂
(A)

tA �R β̂
(B)

tB . It
is straightforward to verify that “�R” defines an equivalence relation on the set of all spectral methods, while �R
defines a pre-order.

Definition 12 describes, for a specific linear regression problem R = (Σ,β∗, σξ), the relative speed of convergence
of the population excess risk for any two given spectral methods β̂

(A)

tA and β̂
(B)

tB , thereby characterizing the relative
performance of different spectral methods for that problem.
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In the following, we consider the case when tA = tB . Since the choice of VJ∗ for a given t ≥ 1 in the optimal
decomposition of the feature space given by (1.42) is universal for any spectral algorithm, it follows that, for any
fixed (Σ,β∗, σξ), (1.42) can be applied to any spectral algorithm to obtain the corresponding r(VJ∗ , VJc

∗
). In the

sense of equality up to a multiplicative constant, the squared loss population excess risk of each spectral algorithm
differs only in the bias term ‖Σ1/2

J∗
ψt(Σ)β

∗
J∗‖2 of β̂J∗ . This means that, for any spectral algorithm β̂, the variance of

β̂J∗ and both the bias and variance of β̂Jc
∗
are identical - the only difference lies in the convergence rate of β̂J∗ used

to estimate β∗
J∗ . Therefore, we have the following corollary.

Corollary 2. Given any linear regression problem R = (Σ,β∗, σξ). For any t ≥ 1, β̂
(A)

t �R β̂
(B)

t if and only if as
N and p go to infinity ∥∥∥Σ 1

2

J∗
ψ
(A)
t (Σ)β∗

J∗

∥∥∥
2
= O

(∥∥∥Σ 1
2

J∗
ψ
(B)
t (Σ)β∗

J∗

∥∥∥
2

)
.

The following corollary is a direct consequence of the elementary inequality exp(−tx) ≤ 1/(1 + xt).

Corollary 3 (GF outperforms Ridge). For any linear regression problem, φ(GF)
t �R φ

(Ridge)
t , where φ(Ridge)

t (x) =
1

x+t−1 is the filter function of ridge regression,; while φ(GF)
t (x) = 1−exp(−tx)

x is the filter function of gradient flow.

Generalized saturation effect

For a fixed parameter t, the difference in population excess risk between different spectral methods arises from the
structure of their residual function ψt, and this naturally leads to the saturation effect – the cause of the saturation
effect also lies in the properties of the residual function. We first introduce the following generalized definition.

Definition 13 (Generalized Saturation Effect). For any linear regression problem R, any interval I ⊂ [1,+∞) and
families of filter functions {φ(A)

t }t≥1 and {φ(B)
t }t≥1, we write {φ(A)

t }t∈I �R {φ(B)
t }t∈I if as N and p go to infinity

inf
(
r
(A)
tA (VJ∗ , VJc

∗
) : tA ∈ I

)
= O

(
inf
(
r
(B)
tB (VJ∗ , VJc

∗
) : tB ∈ I

))
.

If {φ(A)
t }t∈I �R {φ(B)

t }t∈I , we say that the spectral algorithm β̂
(B)

defined by the filter function family {φ(B)
t }t≥1

is saturated compared to the filter function family {φ(A)
t }t≥1 in I. In particular, if I = R+, we write {φ(A)

t }t≥1 �R

{φ(B)
t }t≥1 and say that the spectral algorithm β̂

(B)
defined by the filter function family {φ(B)

t }t≥1 is saturated compared
to the filter function family {φ(A)

t }t≥1. It is straightforward to verify that �R is a pre-order. Similarly, we can define
an equivalence relation �R on families of filter functions. When big-O is replaced by small-o, we denote by ≺R .

Definition 12 describes the relative performance of two spectral methods for given parameters tA and tB , whereas
Definition 13 concerns their relative performance under their respective optimal parameters within interval I. It is
easy to see that the classical saturation effect defined in [BPR07] corresponds to the pre-order on the following set
of linear regression problems.

R ∈ RSob(s, α) :=

{
(Σ,β∗, σξ) : Σ =

p∑
j=1

σjej ⊗ ej , σj ∼ j−α,

‖Σ
1−s
2 β∗‖2 <∞, σξ is constant

}
.

Moreover, in [BPR07], {r(B)
t }t≥1 is the family of ridge regression. In addition, on RSob(s, α), the optimal tuning

parameter is t−1 ∼ N− α
1+s̃α , where s̃ = s∧τ and τ = 2 for ridge regression, τ = ∞ for gradient flow. We say this choice

is optimal, because it achieves the minimax rate on RSob, [LZL23]. Applying to φ(A)
t : x 7→ (1 − exp(−tx))/x, i.e.,

gradient flow, and to φ(B)
t : x 7→ (x+t−1)−1, i.e., ridge regression, we have the following. For the same t ∼ N

α
1+s̃α , [P2]

computed that ‖Σ1/2
J∗
ψ
(B)
t (Σ)β∗

J∗‖2 ∼ N− α(s∧2)
1+α(s∧2) , while the following corollary yields ‖Σ1/2

J∗
ψ
(A)
t (Σ)β∗

J∗‖2 ∼ N− αs
1+αs .

Combined with Corollary 2, this recovers the classical saturation effect in the sense of [BPR07]. The proof of
Corollary 4 may be found in Section 3.5.1, see also [P5].
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Corollary 4 (Saturation Effect in Sobolev Space). Let φ(GF)
t : x 7→ (1−exp(−tx))/x and φ(Ridge)

t : x 7→ (x+ t−1)−1.
Let R ∈ RSob(s, α). We have {φ(GF)}t≥1 �R {φ(Ridge)}t≥1. Moreover, when t−1 ∼ N− α

1+s̃α , where s̃ = s∧2 for ridge
regression, and s̃ = s for gradient flow, we have (r

(GF)
t (VJ∗ , VJc

∗
))2 ∼ N− αs

1+sα and (r
(Ridge)
t (VJ∗ , VJc

∗
))2 ∼ N− αs̃

1+s̃α .

Here, however, we offer a geometric perspective on the classical saturation effect: its occurrence is due to the fact
that, on VJ∗ , the residual function of ridge regression decays too slowly in the eigen-basis with power decay, compared
to the residual function of gradient flow. We emphasize that Corollary 2 provides not only this most classical example
of the saturation effect in Sobolev spaces, but also necessary and sufficient conditions for the occurrence of more
general saturation effects.

Corollary 5 (Saturation effect in the plateau covariance model). Suppose there exists some k ≲ N ≲ p−k, σ > ε > 0
such that σ1 = · · · = σk = σ, and σk+1 = · · · = σp = ε. Let J = {1, · · · , k} and suppose there exists a real number
α∗ > 0 such that |〈β∗, ej〉| = α∗ for any j ∈ J while 〈β∗, ej〉 = 0 otherwise. Let

SNR =
‖Σ1/2β∗‖2

σξ

σ
√
N√

Tr(Σ2
Jc)

.

Suppose 4 < SNR ≤ bσε , where b is from (1.40). Let I = {t > 1 : b−1ε ≤ t−1 < σ}. Then

min
t∈I

r(GF)(VJ∗ , VJc
∗
) ≤ min

t∈I
r(Ridge)(VJ∗ , VJc

∗
).

Moreover, when SNR → ∞ and σ = Ω(ε), {φ(Ridge)
t }t∈I ≺R {φ(GF)

t }t∈I .

The proof of Corollary 5 may be found in Section 3.5.2, see also [P5]. The quantity SNR in Corollary 5 can be
interpreted as a signal-to-noise ratio, but it is rescaled according to the sample size and the spectrum of Σ. The
lower bound in the condition 4 < SNR ≤ bσε is intended to ensure that the signal-to-noise ratio is not too small,
while the upper bound is rather mild. For example, if we take σ = 1, ε = (p − k)−1, and ‖Σ1/2

J∗
β∗‖2/σξ to be a

constant, then this condition is satisfied. This corollary considers the case where the signal β∗ is well aligned with
the covariance structure, and shows that the saturation effect occurs over a rather broad range of tuning parameters
(which is reasonable, since the tuning parameter is neither too large, causing overfitting, nor too small, leading to
underfitting). This illustrates our claim that the saturation effect is a fairly general phenomenon in linear regression
problems.

FSD for defining feature learning property

The following definition provides a mathematical definition, in the realm of deep‑learning theory, of what is called
feature learning property (see Section 1.4.3). In the following definition, the top‑k eigenvectors involved in the
alignment property are specifically related to the understanding gained from studying spectral methods via the
FSD method—namely, that spectral methods learn using the eigenvectors (features) corresponding to the k largest
eigenvalues, see Definition 11. Roughly speaking, FSD itself provides how an estimator utilizes features in the feature
space, while the feature learning property focuses on how features that are beneficial for solving a specific supervised
learning problem are implicitly constructed and used by estimators, particularly neural networks. Therefore, the role
of FSD in the definition of the feature learning property is to help us understand how these features constructed by
neural networks are related to the specific problem.

Definition 14 (Alignment Property). Let (µX , f
∗, ξ) be a supervised regression problem, let H be an RKHS, and

let ĝN be an estimator taking values in H. Let g∗H ∈ argmin{‖g − f∗‖L2(µX) : g ∈ H} denote the oracle in H.
Given a monotonically increasing function Φ : R+ → R+, a sequence of non-negative real numbers {γj}∞j=k+1 and
a real number 0 < δ < 1, we say that ĝN satisfies the (Φ, k, δ) alignment property with respect to {γj}∞j=k+1 if with
probability at least 1− δ, there holds ‖ĝN − g∗H‖2L2(µX) ≤ Φ(

∑∞
j>k γj〈g∗H, ej〉2), where 〈g∗H, ej〉 is the inner product in

H between g∗H and ej.

An estimator ĝN satisfying the alignment property has the following characteristic: when the oracle g∗H is well
aligned with the eigenvectors (functions) corresponding to the largest k eigenvalues of the covariance operator Σ, the
estimator can exploit this structure and thereby achieve a smaller estimation error ‖ĝN−g∗H‖2L2(µX). Many estimators
are known to satisfy this property, including ridge regression, gradient flow, gradient descent, principal components
regression, and RERM with regularization terms whose Bregman divergence is non-trivial; see Theorem 1. For
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general RERM, the weights γj may be chosen as 1; for ridge regression gradient flow, gradient descent, and principal
components regression, γj may be chosen as σj , see (1.41).

The alignment property characterizes the ability of an estimator to exploit an existing favorable geometric align-
ment; however, such an alignment is not always inherently present. When this alignment relationship is suboptimal,
certain estimators yield large prediction errors. To investigate the impact of the unfavorable alignment between
the oracle g∗H and the eigenfunctions of the covariance operator of H on the estimation error of a broad class of
estimators, we introduce the following concept of the efficiency of alignment.

Definition 15. Let (µX , f
∗, ξ) be a supervised regression problem, σ2

ξ be the variance of ξ, H an RKHS, and N be
the sample size. Let 0 < α < 1 be a pre-specified threshold. We define the balance dimension k◦(N) = min{k ∈ N :
‖Pk+1:∞g

∗
H‖2L2(µX) ≤ σ2

ξ
k
N }, where Pk+1:∞ =

∑
j>k ej ⊗ ej is the projection onto span(ej : j > k). If k◦(N) ≤ αN ,

we say that alignment is efficient; if k◦(N) > αN , we say that alignment is deficient.

Definition 15 is intended to characterize the relationship between the balance dimension and the sample size N .
Based on the FSD, the projection Pk+1:∞g

∗
H is not estimated and thus enters the estimation error as the price for no

estimation. Meanwhile, σ2
ξ
k
N represents the variance term associated with the estimation subspace. Since both terms

are independent of the specific choice of the estimator, the balance dimension—by describing the equilibrium between
these two components—reveals the impact on the estimation error that depends exclusively on the alignment of g∗H
with the eigenvectors of the covariance operator of H, regardless of the specific algorithm.

In the rate function of FSD, the terms ‖Pk+1:∞g
∗
H‖2L2(µX) and σ2

ξ
k
N are universal, meaning that they are inde-

pendent of the specific choice of the estimator and always appear in the rate function. Consequently, the balance
between these two terms characterizes, in an estimator-free sense, the impact of the alignment between g∗H and the
eigenvectors of the covariance operator on the estimation error of any estimator. In particular, by the definition of
k◦(N), for any k ∈ N (especially for the estimation dimension k∗), we always have ‖Pk◦+1:∞g

∗
H‖2L2(µX) + σ2

ξ
k◦

N ≤
2(‖Pk+1:∞g

∗
H‖2L2(µX) + σ2

ξ
k
N ). This implies that the optimal rate function of FSD is always subject to a lower bound

provided by σ2
ξ
k◦

N , regardless of which estimator is selected for the FSD. When the balance dimension is excessively
large, this lower bound can be quite substantial, leading to a suboptimal estimation error. A key element of the
feature learning property introduced in the sequel is that feature learning can automatically construct favorable
geometric alignments through the autonomous learning of features.

Definition 16 (Alignment property and Feature Learning property). Consider a real-valued supervised regression
problem (µX , f

∗, ξ). Let f̂N be an estimator. We say that f̂N performs feature learning property in solving (µX , f
∗, ξ),

if there exist a RKHS Hfea with its canonical feature map denoted by ϕfea : ΩX → Hfea, and an element ĝN ∈ Hfea

such that the following conditions hold under the limit when N → ∞:

1. ĝN satisfies the alignment property with estimation dimension k for some k ∈ N+;

2. f̂N (·) = ĝN (ϕfea(·)) where ĝN (ϕfea(·)) = 〈ĝN , ϕfea(·)〉Hfea
;

3. the oracle g∗Hfea
∈ argmin{‖g − f∗‖L2(µX) : g ∈ Hfea} satisfies that ‖f∗ − g∗Hfea

‖L2(µX) = oP(1);

4. k = O(d), and ‖Pk+1:∞g
∗
Hfea

‖L2(µX) = oP(1) where Pk+1:∞ =
∑
j>k ej ⊗ ej.

We refer to such Hfea as the learned feature subspace.

The meaning of Definition 16 is the following: if f̂N constructs from the training samples a feature subspace Hfea

(which we assume to be an RKHS) such that, for the real‑valued regression problem (µX , f
∗, ξ), the approximation

error of the constructed feature space Hfea, ‖f∗− g∗Hfea
‖L2(µX), is small, and within this feature subspace Hfea, those

features that are helpful for estimating f∗ are indeed used to estimate f∗. In other words: the feature engineering
capability of f̂N on this regression problem is manifested by the data‑constructed feature subspace Hfea, which
possesses small approximation error, and the constructed top k features are beneficial for estimating f∗ in the sense
that on Hfea there exists a latent estimator ĝN that is able to utilize the top‑k eigenvectors most important for
achieving a small estimation error in order to estimate the oracle g∗Hfea

. Finally, f̂N is close to this latent estimator
ĝN in L2(µX) distance.

Consequently, the phenomenon observed by both practitioners and theorists when f̂N solves the problem (µX , f
∗, ξ)

is the following: based on the training data (Xi, Yi)
N
i=1, f̂N appears to automatically construct, within L2(µX), a

feature space Hfea that possesses favorable statistical properties for the problem, learns “within” this space, and
achieves a small estimation error — as if f̂N itself were an estimator defined on Hfea. This phenomenon is precisely
what is often referred to as the feature learning property in the theory of deep learning.
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Therefore, if f̂N possesses the feature learning property when solving (µX , f
∗, ξ), then its estimation error (up to

square) can be bounded as follows:

‖f̂N − f∗‖L2(µX) ≤ ‖f̂N − ĝN‖L2(µX) + ‖ĝN − g∗Hfea
‖L2(µX) + ‖g∗Hfea

− f∗‖L2(µX).

The requirement in Definition 16 that ‖f̂N − ĝN‖L2(µX) be small cannot be dropped, because under very broad
conditions, for any f∗ ∈ L2(µX), there always exists a deterministic RKHS H (with feature map denoted by ϕ) such
that there is a ĝN possessing the alignment property for which ‖f∗ − g∗H‖L2(µX) is small, where g∗H : x ∈ ΩX 7→
E[Y | ϕ(x)] is the regression function in H. In fact, spectral methods with analytic filter functions always possess the
alignment property, and many RKHS H are dense in L2(µX). Therefore, what Definition 16 emphasizes is that such
an RKHS must be dependent with (Xi, Yi)

N
i=1 as well as to (F , f̂N ) (which is why we denote it by Hfea), and such

that ĝN is close to f̂N in the L2(µX) metric. Only then does this latent feature subspace and the latent estimator
ĝN on it become capable of explaining the feature learning property of f̂N for the given problem.



Chapter 2

A Geometrical Analysis of Kernel Ridge
Regression

2.1 Introduction
We focus on regression problems in the context of kernel learning. Let λ ≥ 0 be a tuning parameter and (H, ‖·‖H) be
some Reproducing Kernel Hilbert Space (RKHS) containing functions from the probability space (Ω, µ) to R. Given
N independent design vectors (Xi)

N
i=1 distributed as the unknown probability measure µ and associated responses

(Yi)
N
i=1 ⊂ R, let the Kernel Ridge Regression (KRR) estimator be

f̂λ ∈ argmin
f∈H

(
N∑
i=1

(f(Xi)− Yi)
2
+ λ ‖f‖2H

)
. (2.1)

KRR is a highly effective and adaptable method utilized in various domains, including finance, biology, natural
language processing, image analysis and partial differential equations, [STC04, RW05, SC08, SS16]. Additionally, it
serves as a tool for developing mathematical foundations for deep neural networks, [JGH18, BMM18]. This paper
presents general bounds for the estimation error of KRR, aiming to investigate various phenomena in KRR and
provide insights in the field of statistical deep learning.

2.1.1 Notation
We use c, c0, c1, · · · , C, C0, C1, · · · to denote absolute constants. Usually, C stands for large but finite constants and
c stands for small but non-zero constants. Such constants are always assumed to be positive, but may change from
one instance to another. Given two quantities A,B, we write A ≲ B (or A ≳ B) if there exists an absolute constant
C such that A ≤ CB (or A ≥ CB). If a constant is assumed to depend on some parameter (say K), we use the
expression CK , and write A ≲K B (or A ≳K B) if there exists a constant CK such that A ≤ CKB (or A ≥ CKB). We
write A ∼ B if B ≲ A ≲ B. We use Od(·) (respectively od(·)) for the big-O (respectively small-O) notation, where d
emphasizes the asymptotic variable. Further, if g(d) = Od(f(d)), we write f = Ωd(g) and if g(d) = od(f(d)), we write
f = ωd(g). Given a sequence of random variables (Zd)d and a deterministic sequence (sd)d, we say Zd = od,P(sd) if
Zd/sd → 0 in probability.

Given r ∈ N+, we define [r] := {1, 2, · · · , r}. Let (Ω, µ) be a probability space and, for q ∈ N+, let Lq(Ω, µ) be the
Lq space with the norm ‖f‖Lq

=
(∫

Ω
|f(x)|q

)1/q
dµ(x). When there is no ambiguity, we abbreviate Lq(Ω, µ) to Lq(µ)

or Lq. Given a random variable X1, we write EX1
for the conditional expectation with respect to X1 conditionally

on all other random variables. Given probability measures µ1, µ2, we denote by µ1 × µ2 the product probability
measure. We say a real-valued random variable X is sub-Gaussian, if ‖X‖ψ2

:= inf
(
t > 0 : E exp

(
X2/t2

)
≤ 2
)
<∞.

We write N (0, 1) for the standard Gaussian random variable, and N (0, Id) for the standard Gaussian random vector
in Rd.

Given two Hilbert spaces H,G, we characterize H⊗G by defining f ⊗g ∈ H⊗G as the mapping (f ⊗g) : h ∈ G 7→
〈g, h〉G f ∈ H. We use angle brackets 〈·, ·〉H to denote an inner product in some Hilbert space H, and omit it when
H is a Euclidean space. We use ‖·‖H to denote the Hilbert norm, and denote the Euclidean norm by ‖·‖2. Given a
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bounded linear operator T : H → G, we denote by ‖T‖op,H→G the operator norm of T , that is,

‖T‖op,H→G = sup
(
‖Tx‖G : ‖x‖H ≤ 1

)
.

When there is no ambiguity, we abbreviate the operator norm as ‖T‖op. For any ONB (φj)j∈N ofH, if
∑
j∈N ‖Tφj‖2G <

∞, we say T is a Hilbert-Schmidt operator from H to G, and denote

‖T‖HS,H→G =

√∑
j∈N

‖Tφj‖2G .

One can prove that the HS norm of T is independent of the choice of ONB, for instance, [Pis89, pp.7]. When there
is no ambiguity, we abbreviate the Hilbert-Schmidt norm of T to ‖T‖HS . For any j ∈ N, let Hej(x) be the j-th
(probabilist) Hermite polynomial, [Pis89, pp.16]. For a Hilbert space (H, ‖·‖H), we set BH = {f ∈ H : ‖f‖H ≤ 1}
and SH = {f ∈ H : ‖f‖H = 1}.

2.1.2 Reproducing Kernel Hilbert Spaces
In this section, essential RKHS background knowledge is presented. Readers who are not familiar with RKHSs can
think of ϕ(X) in the upcoming discussion as a Gaussian random vector (which is precisely the essence of the Gaussian
Equivalence Property).

Structural aspect Let Ω ⊂ Rd be a compact Hausdorff space1 and µ a probability measure on Ω. Let L2(Ω, µ) be
the space of real-valued, square-integrable functions with respect to µ. Suppose K : Ω×Ω → R is a positive definite
continuous function, and without loss of generality, we assume that ‖K‖∞ ≤ 12. In [P2, Section 5.3], we present a
crucial example of an RKHS that does not satisfy ‖K‖L∞(µ×µ) < ∞. Nevertheless, our analysis remains valid. We
say that a Hilbert space H ⊂ L2(µ) of functions is an RKHS (with RKHS inner product 〈·, ·〉H and associated RKHS
norm ‖·‖H) over Ω if for every x ∈ Ω, there exists a constant Cx > 0 (depending on x), such that |f(x)| ≤ Cx ‖f‖H
for every f ∈ H, that is, the evaluation functional evx : f 7→ f(x), evx : H → R is a bounded linear functional. By
Riesz’s representation theorem for Hilbert spaces, this is equivalent to saying that the inner product of H can be
characterized as follows: for every x ∈ Ω, there exists K(x, ·) ∈ H such that 〈f,K(x, ·)〉H = f(x) = 〈f, ϕ(x)〉H. This
is called the Reproducing Property. Given a kernel K, the (canonical) feature map is defined as ϕ : x 7→ K(x, ·) ∈ H.
The RKHS can be considered as a linear model on H, where the design vector X ∈ Ω ⊂ Rd is embedded into H via
the feature map ϕ; hence ϕ(X) plays the role of a design vector and may therefore be called the RKHS design vector.

By mapping X from Rd to H, we clarify the prediction function, covariance structure and the design matrix.
Given that ϕ(X) now serves as the design vector, its integral operator Γ = E [ϕ(X)⊗ ϕ(X)] (i.e. Γ : f ∈ H →
E [ϕ(X) 〈ϕ(X), f〉H] ∈ H) will play the role of the covariance matrix. We denote the operator norm of Γ : H → H
by ‖Γ‖op. Since ‖K‖∞ ≤ 1, Γ is compact and positive semi-definite, so it has a discrete spectrum of non-negative
eigenvalues. By Mercer’s theorem, see, for instance [Wai19, Theorem 12.20] or [RW05, section 4.3], for any x,y ∈ Ω,
it holds that K(x,y) = 〈ϕ(x), ϕ(y)〉H =

∑
j≥1 φj(x)φj(y) =

∑
j≥1 σjhj(x)hj(y) where (φj)j∈N∗ are eigenfunctions

of Γ, and (σj)j≥1 are the eigenvalues of Γ associated to (φj)j≥1, and where φj =
√
σjhj . It is possible to check

that this decomposition is unique. By [Lax02, section 30.5], Γ is a trace-class operator, that is, Tr (Γ) < ∞ where
Tr (Γ) = E ‖ϕ(X)‖2H = EK(X,X) =

∑
j∈N∗ σj .

It is also widely-used to embed H into ℓ2 by ϕ : x ∈ Ω 7→
∑∞
j=1

√
σjhj(x)ej (we use the same notation as for the

feature map ϕ : x → K(x, ·) introduced above; however, which definition of ϕ(x) we use is clear from the context).
Therefore for every v ∈ ℓ2, the corresponding element of H is fv(x) = 〈ϕ(x),v〉ℓ2 . Therefore, H can be defined
equivalently as the image of ℓ2 under the map v 7→ fv, with the inner product 〈fv, fu〉H = 〈v,u〉ℓ2 when σj > 0 for
all j (in case Γ is of rank r, H is in a one-to-one correspondence with ℓr2).

We will frequently use a decomposition of H so it is necessary to introduce the following notation. Given
p < q ∈ N∪{∞} and k ∈ N∪{∞}, we set Γp:q =

∑
p≤j≤q σjφj⊗φj . Then, Γ can be decomposed as Γ = Γ1:k+Γk+1:∞.

We set Hp:q = span (φj : p ≤ j ≤ q) and let Pp:q be the orthogonal projection onto Hp:q. For any f ∈ H, denote
Pp:qf as fp:q, for example, ϕp:q(X) =

∑
p≤j≤q 〈ϕ(X), φj〉H φj . Consequently, we decompose H = H1:k ⊕⊥ Hk+1:∞.

Given ι ∈ N+, we denote f∗≤ι := f∗1:
∑

l≤ι d
l , f∗>ι := f∗ − f∗≤ι, Γ≤ι := Γ1:

∑
l≤ι d

l and Γ>ι := Γ − Γ≤ι, where we recall

1We emphasize that we do not actually require Ω to be compact; it suffices for K to have a spectral decomposition.
2We remark that we do not really need ∥K∥∞ ≤ 1, but need only the integral operator Γ defined below to be a positive, compact,

symmetric trace-class operator.
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that d is the dimension of the design vector X. Also, let P≤l be the projection onto the eigen-space of Γ≤l, and P>l
its complement.

By the Reproducing Property, for any f ∈ H, it holds that

‖f‖2L2(µ)
= E 〈ϕ(X), f〉2H =

∥∥∥Γ1/2f
∥∥∥2
H

≤ ‖Γ‖op ‖f‖
2
H . (2.2)

Define the RKHS design matrix Xϕ : H → RN as

Xϕ =

ϕ(X1)
⊤

...
ϕ(XN )⊤

 , so that Xϕf =

 〈ϕ(X1), f〉H
...

〈ϕ(XN ), f〉H

 =

 f(X1)
...

f(XN )

 ,

where for all x ∈ Ω, we use ϕ⊤(x) : H → R, that is, the operator ϕ⊤(x) : f 7→ 〈ϕ(x), f〉H = f(x).

Statistical model and closed-form solution to (2.1) In this paper, we always assume f∗ ∈ H (except in
Remark 4). Let ξ = (ξi)i∈[N ] be the noise vector with i.i.d. zero-mean coordinates with variance σ2

ξ , which are
independent from the design vectors (Xi)i∈[N ]. The kernel ridge estimator f̂λ for (Xi, Yi)i∈[N ] ⊂ (Ω× R)N and the
tuning parameter λ ≥ 0 is defined as

f̂λ ∈ argmin
f∈H

(
‖Xϕf − y‖22 + λ ‖f‖2H

)
,

where Yi = f∗(Xi) + ξi and y = (Y1, · · · , YN )⊤. This coincides with (2.1). By [Wai19, Proposition 12.33], f̂λ has an
explicit form:

f̂λ = X⊤
ϕ

(
XϕX⊤

ϕ + λIN
)−1

y.

As (ϕ(Xi))i∈[N ] ⊂ H, we write Xϕ,p:q = ((Pp:qϕ(X1))| · · · |(Pp:qϕ(XN )))
⊤, thus we can decompose Xϕ into two

parts for any k ∈ N+:

Xϕ =

 (P1:kϕ(X1))
⊤

...
(P1:kϕ(XN ))⊤

+

 (Pk+1:∞ϕ(X1))
⊤

...
(Pk+1:∞ϕ(XN ))⊤

 =: Xϕ,1:k + Xϕ,k+1:∞.

Recall that f⊤ : g ∈ H 7→ 〈f, g〉H ∈ R for all f ∈ H, that is, f⊤g = 〈f, g〉H for all g ∈ H.

Key quantities driving the rate of convergence of KRR We first define some key quantities related to the
convergence rate of KRR, and then provide an informal version of the main conclusions of this paper. For the formal
version, please refer to Theorem 5 in Section 3 and [P2, Theorem 6]. Let k ∈ N+, and let κDM be some absolute
constant. We define

J1 :=

{
j ∈ [k] : σj ≥

κDM (4λ+Tr (Γk+1:∞))

N

}
, J2 = [k]\J1, (2.3)

and

Γ̃
−1/2
1,thre =

k∑
j=1

(
σj ∨

κDM (4λ+Tr (Γk+1:∞))

N

)−1/2

φj ⊗ φj .

For the optimal choice of k, we will have J1 = [k] and Γ̃
−1/2
1,thre = Γ

−1/2
1,k .

The main conclusion of this paper is the following:

Theorem 5 (informal). Under certain conditions on the kernel, the design vector and the noise, for any k ≤ N
and λ ≥ 0 that satisfies certain conditions, the following fact holds with high probability:∥∥∥f̂λ − f∗

∥∥∥
L2(µ)

≲ r∗λ,k,
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where the convergence rate r∗λ,k is defined as

r∗λ,k =σξ

√
|J1|
N

+ σξ

√ ∑
j∈J2 σj

4λTr (Γk+1:∞)
+
∥∥∥Γ̃−1/2

1,thref
∗
1:k

∥∥∥
H

2λ+ 3Tr (Γk+1:∞)

N

+
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
+ σξ

√
N Tr

(
Γ2
k+1:∞

)
λ+Tr (Γk+1:∞)

.

(2.4)

Examples concerning r∗λ,k can be found in [P2]. For instance, suppose there exist α > 1 and s ≥ 0 such
that σj ∼ j−α and ‖Γ 1−s

2 f∗‖H < ∞, that is, the Sobolev regression setting. In this case, one can show that if
λ ∼ N1− α

1+α(s∧2) , then r∗λ,k ∼ N− α(s∧2)
2(1+α(s∧2)) , which is the known minimax rate for this problem, [LZL23]. We provide

some comments on Theorem 5. In general, based on the choice of λ and the spectrum of Γ, KRR automatically
decomposes the feature space H into a direct sum of two subspaces: H = H1:k ⊕⊥ Hk+1:∞. In H1:k, KRR estimates
the target function f∗, while in Hk+1:∞, KRR absorbs noise. Here, k is a key quantity that determines this space
decomposition and thus the estimation error of KRR. Therefore, there exists an optimal k that minimizes the
convergence rate r∗λ,k. We emphasize that k is a free parameter; that is, for KRR, statisticians do not select a priori
a specific k; rather, this k is needed for analysis. Thus, this k is determined by KRR itself; somehow KRR learns by
itself the best feature space decomposition.

Let us now provide some explanation on the five terms appearing in the definition of r∗λ,k. In the space H1:k

(where estimation happens), [k] is further divided into J1 and J2, which correspond to different parts in the final
bound: the first row of (2.4) is made of three terms, the first two are variance terms (restricted on J1 and J2) and the
last one can be interpreted as a bias term on the entire space H1:k. In most applications, J1 = [k] and J2 = ∅. In the
classical case (for instance, when λ ∼ Nσk), the dominating term in the definition of Γ̃−1/2

1,thre is σj , which means that
KRR does not filter out the largest k eigenvalues. However, theoretically, there may exist choices of k and λ such
that KRR filters out only certain eigenvalues, with the number of these eigenvalues being less than k. In Hk+1:∞,
f∗k+1:∞ is treated as noise, which leads to the term ‖Γ1/2

k+1:∞f
∗
k+1:∞‖H in (2.4). The space Hk+1:∞ is responsible for

noise absorption, corresponding to the term σξ

√
N Tr(Γ2

k+1:∞)
λ+Tr(Γk+1:∞) in (2.4). Here, it is necessary for Tr(Γ2

k+1:∞) to be
relatively small compared to λ2 and (Tr(Γk+1:∞))2 in order for the estimator to effectively absorb noise. When λ
dominates Tr(Γk+1:∞) (which corresponds to the case of sufficiently strong regularization), then λ needs to be large
enough to absorb noise. Conversely, if Tr(Γk+1:∞) dominates (which corresponds to insufficient regularization), we
require that the spectrum of Γk+1:∞ is well spread, meaning that the ratio of its ℓ2 norm to its ℓ1 norm must be
sufficiently small.

2.1.3 Restricted Isomorphy Property
The Restricted Isomorphy Property characterizes the geometric properties of the RKHS design matrix restricted to
H1:k, that is, Xϕ,1:k. We will see later that this is the part of the space where estimation happens. It identifies
the set on which, with high probability, the operator Xϕ,1:k : H1:k → ℓN2 forms an isomorphism when k ≲ N or a
restricted isomorphism when k ≳ N . This property was used for linear functionals of sub-Gaussian random vectors
in [LS24] in the context of benign overfitting in linear regression. In this paper, since we need to study RKHSs, we
must establish a corresponding version of this restricted isomorphy property.

When k ≲ N When k ≲ N , the RKHS design operator Xϕ,1:k behaves like an isomorphy over the entire space
H1:k under the following assumption.

Assumption 4. There exist absolute constants κ′′ ≥ 1, c19 depending on κ′′ (c19 ≤ 9
1568(κ′′)4 is sufficient), 0 ≤ γ2 <

1/16, ϵ > 0, δ2 ≥ 0 such that

• k ≤ c19N .

• with probability at least 1− γ2,

max
1≤i≤N

∥∥∥Γ−1/2
1:k ϕ1:k(Xi)

∥∥∥2
H

≤ δ2k, (2.5)

• for any f ∈ H1:k, ‖f‖L4+ϵ
≤ κ′′ ‖f‖L2

;
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The next result shows the isomorphy property of Xϕ,1:k on H1:k under Assumption 4.

Proposition 17. Under Assumption 4, there exist absolute constants c4, c5 and C9 such that with probability at
least 1− γ2 − c4

Nϵ − 2 exp(−k), for all f1:k ∈ H1:k,

c5

∥∥∥Γ1/2
1:k f1:k

∥∥∥
H

≤ 1√
N

‖Xϕ,1:kf1:k‖2 ≤ C9

∥∥∥Γ1/2
1:k f1:k

∥∥∥
H
,

where c5 can be taken equal to 1
2 and C9 equal to

√
2C2

8 (1 + c19). We denote γ2 + c4
Nϵ + 2 exp(−k) by p̄RIP .

When k is not necessarily smaller than N When k is not necessarily smaller than N , the design matrix Xϕ,1:k
cannot behave like an isomorphy over the entire space H1:k because it has a non-trivial kernel, but it can be an
isomorphy restricted to a subset of H1:k. This set can be taken to be a cone defined below in (2.7). We refer to this
property as the Restricted Isomorphy Property (RIP) as in [LS24], in reminiscence to the RIP used in Compressed
sensing [FR13]. Please note that we can still use the following proposition to replace Proposition 17 when k ≲ N ,
albeit at the cost of incurring a logarithmic factor.

Proposition 18. Let C10 and C11 be absolute constants. For any R > 0, let Γ̄
−1/2
1:k =

∑
j≤kmin

(
1
R ,

1√
σj

)
φj ⊗ φj.

For some c6 sufficiently small (c6 < 1
100C2

10C
2
11

is sufficient), let

RN (c6) = inf

{
R > 0 :

∥∥∥∥max
i∈[N ]

∥∥∥Γ̄−1/2
1:k ϕ(Xi)

∥∥∥
H

∥∥∥∥
L∞

≤ c6

√
N

logN

}
. (2.6)

For any 0 < δ3 < 1, there exist absolute constants c5, and C9 depending on δ3 such that when R ≥ RN (c6), then with
probability at least 1− δ3, for all f ∈ cone (C(R)), where

C(R) = R−1BH1:k
∩ Γ

−1/2
1:k SH1:k

and cone (C(R)) =
{
f ∈ H1:k : R ‖f‖H ≤ ‖f‖L2

}
, (2.7)

we have

c5

∥∥∥Γ1/2
1:k f1:k

∥∥∥
H

≤ 1√
N

‖Xϕ,1:kf1:k‖2 ≤ C9

∥∥∥Γ1/2
1:k f1:k

∥∥∥
H
.

In contrast to Proposition 17, we only have constant probability deviation in Proposition 18. We refer to Propo-
sition 18 as the “Restricted Isomorphic Property under the embedding index condition” because the estimation of
the fixed point RN (c6) requires the embedding index condition. An example of the estimate of RN (c6) may be found
in [P2, Section 6.5.4]. The proofs of Proposition 17 and Proposition 18 are postponed to [P2, Section 6.5.2].

2.2 Main Results
In this section, we present the upper bounds on the estimation error of KRR.

2.2.1 Review of the Assumptions
Assumption 2 (Recall). There are absolute constants C1 > 1, C2 > 1, 0 ≤ γ < 1/16, 0 ≤ δ < 1/(100

√
C2),

δ̄ < C−1
1 , ϵ > 0 and κ > 1 such that

• With probability at least 1− γ,

max
1≤i≤N

∣∣∣∣∣‖ϕJc(Xi)‖2H
(ℓ∗)2

− 1

∣∣∣∣∣ ≤ δ, (1.26)

where we define ℓ∗ =
√

E ‖ϕJc(X)‖2H =
√

Tr (ΣJc).

• For any f ∈ VJc , we have
‖f‖L2+ϵ(µX) ≤ κ ‖f‖L2(µX) . (1.27)

• Depending on the choice of ϵ, there are two cases:
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1. if ϵ > 2, then no extra assumption is required.
2. if 0 < ϵ ≤ 2, then

κN
2−ϵ

2ϵ+ϵ2 log (N)

(√
N‖ΣJc‖op
Tr (ΣJc)

)
< δ̄. (1.28)

Assumption 3 (Recall). There exist absolute constants γ1 ∈
(
0, 1

16

)
, δ1 ≥ 0, ϵ > 0 and κ′ > 1 such that

•

P

 max
1≤i≤N

∥∥∥Σ1/2
Jc ϕJc(Xi)

∥∥∥2
H

Tr (Σ2
Jc)

≤ 1 + δ1

 ≥ 1− γ1, (1.37)

• for any f ∈ VJc , ‖f‖L4+ϵ(µX) ≤ κ′ ‖f‖L2(µX).

Assumption 4 (Recall). There exist absolute constants κ′′ ≥ 1, c19 depending on κ′′ (c19 ≤ 9
1568(κ′′)4 is sufficient),

0 ≤ γ2 < 1/16, ϵ > 0, δ2 ≥ 0 such that

• k ≤ c19N .

• with probability at least 1− γ2,

max
1≤i≤N

∥∥∥Γ−1/2
1:k ϕ1:k(Xi)

∥∥∥2
H

≤ δ2k, (2.5)

• for any f ∈ H1:k, ‖f‖L4+ϵ
≤ κ′′ ‖f‖L2

;

In this chapter, we also assume that the noise ξ is independent of X with mean zero and variance σ2
ξ . We assume

that for some κ1 > 0 and r > 4, ‖ξ‖Lr
≤ κ1σξ.

2.2.2 Our results
As remarked in several works [BMR21, TB23, LS24], there is a fundamental parameter k which is the dimension
of the space endowed by the top k eigenvectors of Γ where ’estimation’ happens whereas, on the orthogonal space,
’absorption of the noise (and even overfitting of the noise when λ = 0)’ happens. Our analysis depends on the case
where this parameter is smaller or larger than the number of data N .

When k ≤ c19N In this paragraph, we provide conclusions for the case of k ≲ N . This scenario is precisely
what linear regression and Multiple Descents problems are most concerned with. The definition of d∗λ(Γ

−1/2
k+1:∞BH) is

given in Equation (1.25) and the ones of p̄RIP , p̄DM , and p̄DMU in Proposition 17, Theorem 4, and Proposition 13,
respectively.

Theorem 5. Suppose Assumptions 2, 3 and 4 hold. There then exist absolute constants C12, c19, c7, c8, C13 (C13

depends on κ1) and C14, such that the following holds. Suppose the noise ξ is independent of X with mean zero and
variance σ2

ξ . We assume that for some κ1 > 0 and r > 4, ‖ξ‖Lr
≤ κ1σξ. Let λ ≥ 0. We assume that there exists

k ∈ N so that C12 ≤ N ≤ c7κDMd
∗
λ

(
Γ
−1/2
k+1:∞BH

)
, σ1N > κDM (4λ + Tr (Γk+1:∞)) and k ≤ c19N . Let p̄ξ be some

probability deviation strictly less than 1 (defined later in [P2, Equation 68]). Then with probability at least

1− p̄RIP − p̄DM − p̄DMU − c8
N

− p̄ξ −

 C13 Tr(Γk+1:∞)

|J1|Tr(Γk+1:∞) +N
(∑

j∈J2 σj

)
 r

4

,

we have, for r∗λ,k defined in (2.4), that
∥∥∥f̂λ − f∗

∥∥∥
L2

≤ C14r
∗
λ,k.
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When k is not necessarily smaller than c19N In this paragraph, we provide the informal version of our
conclusion for the case of k is not necessarily smaller than c19N (the formal version may be found in [P2, Section
5.6]). In fact, for the context of the minimum ‖·‖2 norm interpolant estimator in linear regression, the authors
of [LS24] have already conducted research on this scenario. They have demonstrated that when the design vector
is symmetric, the optimal value of k — the one that minimizes the estimation error among all possible k — falls
precisely within the range of k ≲ N if one wants benign overfitting to happen. However, in the case of KRR, there
is no lower bound indicating that the optimal k must satisfy k ≲ N . We therefore present the following theorem.

Theorem 6 (informal, [P2]). Under certain conditions, for any λ ≥ 0 and k satisfying the Dvoretzky-Milman
condition, with constant probability, we have ‖f̂λ − f∗‖L2 ≲ r∗λ,k where r∗λ,k is defined in (2.4).

Remark 4 (Misspecified model). In practical applications, we often encounter cases where f∗ /∈ H, as exemplified
by our [P2, Proposition 11]. When f∗ /∈ H, we define f∗∗ = argmin(‖f∗ − f‖L2(µ) : f ∈ H), that is, the orthogonal
projection of f∗ onto H in the L2(µ) inner product (we could also choose other oracles as we have the liberty to
choose the oracle). We replace the target function in Theorem 5 and [P2, Theorem 6] with f∗∗ and replace the noise
ξ with ϵ = r + ξ, where r = (f∗(Xi)− f∗∗(Xi))

N
i=1. This new noise ϵ is dependent on the kernel design matrix Xϕ.

See [P2, Proposition 30, Proposition 31] and the subsequent discussion of this property in supplementary material
and [P2, Proposition 11] for an example when f∗ /∈ H. This conclusion is not contradictory to the counterexamples
provided in [CLvdG22] and [Sha22], as indicated in [P2, Remark 9]. For the estimation error in the misspecified
setting, see Proposition 25 in page 58.

Remark 5 (Uniform results in λ). It is possible to have results equivalent to Theorem 5 and [P2, Theorem 6] uniform
in the regularization parameter λ. This type of results is particularly useful when one wants to use a data-dependent
regularization parameter in order to achieve optimal and adaptive results. It is for instance the case, when λ is chosen
according to the Lepski’s method [BMM19]. In that case, our results hold with the same probability and convergence
rates. However, for instance in Theorem 5, we just need to assume that N ≲ d∗λ0

(
Γ
−1/2
k+1:∞BH

)
for some λ0 ≥ 0 and

then the result of Theorem 5 holds uniformly for all λ ≥ λ0. This may be particularly useful when λ0 = 0.

2.3 Proof of Theorem 5 (the k ≲ N case)
We first provide some definitions. Define

□ = max

{
σξ

√
Tr (Γ1:k)

4λ+Tr (Γk+1:∞)
,

√
σ1N

4λ+Tr (Γk+1:∞)

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H
,

‖f∗1:k‖H

√
4λ+Tr (Γk+1:∞)

N

}
,

(2.8)

if σ1N ≤ κDM (4λ+Tr (Γk+1:∞)); and

□ = max

{
σξ

√
|J1|
N

,σξ

√ ∑
j∈J2 σj

4λ+Tr (Γk+1:∞)
,
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
,∥∥∥Γ̃−1/2

1,thref
∗
1:k

∥∥∥
H

2λ+ 3Tr (Γk+1:∞)

N

}
,

(2.9)

if σ1N > κDM (4λ+Tr (Γk+1:∞)). Let 4 = □
√
N/
√
κDM (4λ+Tr (Γk+1:∞)).

For any λ ≥ 0 and k ∈ N, define

r∗λ,k := max

□, σξ

√
N Tr

(
Γ2
k+1:∞

)
λ+Tr (Γk+1:∞)

 . (2.10)

Define

Γ̃
1/2
1:k =

k∑
j=1

max

(√
σj

□ ,
1

4

)
φj ⊗ φj . (2.11)
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For the sake of simplicity, we denote by A : RN → H, a random matrix with i.i.d. column vectors denoted by
ϕ(X1), · · · , ϕ(XN ): A = [ϕ(X1)| · · · |ϕ(XN )] such that for any λ ∈ RN , Aλ =

∑N
i=1 λiϕ(Xi). In other words, A is

the adjoint of Xϕ, i.e., A = X⊤
ϕ . We denote ℓ∗ =

√
E ‖ϕ(X)‖2H =

√
EK(X,X) =

√
Tr (Γ).

In this section, we establish the proof of Theorem 5. The proof is generally divided into two main parts: the
Stochastic Argument and the Deterministic Argument. In the following subsection, we commence with the Stochastic
Argument.

Stochastic event behind Theorem 5.

Let C8, C15, C16, c5, and C9 be absolute constants. We denote by Ω0 the event which we have:

• for all λ ∈ RN , (
1

2
Tr(Γk+1:∞) + λ

)
‖λ‖2 ≤

∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λI

)
λ
∥∥
2

≤
(
3

2
Tr(Γk+1:∞) + λ

)
‖λ‖2

(2.12)

• for all f1:k ∈ H1:k,

c5

∥∥∥Γ1/2
1:k f1:k

∥∥∥
H

≤ (1/
√
N) ‖Xϕ,1:kf1:k‖2 ≤ C9

∥∥∥Γ1/2
1:k f1:k

∥∥∥
H

(2.13)

• for all λ ∈ RN , ∥∥∥Γ1/2
k+1:∞X⊤

ϕ,k+1:∞λ
∥∥∥
H

≤ C8

(√
Tr
(
Γ2
k+1:∞

)
+
√
N ‖Γk+1:∞‖op

)
‖λ‖2 (2.14)

• ∥∥Xϕ,k+1:∞f
∗
k+1:∞

∥∥
2
≤ C15κ

√
N
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H

(2.15)

•

N∑
i=1

∥∥∥(Γ1/2
k+1:∞ϕk+1:∞

)
(Xi)

∥∥∥2
H

≤ C16N Tr
(
Γ2
k+1:∞

)
. (2.16)

By the definition of δ̃, see (1.29), there exists an absolute constant c7 such that if δ2, δ̄2 < c7, we have δ̃ < 1/2.
When λ > C3 Tr (Γk+1:∞), one may replace the absolute constants 1

2 and 3
2 in (2.12) by those in Theorem 4. It

follows from Theorem 4, Proposition 13 and Proposition 17 that if N ≤ c7κDMd
∗
λ(Γ

−1/2
k+1:∞BH), then with probability

larger than 1− p̄RIP − p̄DM − p̄DMU , (2.12), (2.13) and (2.14) hold.
For (2.15), we use [Men16, Lemma 3.2] on the Lr-norm of a sum of i.i.d. random variables to deduce the following

result.

Lemma 4. There exist absolute constants c9, c10, c11 such that the following holds. Let 1 ≤ r < q, set Z ∈ Lq and
put Z1, · · · , ZN to be independent copies of Z. Fix 1 ≤ p ≤ N , let j0 = d(c9p)/ (((q/r)− 1) log (4 + eN/p))e and
t > 2. If j0 = 1 and 0 < β < (q/r)− 1 then with probability at least 1− c11t

−qN−β, N∑
j=1

|Zi|r
1/r

≤ c10

(
q

q − (β + 1)r

)1/r

t ‖Z‖Lq
N1/r.

Without loss of generality, we take c10 > 1. Let Zi = f∗k+1:∞(Xi), r = 2, p = 1, q = 4 + ϵ (where ϵ is
from Assumption 2, Assumption 3 and Assumption 4) and β = 1 in Lemma 4, and by the fact that

∥∥f∗k+1:∞
∥∥
L4+ϵ

≤
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κ
∥∥f∗k+1:∞

∥∥
L2
, Lemma 4 indicates that if N ≥ (ec9 −4)/e∨c211, then there exists absolute constant c8 with probability

at least 1− c8/N ,

∥∥Xϕ,k+1:∞f
∗
k+1:∞

∥∥
2
=

(
N∑
i=1

(
f∗k+1:∞(Xi)

)2)1/2

≤ C15

√
N
∥∥f∗k+1:∞

∥∥
L4+ϵ

≤ C15κ
√
N
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
,

where c8 = c11, C15 = c10
√
(4 + ϵ)/ϵ.

We are left with checking (2.16). However, this is a simple consequence of Assumption 3. By Assumption 3,
(2.16) holds with probability at least 1− γ1 with constant C16 = 1 + δ1.

Combining the above probabilistic estimates, we have the following Proposition

Proposition 19. Suppose Assumption 2, Assumption 3 and Assumption 4 hold. There exist absolute constants c9, c11,
c19, c7 and c8, such that if N ≥ (ec9 −4)/e∨c211, and if there exists k ≤ c19N, such that N ≤ c7κDMd

∗
λ

(
Γ
−1/2
k+1:∞BH

)
,

then

P(Ω0) ≥ 1− p̄RIP − p̄DM − p̄DMU − c8
N

− γ1.

We now place ourselves on the event Ω0 up to the end of the proof of Theorem 5. All the remaining material
does not rely on any stochastic arguments since they all have been collectd in Ω0.

Decomposition of f̂λ
As in the linear situation, the KRR estimator f̂λ is decomposed into two components: f̂1:k ∈ H1:k = span (φj : 1 ≤ j ≤ k)

and f̂k+1:∞ ∈ Hk+1:∞ = span (φj : j > k). The two components have their own role in estimating f∗: f̂1:k is used
as a ridge estimator of P1:kf

∗ whereas f̂k+1:∞ is used to absorb noise, thus is not expected to be a good estimator
of Pk+1:∞f

∗.

Proposition 20. For any k ∈ N+, the KRR defined by (2.1) can be written as f̂λ = f̂1:k + f̂k+1:∞, where

f̂1:k ∈ argmin
f1:k∈H1:k

(
‖Q (y − Xϕ,1:kf1:k)‖2H + ‖f1:k‖2H

)
, (2.17)

and

f̂k+1:∞ = X⊤
ϕ,k+1:∞

(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN
)−1

(
y − Xϕ,1:kf̂1:k

)
, (2.18)

where Q : RN → Hk+1:∞ is a bounded linear operator such that

Q⊤Q =
(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN
)−1

.

Such an operator exists because Q⊤Q is semi positive-definite.

Proof. The empirical regularized loss functional is defined as L : f ∈ H 7→ ‖y − Xϕf‖22 + λ ‖f‖2H. As f̂λ is a
minimizer of L(f), we decompose f̂λ = f̂1:k+ f̂k+1:∞ and take the derivative of L with respect to the canonical inner
product on H at f̂1:k and f̂k+1:∞ and set them to 0, as a result, we obtain(

X⊤
ϕ,1:kXϕ,1:k + λI

)
f̂1:k + X⊤

ϕ,1:kXϕ,k+1:∞f̂k+1:∞ = X⊤
ϕ,1:ky (2.19)

X⊤
ϕ,k+1:∞Xϕ,1:kf̂1:k +

(
X⊤
ϕ,k+1:∞Xϕ,k+1:∞ + λI

)
f̂k+1:∞ = X⊤

ϕ,k+1:∞y, (2.20)

where I : H → H is identity operator. Solving (2.20) gives

f̂k+1:∞ =
(
X⊤
ϕ,k+1:∞Xϕ,k+1:∞ + λI

)−1 X⊤
ϕ,k+1:∞

(
y − Xϕ,1:kf̂1:k

)
,

which coincides with (2.18) because of the Woodbury formula

X⊤
ϕ,k+1:∞

(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN
)−1

=
(
X⊤
ϕ,k+1:∞Xϕ,k+1:∞ + λI

)−1 X⊤
ϕ,k+1:∞.
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For (2.17), we plug (2.18) into (2.19) to obtain(
X⊤
ϕ,1:kXϕ,1:k + λI − X⊤

ϕ,1:kXϕ,k+1:∞
(
X⊤
ϕ,k+1:∞Xϕ,k+1:∞ + λI

)−1 X⊤
ϕ,k+1:∞Xϕ,1:k

)
f̂1:k

= X⊤
ϕ,1:k

(
I − Xϕ,k+1:∞

(
X⊤
ϕ,k+1:∞Xϕ,k+1:∞ + λI

)−1 X⊤
ϕ,k+1:∞

)
y.

Let F = I − Xϕ,k+1:∞

(
X⊤
ϕ,k+1:∞Xϕ,k+1:∞ + λI

)−1

X⊤
ϕ,k+1:∞. The above equation is then equivalent to

(
X⊤
ϕ,1:kFXϕ,1:k + λI

)
f̂1:k = X⊤

ϕ,1:kFy.

Applying the Woodbury formula to F gives F = λ
(
λI + Xϕ,k+1:∞X⊤

ϕ,k+1:∞

)−1

. As X⊤
ϕ,1:kFXϕ,1:k + λI is invertible

(because F � 0), we have

f̂1:k =
(
X⊤
ϕ,1:k

(
λI + Xϕ,k+1:∞X⊤

ϕ,k+1:∞
)−1 Xϕ,1:k + I

)−1

X⊤
ϕ,1:k

(
λI + Xϕ,k+1:∞X⊤

ϕ,k+1:∞
)−1

y.

(2.21)

To check that (2.21) is equivalent to (2.17), we take the gradient of the convex objective function f1:k 7→ ‖Q (y − Xϕ,1:kf1:k)‖2H+

‖f1:k‖2H from (2.17) and set it to 0. This gives f̂1:k = X⊤
ϕ,1:kQ

⊤Q(y−Xϕ,1:kf̂1:k). Recall thatQ⊤Q =
(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN

)−1

,
and X⊤

ϕ,1:kQ
⊤QXϕ,1:k + I is invertible. Hence f̂1:k from (2.21) is the unique solution to the optimization problem

from (2.17) and so (2.17) holds.

Estimation properties of the “ridge estimator” f̂1:k

For any f1:k ∈ H1:k, we define its (empirical) excess risk as follows (note that KRR’s empirical excess risk includes a
regularization term):

Lf1:k = ‖Q (y − Xϕ,1:kf1:k)‖2H + ‖f1:k‖2H −
(
‖Q (y − Xϕ,1:kf∗1:k)‖

2
H + ‖f∗1:k‖

2
H

)
=

∥∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN )−1/2Xϕ,1:k(f1:k − f∗1:k)

∥∥∥2
2

+ 2

〈
X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1(Xϕ,k+1:∞f
∗
k+1:∞ + ξ)− f∗1:k, f1:k − f∗1:k

〉
H

+ ‖f1:k − f∗1:k‖
2
H , (2.22)

where we have used the fact thatQ⊤Q =
(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN

)−1

, ‖Qλ‖H =

∥∥∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN

)−1/2

λ

∥∥∥∥
2

from Proposition 20 and ‖f1:k‖2H − ‖f∗1:k‖
2
H = ‖f1:k − f∗1:k‖

2
H − 2 〈f∗1:k, f∗1:k − f1:k〉H.

We denote the three terms of the decomposition (2.22) by Qf1:k , Mf1:k and Rf1:k respectively:

Qf1:k =
∥∥∥(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1/2Xϕ,1:k(f1:k − f∗1:k)
∥∥∥2
2
, (2.23)

Mf1:k = 2

〈
X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1(Xϕ,k+1:∞f
∗
k+1:∞ + ξ)− f∗1:k

, f1:k − f∗1:k

〉
H
, (2.24)

Rf1:k = ‖f1:k − f∗1:k‖
2
H . (2.25)

We notice that of these three terms, only the multiplier term Mf1:k can take negative values, whereas the quadratic
term Qf1:k and the regularization term Rf1:k are always positive.

We will show that with high probability,
∥∥∥Γ1/2

1:k (f̂1:k − f∗1:k)
∥∥∥
H

≤ □ and
∥∥∥f̂1:k − f∗1:k

∥∥∥
H

≤ 4, where □,4 > 0 will
be defined later. In other words, we want to show that f̂1:k ∈ f∗1:k + B where B is the unit ball of the norm |||·|||
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defined as

|||f ||| := max


∥∥∥Γ1/2

1:k f
∥∥∥
H

□ ,
‖f‖H
4

 .

From the definition of f̂1:k in (2.17), we know that Lf̂1:k ≤ 0 so it suffices to show that for all f1:k /∈ f∗1:k + B

we have Lf1:k > 0. We denote the border of B in V1:k by ∂B. Let f1:k ∈ V1:k be such that f1:k /∈ f∗1:k + B. There
exists f0 ∈ ∂B and θ > 1 such that f1:k − f∗1:k = θ(f0 − f∗1:k). Using (2.22), it follows from the convexity that
Lf1:k ≥ θLf0 . As a consequence, if we prove that Lf1:k > 0 for all f1:k ∈ f∗1:k + ∂B, this will imply that Lf1:k > 0
for all f1:k /∈ f∗1:k +B. Hence, we only need to show the positivity of the excess regularized risk Lf1:k on the border
f∗1:k + ∂B.

For f1:k ∈ ∂B, there are two cases:

1.
∥∥∥Γ1/2

1:k (f1:k − f∗1:k)
∥∥∥
H

= □ and ‖f1:k − f∗1:k‖H ≤ 4, or

2.
∥∥∥Γ1/2

1:k (f1:k − f∗1:k)
∥∥∥
H

≤ □ and ‖f1:k − f∗1:k‖H = 4.

We will prove that either we have Qf1:k > Mf1:k (this occurs in case [1]), or Rf1:k > Mf1:k (this occurs in case
[2]). Combined with (2.22), this will show that Lf1:k > 0. To achieve this goal, we need to obtain a lower bound
for Qf1:k in case [1] and an upper bound for Mf1:k in case [1] and [2]. The lower bound for Rf1:k is straightforward
because this term is not random and is positive.

Bound of the multiplier term We show an upper bound on Mf1:k when f1:k ∈ f∗1:k + ∂B.
Observe that

|Mf1:k |

≤ 2sup
f∈B

∣∣∣〈X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1(Xϕ,k+1:∞f
∗
k+1:∞ + ξ)− f∗1:k, f

〉
H

∣∣∣ .
Also, for f ∈ H1:k, we have |||f ||| ≤

∥∥∥Γ̃1/2
1:k f

∥∥∥
H

≤
√
2|||f ||| where Γ̃1:k is defined in (2.11). Therefore, |||·|||’s dual

norm |||·|||∗ is also equivalent to
∥∥∥Γ̃1/2

1:k ·
∥∥∥
H
’s dual norm which is given by

∥∥∥Γ̃−1/2
1:k ·

∥∥∥
H
: for all f ∈ H1:k, (1/

√
2)|||f |||∗ ≤∥∥∥Γ̃−1/2

1:k f
∥∥∥
H

≤ |||f |||∗. Hence, for all f1:k ∈ f∗1:k + ∂B, we have

|Mf1:k | ≤ 2
√
2

∥∥∥∥∥Γ̃−1/2
1:k

(
X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1

(Xϕ,k+1:∞f
∗
k+1:∞ + ξ)− f∗1:k

)∥∥∥∥∥
H

≤ 2
√
2

(∥∥∥Γ̃−1/2
1:k X⊤

ϕ,1:k(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN )−1Xϕ,k+1:∞f

∗
k+1:∞

∥∥∥
H

(2.26)

+
∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1ξ
∥∥∥
H
+
∥∥∥Γ̃−1/2

1:k f∗1:k

∥∥∥
H

)
We next handle the first two terms in (2.26) in the next two lemmas.

Lemma 5. Under the assumptions of Proposition 19,∥∥∥Γ̃−1/2
1:k X⊤

ϕ,1:k

(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN
)−1 Xϕ,k+1:∞f

∗
k+1:∞

∥∥∥
H

≤
4C15C9κN

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H

4λ+Tr (Γk+1:∞)
σ (□,4) ,

(2.27)

where

σ(□,4) :=

{
□, if 4√

σ1 ≥ □
4√

σ1, otherwise.
(2.28)
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Proof. On the event Ω0 we have∥∥∥Γ̃−1/2
1:k X⊤

ϕ,1:k

∥∥∥
op

=
∥∥∥Xϕ,1:kΓ̃−1/2

1:k

∥∥∥
op

≤ C9

√
N
∥∥∥Γ1/2

1:k Γ̃
−1/2
1:k

∥∥∥
op
,

because of the isomorphic property of Xϕ,1:k and∥∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN

)−1
∥∥∥

op
≤ 4

4λ+Tr (Γk+1:∞)
.

Hence, on Ω0, ∥∥∥Γ̃−1/2
1:k X⊤

ϕ,1:k

(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN
)−1 Xϕ,k+1:∞f

∗
k+1:∞

∥∥∥
H

≤
∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k

∥∥∥
op

∥∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN

)−1
∥∥∥

op

∥∥Xϕ,k+1:∞f
∗
k+1:∞

∥∥
2

≤ 4C15C9κN

4λ+Tr (Γk+1:∞)

∥∥∥Γ1/2
1:k Γ̃

−1/2
1:k

∥∥∥
op

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H

≤
4C15C9κN

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H

4λ+Tr (Γk+1:∞)
σ (□,4) ,

where the last inequality follows from the definition of Γ1:k and Γ̃1:k.
We define the sets

J1 :=

{
j ∈ [k] : σj ≥

(
□
4

)2
}
, J2 := [k]\J1.

They will match the definition of J1 and J2 in (2.3) once 4 and □ have been chosen.
We prove the following lemma:

Lemma 6. Under the assumptions of Proposition 19. We define

t(□,4) :=
1

σ2 (□,4)

|J1|□2 +42
∑
j∈J2

σj

 . (2.29)

Recall r and κ1 from Theorem 5. There then exists an absolute constant C13 depending only on κ1 and there exists
an absolute constant C17 such that with probability at least 1− (C13/bt(□,4)c)r/4 − P(Ωc0),∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k

(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN
)−1

ξ
∥∥∥
H

≤ 8C17σξ
√
N

4λ+Tr (Γk+1:∞)

√
|J1|□2 +42

∑
j∈J2

σj .
(2.30)

Proof. Let D = Γ̃
−1/2
1:k X⊤

ϕ,1:k

(
Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN

)−1

. We calculate separately the upper bounds for√
Tr (DD⊤) and ‖D‖op. For the basis (φj)j∈N of eigenfunctions Γ, and since Tr is independent with the choice of

the basis, on Ω0 we have

Tr
(
DD⊤) =∑

j∈N

〈
DD⊤φj , φj

〉
H =

∑
j∈N

∥∥D⊤φj
∥∥2
2
=
∑
j∈[k]

∥∥D⊤φj
∥∥2
2

=

k∑
j=1

(√
σj

□ ∨ 1

4

)−2 ∥∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN

)−1 Xϕ,1:kφj
∥∥∥2
2

≤
k∑
j=1

(√
σj

□ ∨ 1

4

)−2 ∥∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN

)−1
∥∥∥2

op
‖Xϕ,1:kφj‖22

≤
k∑
j=1

(√
σj

□ ∨ 1

4

)−2(
λ+

Tr (Γk+1:∞)

4

)−2

C2
9Nσj ,
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where the last inequality follows from (2.12). Hence√
Tr (DD⊤) ≤ 4C9

√
N

4λ+Tr (Γk+1:∞)

√
|J1|□2 +42

∑
j∈J2

σj . (2.31)

This implies that D is a Hilbert-Schmidt operator. Using the inequality
∥∥∥Γ1/2

1:k Γ̃
−1/2
1:k

∥∥∥
op

≤ σ(□,4) we obtain

‖D‖op =
∥∥D⊤∥∥

op ≤
∥∥∥(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN
)−1
∥∥∥

op

∥∥∥Xϕ,1:kΓ̃−1/2
1:k

∥∥∥
op

≤ C9

√
N
∥∥∥Γ1/2

1:k Γ̃
−1/2
1:k

∥∥∥
op

· 4

4λ+Tr (Γk+1:∞)

≤ 4C9

√
Nσ (□,4)

4λ+Tr (Γk+1:∞)
.

(2.32)

We finish the proof by Proposition 23 with the k from Proposition 23 set as

k =

⌊ |J1|□2 +42
∑
j∈J2 σj

σ2 (□,4)

⌋
and with C17 = 3

2C9.

Bound of the quadratic term and choice of □ and 4 In the previous section, we obtained an upper bound
on Mf1:k . Our main approach, as outlined in the previous section, is to separately prove Qf1:k > Mf1:k in case [1],
and Rf1:k >Mf1:k in case [2]. Now that we have the upper bound for Mf1:k , it only remains to bound Qf1:k in case
[1].

Before we begin, we need to make another classification. This time, the classification is based on the values of
σ(□,4). In the upcoming proof, we will firstly start by classifying based on σ(□,4), and then proceed to prove the
desired propositions separately in cases [1] and [2]. This parameter is crucial in the analysis as it determines whether
the regularization is too strong, potentially completely submerging the signal. One can revisit the classification
discussion regarding σ1N and 4λ + Tr (Γk+1:∞) in Theorem 5. Doing so will reveal that this corresponds to the
classification based on the values of σ(□,4). When σ1N is too small, it signifies excessive regularization that drowns
out the signal.

If σ (□,4) = □ Let us first study case [1]. Consider f1:k ∈ H1:k such that
∥∥∥Γ1/2

1:k (f1:k − f∗1:k)
∥∥∥
H

= □ and
‖f1:k − f∗1:k‖H ≤ 4. In this case, we show that Qf1:k >Mf1:k . Notice that on Ω0 we have

Qf1:k =
∥∥∥(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN
)−1/2 Xϕ,1:k(f1:k − f∗1:k)

∥∥∥2
2

≥
(
λ+

3Tr (Γk+1:∞)

2

)−1

c25N
∥∥∥Γ1/2

1:k (f1:k − f∗1:k)
∥∥∥2
H

=
2c25N□2

2λ+ 3Tr (Γk+1:∞)
.

(2.33)

To prove that Qf1:k >Mf1:k , it suffices to show that

c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1Xϕ,k+1:∞f
∗
k+1:∞

∥∥∥
H

+
∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1ξ
∥∥∥
H
+
∥∥∥Γ̃−1/2

1:k f∗1:k

∥∥∥
H

Lemma 5 and Lemma 6 then make clear that is suffices to prove that the following conditions hold for well-chosen □
and 4.
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•
c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
4C15C9κN

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H

4λ+Tr (Γk+1:∞)
σ (□,4) .

This is equivalent to □ > 12
√
2C15C9

c25
κ
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
.

•
c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
8C17

√
Nσξ

4λ+Tr (Γk+1:∞)

√
|J1|□2,

which holds if □ > 24
√
2C17

c25
σξ

√
|J1|
N .

•
c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
8C17

√
Nσξ

4λ+Tr (Γk+1:∞)

√
42

∑
j∈J2

σj ,

which holds if □ >
(

24C17

c25
4σξ

√
2
N

∑
j∈J2 σj

)1/2
.

•
c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
∥∥∥Γ̃−1/2

1:k f∗1:k

∥∥∥
H
,

which is equivalent to □ >

√∥∥∥Γ̃−1/2
1:k f∗1:k

∥∥∥
H

√
2(2λ+3Tr(Γk+1:∞))

c25N
.

In conclusion, there exists an absolute constant C18 (for example, C18 = 24
√
2C15C17

c25
) so that if we have

□ > C18κmax

{
σξ

√
|J1|
N

,

4σξ
√

1

N

∑
j∈J2

σj

1/2

,
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
,

√∥∥∥Γ̃−1/2
1:k f∗1:k

∥∥∥
H

2λ+ 3Tr (Γk+1:∞)

N

}
,

(2.34)

then Qf1:k >Mf1:k .
In case [2]. We consider a function f1:k ∈ H1:k such that

∥∥∥Γ1/2
1:k (f1:k − f∗1:k)

∥∥∥
H

≤ □ and ‖f1:k − f∗1:k‖H = 4. In
this case, we show that Rf1:k >Mf1:k . Since Rf1:k = 42, this amounts to showing that

42 > 2
√
2
∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1Xϕ,k+1:∞f
∗
k+1:∞

∥∥∥
H

+ 2
√
2
(∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1ξ
∥∥∥
H
+
∥∥∥Γ̃−1/2

1:k f∗1:k

∥∥∥
H

)
.

By Lemma 5 and Lemma 6, 4 must satisfy the following conditions:

•

42 >
4C15C9κN

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H

4λ+Tr (Γk+1:∞)
σ (□,4) .

•
42 >

8C17

√
Nσξ

4λ+Tr (Γk+1:∞)

√
|J1|□2.

•
42 >

8C17

√
Nσξ

4λ+Tr (Γk+1:∞)

√
42

∑
j∈J2

σj ,

which is equivalent to 42 >
64C2

17Nσ
2
ξ

(4λ+Tr(Γk+1:∞))2

(∑
j∈J2 σj

)
.
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•
42 >

∥∥∥Γ̃−1/2
1:k f∗1:k

∥∥∥
H
.

Hence, there exists an absolute constant C19 (for example, C19 = 64C15C
2
17). We need to choose

42 > C19κmax

{
σξ□

√
|J1|N

4λ+Tr (Γk+1:∞)
,

σ2
ξN
∑
j∈J2 σj

(4λ+Tr (Γk+1:∞))
2 ,
N□

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H

4λ+Tr (Γk+1:∞)
,

∥∥∥Γ̃−1/2
1:k f∗1:k

∥∥∥
H

}
.

(2.35)

Then Rf1:k >Mf1:k .
While we have shown that Qf1:k > Mf1:k in case [1] and Rf1:k > Mf1:k in case [2] if (2.34) and (2.35) hold, our

task is not yet complete because (2.35) and (2.34) do not explicitly define for 4 and □. We next derive explicit
definition for □ and 4 through these two equations.

We fix 4 so that

□
4

=

√
κDM (4λ+Tr (Γk+1:∞))

N
(2.36)

and take C20 = C2
18κ

2κ
−1/2
DM ∨ 2C19κ and

□ > C20 max

{
σξ

√
|J1|
N

,σξ

( ∑
j∈J2 σj

4λ+Tr (Γk+1:∞)

)1/2

,
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
,√∥∥∥Γ̃−1/2

1:k f∗1:k

∥∥∥
H

2λ+ 3Tr (Γk+1:∞)

N

}
.

(2.37)

One may observe that the second term inside the max is different from the corresponding term in (2.34). However,

if □ > C20σξ

( ∑
j∈J2

σj

4λ+Tr(Γk+1:∞)

)1/2
, and □,4 satisfy (2.36), it follows that

□√
4σξ

√
1
N

∑
j∈J2 σj

=

√√√√□
4

□
σξ

√
1
N

∑
j∈J2 σj

>

√κDM (4λ+Tr (Γk+1:∞))

N
·
C20σξ

( ∑
j∈J2

σj

4λ+Tr(Γk+1:∞)

)1/2
σξ

√
1
N

∑
j∈J2 σj


1/2

= κ
1/4
DM

√
C20 ≥ C18κ.

Hence the new choice of □ in (2.37) satisfies (2.34).
We now need to check that for this choice of □, (2.35) is also satisfied.

•

42

σξ□
√

|J1|N
4λ+Tr(Γk+1:∞)

= □2 N

κDM (4λ+Tr (Γk+1:∞))
· 4λ+Tr (Γk+1:∞)

σξ□
√

|J1|N
>

C20

κDM
> C19κ.

•

42

σ2
ξN

∑
j∈J2

σj

(4λ+Tr(Γk+1:∞))2

= □2 N

κDM (4λ+Tr (Γk+1:∞))
· (4λ+Tr (Γk+1:∞))

2

σ2
ξN
∑
j∈J2 σj

> C2
20

σ2
ξ

∑
j∈J2 σj

4λ+Tr (Γk+1:∞)

N

κDM (4λ+Tr (Γk+1:∞))
· (4λ+Tr (Γk+1:∞))

2

σ2
ξN
∑
j∈J2 σj

> C19κ.
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•

42

N□
∥∥∥Γ1/2

k+1:∞f∗
k+1:∞

∥∥∥
H

4λ+Tr(Γk+1:∞)

= □2 N

κDM (4λ+Tr (Γk+1:∞))
· 4λ+Tr (Γk+1:∞)

N□
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H

>
C20

κDM
> C19κ.

•

42∥∥∥Γ̃−1/2
1:k f∗1:k

∥∥∥
H

= □2 N

κDM (4λ+Tr (Γk+1:∞))
· 1∥∥∥Γ̃−1/2

1:k f∗1:k

∥∥∥
H

>
C20

2κDM
> C19κ.

We deduce that with the right choice of the absolute constants, such a choice of □,4 satisfies (2.34) and (2.35).
We have established that by selecting appropriate values for □ and4, we can conclude the following: if f1:k−f∗1:k ∈

∂B, then we necessarily have Lf1:k > 0, and thanks to a homogeneity argument, it follows that for all f1:k /∈ f∗1:k+B,
we have Lf1:k ≤ 0 hence f̂1:k ∈ f∗1:k +B.

In the beginning of the analysis, we assumed that σ(□,4) = □, which is true if and only if σ1 ≥ κDM
4λ+Tr(Γk+1:∞)

N .
Hence if this inequality is satisfied, □ is an upper bound on the estimation error

∥∥∥Γ1/2
1:k (f̂1:k − f∗1:k)

∥∥∥
H

and 4 is an

upper bound on
∥∥∥f̂1:k − f∗1:k

∥∥∥
H
. Notice also that Γ̃

−1/2
1:k = UD̃

−1/2
1 U⊤ where D̃−1/2

1 =: □D−1/2
1,thre. Hence we can

express □ as in Equation (2.9).

□ = C20 max

{
σξ

√
|J1|
N

,σξ

√ ∑
j∈J2 σj

4λ+Tr (Γk+1:∞)
,
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
,∥∥∥Γ̃−1/2

1,thref
∗
1:k

∥∥∥
H

2λ+ 3Tr (Γk+1:∞)

N

}
.

If σ(□,4) = 4√
σ1 In this case, it follows by definition that J1 = ∅, J2 = [k],

t (□,4) =
Tr (Γ1:k)

σ1
, and D̃1/2

1 =
1

4
diag (1, · · · , 1, 0, · · · ) ,

where there are k ones in the definition of D̃1/2
1 . Since we have completed a similar proof in the previous paragraph,

we will expedite the presentation in this paragraph.
Suppose that

∥∥∥Γ1/2
1:k (f1:k − f∗1:k)

∥∥∥
H

= □ and ‖f1:k − f∗1:k‖H ≤ 4. As we discussed in the previous subsections, on

Ω0, Qf1:k ≥ N□2

4λ+6Tr(Γk+1:∞) . To show that Qf1:k >Mf1:k , it suffices to show that

c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1Xϕ,k+1:∞f
∗
k+1:∞

∥∥∥
H

+
∥∥∥Γ̃−1/2

1:k X⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1ξ
∥∥∥
H
+
∥∥∥Γ̃−1/2

1:k f∗1:k

∥∥∥
H
.

Recall that Lemma 5 and Lemma 6 hold true for all possible values of □,4, so we can still use them in the current
setting. Hence:

•

c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
4C15C9κN

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H

4λ+Tr (Γk+1:∞)
σ (□,4) ,

which is equivalent to □2 > 12
√
2C15C9

c25
κ4√

σ1

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H
.
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•
c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
8C17

√
Nσξ

4λ+Tr (Γk+1:∞)

√
|J1|□2,

which is true since |J1| = 0.

•
c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
8C17

√
Nσξ

4λ+Tr (Γk+1:∞)

√
42

∑
j∈J2

σj ,

which is true if □2 > 24
√
2C17

c25
σξ4

√
Tr(Γ1:k)

N .

•
c25N□2

√
2 (2λ+ 3Tr (Γk+1:∞))

>
∥∥∥Γ̃−1/2

1:k f∗1:k

∥∥∥
H
,

which is true if □2 >
√
2
c25

∥∥∥Γ̃−1/2
1:k f∗1:k

∥∥∥
H

2λ+Tr(Γk+1:∞)
N .

We conclude that there exists an absolute constant C21 = 24
√
2C15C17

c25
κ, such that we can take

□2 > C21 max

{
4
√
σ1

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H
, σξ4

√
Tr (Γ1:k)

N
,

2λ+ 3Tr (Γk+1:∞)

N

∥∥∥Γ̃−1/2
1:k f∗1:k

∥∥∥
H

}
.

Since
∥∥∥Γ̃−1/2

1:k

∥∥∥
op

= 4, it suffices to choose

□2 > C21 max

{
4
√
σ1

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H
, σξ4

√
Tr (Γ1:k)

N
,

2λ+ 3Tr (Γk+1:∞)

N
4‖f∗1:k‖H

}
.

In the case where
∥∥∥Γ1/2

1:k (f̂1:k − f∗1:k)
∥∥∥
H

≤ □ and
∥∥∥f̂1:k − f∗1:k

∥∥∥
H

= 4, a similar analysis gives us that there exists an
absolute constant C22 depending on κ such that we can take

42 > C22 max

{
‖f∗1:k‖

2
H ,

Nσ2
ξ Tr (Γ1:k)

(4λ+Tr (Γk+1:∞))
2 ,

σ1N
2
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥2
H

(4λ+Tr (Γk+1:∞))
2

}
.

(2.38)

Again, we choose that 4 = □
√
N/ (κDM (4λ+Tr (Γk+1:∞))). There exists an absolute constant C23 such that we

can express □ as in (2.8).

□ = C23 max

{
σξ

√
Tr (Γ1:k)

4λ+Tr (Γk+1:∞)
,

√
σ1N

4λ+Tr (Γk+1:∞)

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H
,

‖f∗1:k‖H

√
4λ+Tr (Γk+1:∞)

N

}
.

In particular, we check that for this choice, 4 satisfies (2.38).
Summarizing the above arguments, we have established the following proposition.
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Proposition 21. Under the assumption of Theorem 5, there exist absolute constants C20, C13 and C23 such that the
following holds for all such k’s and all λ ≥ 0. Recall the definition of t(□,4) from (2.29), with probability at least
1− (C13/bt(□,4)c)r/4 − P (Ωc0) we have∥∥∥Γ1/2

1:k

(
f̂1:k − f∗1:k

)∥∥∥
H

≤ □,
∥∥∥f̂1:k − f∗1:k

∥∥∥
H

≤ □
√

N

κDM (4λ+Tr (Γk+1:∞))
,

where

1. If σ1N ≤ κDM (4λ+Tr (Γk+1:∞)),

□ = C20 max

{
σξ

√
Tr (Γ1:k)

4λ+Tr (Γk+1:∞)
,

√
σ1N

4λ+Tr (Γk+1:∞)

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H
,

‖f∗1:k‖H

√
4λ+Tr (Γk+1:∞)

N

}
.

2. If σ1N > κDM (4λ+Tr (Γk+1:∞)),

□ = C23 max

{
σξ

√
|J1|
N

,σξ

√ ∑
j∈J2 σj

4λ+Tr (Γk+1:∞)
,
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
,∥∥∥Γ̃−1/2

1,thref
∗
1:k

∥∥∥
H

2λ+ 3Tr (Γk+1:∞)

N

}
.

Upper bound on
∥∥∥Γ1/2

k+1:∞(f̂k+1:∞ − f∗k+1:∞)
∥∥∥
H

We do not expect f̂k+1:∞ to be a good estimator of f∗k+1:∞ because the minimum ‖·‖H-norm estimator f̂ is using
the ’remaining part’ of H endowed by the eigenfunctions (φj)j≥k+1 of Γ (we denoted this space by Hk+1:∞) to
absorb the influence of noise introduced by ξ and not to estimate f∗k+1:∞ which is why we call the error term∥∥∥Γ1/2

k+1:∞(f̂k+1:∞ − f∗k+1:∞)
∥∥∥
H

a price for noise absorption instead of an estimation error. A consequence is that we
can only upper bound this term by∥∥∥Γ1/2

k+1:∞(f̂k+1:∞ − f∗k+1:∞)
∥∥∥
H

≤
∥∥∥Γ1/2

k+1:∞f̂k+1:∞

∥∥∥
H
+
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H
.

We then just need to find a high probability upper bound on
∥∥∥Γ1/2

k+1:∞f̂k+1:∞

∥∥∥
H
.

We have for A := X⊤
ϕ,k+1:∞(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1,∥∥∥Γ1/2
k+1:∞f̂k+1:∞

∥∥∥
H

=
∥∥∥Γ1/2

k+1:∞A(y − Xϕ,1:kf̂1:k)
∥∥∥
H

≤
∥∥∥Γ1/2

k+1:∞AXϕ,1:k(f
∗
1:k − f̂1:k)

∥∥∥
H
+
∥∥∥Γ1/2

k+1:∞AXϕ,k+1:∞f
∗
k+1:∞

∥∥∥
H
+
∥∥∥Γ1/2

k+1:∞Aξ
∥∥∥
H

(2.39)

and now we obtain high probability upper bounds on the three terms in (2.39).
On Ω0, for all λ ∈ RN ,∥∥∥Γ1/2

k+1:∞X⊤
ϕ,k+1:∞λ

∥∥∥
H

≤ C8

(√
Tr(Γ2

k+1:∞) +
√
N ‖Γk+1:∞‖op

)
‖λ‖2 . (2.40)

Notice that this result holds without any extra assumption on N . We have∥∥∥Γ1/2
k+1:∞AXϕ,1:k(f

∗
1:k − f̂1:k)

∥∥∥
H

=
∥∥∥Γ1/2

k+1:∞X⊤
ϕ,k+1:∞(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1Xϕ,1:k(f∗1:k − f̂1:k)
∥∥∥
H

≤
∥∥∥Γ1/2

k+1:∞X⊤
ϕ,k+1:∞

∥∥∥
op

∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN )−1

∥∥
op

∥∥∥Xϕ,1:k(f∗1:k − f̂1:k)
∥∥∥
2

≤ 4C8C9

(√
N Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖op

)
4λ+Tr(Γk+1:∞)

∥∥∥Γ1/2
1:k (f

∗
1:k − f̂1:k)

∥∥∥
H
.

(2.41)
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On Ω0, ∥∥∥Γ1/2
k+1:∞AXϕ,k+1:∞f

∗
k+1:∞

∥∥∥
H

≤
∥∥∥Γ1/2

k+1:∞X⊤
ϕ,k+1:∞

∥∥∥
op

∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN )−1

∥∥
op

∥∥Xϕ,k+1:∞f
∗
k+1:∞

∥∥
2

≤ 4C8C15κ

√
N Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖op

4λ+Tr(Γk+1:∞)

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H
.

(2.42)

Finally, let D = Γ
1/2
k+1:∞A. As Xϕ,k+1:∞Γk+1:∞X⊤

ϕ,k+1:∞ : RN → RN ,

Tr
(
Xϕ,k+1:∞Γk+1:∞X⊤

ϕ,k+1:∞
)
=
∥∥∥Xϕ,k+1:∞Γ

1/2
k+1:∞

∥∥∥2
HS

=

N∑
i=1

∥∥∥(Γ1/2
k+1:∞ϕk+1:∞

)
(Xi)

∥∥∥2
H

is the sum of N i.i.d. random variables appearing in (2.16). On Ω0,
N∑
i=1

∥∥∥(Γ1/2
k+1:∞ϕk+1:∞

)
(Xi)

∥∥∥2
H

≤ C16N Tr
(
Γ2
k+1:∞

)
.

So

Tr(DD⊤) = Tr
(
D⊤D

)
≤

Tr
(
Xϕ,k+1:∞Γk+1:∞X⊤

ϕ,k+1:∞

)
∥∥∥Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN

∥∥∥2
op

≤
16C16N Tr(Γ2

k+1:∞)

(4λ+Tr(Γk+1:∞))
2 (2.43)

and

‖D‖op =
∥∥∥Γ1/2

k+1:∞X⊤
ϕ,k+1:∞(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1
∥∥∥

op

≤
∥∥∥Γ1/2

k+1:∞X⊤
ϕ,k+1:∞

∥∥∥
op

∥∥(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN )−1

∥∥
op

≤ 4C8

4λ+Tr(Γk+1:∞)

(√
Tr(Γ2

k+1:∞) +
√
N ‖Γk+1:∞‖op

)
. (2.44)

Set k from Proposition 23 as

k =

√C16

C8

√
N Tr(Γ2

k+1:∞)√
Tr(Γ2

k+1:∞) +
√
N ‖Γk+1:∞‖op

2

=: C13(p̄ξ)
−4/r. (2.45)

Then by Proposition 23, with probability at least 1− p̄ξ − P(Ωc0), we have

∥∥∥Γ1/2
k+1:∞Aξ

∥∥∥
H

≤ 3

2
σξ

√
16C16N Tr(Γ2

k+1:∞)

4λ+Tr(Γk+1:∞)
. (2.46)

Let us summarize the above discussion into the following Proposition:
Proposition 22. Under the assumption of Theorem 5. The following then holds for all such k’s and all λ ≥ 0.
With probability at least 1− p̄ξ − P(Ωc0) we have

∥∥∥f̂k+1:∞ − f∗k+1:∞

∥∥∥
L2

≤ C8

(√
N Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖op

)
4λ+Tr(Γk+1:∞)

∥∥∥Γ1/2
1:k (f

∗
1:k − f̂1:k)

∥∥∥
H

+ 4C8C16κ

√
N Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖op

4λ+Tr(Γk+1:∞)

∥∥∥Γ1/2
k+1:∞f

∗
k+1:∞

∥∥∥
H
+
∥∥∥Γ1/2

k+1:∞f
∗
k+1:∞

∥∥∥
H

+
3

2
σξ

√
16C16N Tr(Γ2

k+1:∞)

4λ+Tr(Γk+1:∞)
. (2.47)
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Concentration of noise

The following lemma is taken from [P4, Lemma 10].

Lemma 7. Let ξ = (ξi)
N
i=1 be a random vector with independent mean zero and variance σξ real-valued coordinates.

We assume that for all i’s, ‖ξi‖Lr
≤ κ1σξ for some κ1 > 0 and r > 4. There then exists some absolute constant

Cκ1
(depending only on κ1) such that for any matrix D ∈ Rp×N the following holds: if for some integer k for which√

k ‖D‖op ≤
√
Tr(DD⊤) then with probability at least 1− (Cκ1/k)

r/4,

‖Dξ‖2 ≤ (3/2)σξ

√
Tr(DD⊤).

We emphasize that Lemma 7 does not depend on p, so we can set p = ∞. Note that there exists an isometric
embedding from H to ℓ2, given by f ∈ H 7→

∑∞
j=1 〈f, φj〉H ej , where we recall that (ej)∞j=1 is ONB of ℓ2. Therefore,

we extend D : RN → ℓ2 to D : RN → H. As a result, we have the following proposition:

Proposition 23. Let ξ = (ξi)
N
i=1 be a random vector with independent mean zero and variance σξ real-valued

coordinates. We assume that for all i’s, ‖ξi‖Lr
≤ κ1σξ for some κ1 > 0 and r > 4. There then exists some absolute

constant C13 (depending only on κ1) such that for any Hilbert-Schmidt operator D : RN → H the following holds: if
for some integer k for which

√
k ‖D‖op ≤

√
Tr(DD⊤) then with probability at least 1− (C13/k)

r/4,

‖Dξ‖H ≤ (3/2)σξ

√
Tr(DD⊤).

Proposition 23 is used to establish Lemma 6, which concerns the concentration property of the noise. To extend
the control of the noise to the model-misspecified setting, we establish the following proposition.

Proposition 24. Suppose f∗ − f∗∗ ∈ L2+ε(µ) for some ε ≥ 0, where we recall that µ is the probability distribution
of design vector X. Suppose ξ, ξ1, · · · , ξN are i.i.d. mean zero sub-Gaussian random variables with variance σ2

ξ and
suppose ξ is independent with X. Let ϵ = (f∗(Xi)− f∗∗(Xi) + ξi)

N
i=1.

1. When A = (Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN )−1Xϕ,1:kΓ̃−1

1:kX⊤
ϕ,1:k(Xϕ,k+1:∞X⊤

ϕ,k+1:∞ + λIN )−1.

(a) When ε > 0. Suppose N ≥ e−1 (exp(2c9/ε)− 4). Recall the definition of σ(□,4) from (2.28) and the
definition of t(□,4) from (2.29). There exist absolute constants C25 depending on ε, C9 and c11 such that
for any t1 ≥ 0 and t3 > 2,

P
(
ϵ⊤Aϵ ≤ 2(1 + t1)σ

2
ξ

16C2
9N

(
|J1|□2 +42

∑
j∈J2 σj

)
(4λ+Tr (Γk+1:∞))

2

+ t23C
2
25

(√
Nσ (□,4)

)2
(4λ+Tr (Γk+1:∞))

2 ‖f∗ − f∗∗‖2L2+ε
N

)
≥ 1− P(Ωc0)− exp

(
−c(t21 ∧ t1)

|J1|□2 +42
∑
j∈J2 σj

σ2 (□,4)

)
− c11t

−(2+ε)
3 N− ε

4 .

(2.48)

(b) When ε = 0, (2.48) is still valid with not necessarily N ≥ e−1 (exp(2c9/ε)− 4), but with C25 replaced by
C24, where C24 = 16C2

9 ; and c11 replaced by 1.

2. When

A =(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN )−1Xϕ,k+1:∞Γk+1:∞X⊤

ϕ,k+1:∞

(Xϕ,k+1:∞X⊤
ϕ,k+1:∞ + λIN )−1.

(a) When ε > 0. Suppose N ≥ e−1 (exp(2c9/ε)− 4). There exist absolute constants C26 depending on ε, C16,
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C8 and c11, such that for any t1, t2 ≥ 0 and t3 > 2,

P
(
ϵ⊤Aϵ ≤ (1 + t1)σ

2
ξ

16C2
16N Tr(Γ2

k+1:∞)

(4λ+Tr(Γk+1:∞))2

+ t2t3σξ
C26

(
Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖2op

)
(4λ+Tr(Γk+1:∞))2

√
N ‖f∗ − f∗∗‖L2

+ t23

C26

(
Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖2op

)
(4λ+Tr(Γk+1:∞))2

N ‖f∗ − f∗∗‖2L2+ε

)
≥ 1− P(Ωc0)− exp(−ct22)− c11t

−(2+ε)
3 N− ε

4

− exp

−c(t21 ∧ t1)
8C16N Tr(Γ2

k+1:∞)

C2
8

(
Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖op

)


(2.49)

(b) When ε = 0, (2.49) is still valid with not necessarily N ≥ e−1 (exp(2c9/ε)− 4), but with C26 replaced by
32C8c10 and with c11 replaced by 1.

Proof. Recall that ϵ = r + ξ. We have:

ϵ⊤Aϵ = r⊤Ar + ξ⊤Aξ + r⊤Aξ + ξ⊤Ar ≤ 2 ‖A‖op ‖r‖
2
2 + 2ξ⊤Aξ.

By Hanson-Wright inequality, see, for example [Ver18, Theorem 6.2.1], there exists some absolute constant c > 0
such that for any t1 ≥ 0,

P
(
ξ⊤Aξ − σ2

ξ Tr(A) ≤ t1σ
2
ξ Tr(A)

)
≥ 1− exp

(
−c(t21 ∧ t1)

Tr(A)

‖A‖op

)
.

Let Ωnoise,1 as the random event on which√
Tr(A) ≤ 4C9

√
N

4λ+Tr (Γk+1:∞)

√
|J1|□2 +42

∑
j∈J2

σj , and ‖A‖1/2op ≤ 4C9

√
Nσ (□,4)

4λ+Tr (Γk+1:∞)
.

By (2.31) and (2.32), P(Ωnoise,1) ≥ 1 − P(Ωc0). In Lemma 4, let Z = f∗(X) − f∗∗(X), q = 2 + ε for some ε > 0,
r = 2, p = 1. When N ≥ e−1 (exp(2c9/ε)− 4), by Lemma 4, we have j0 = 1 and thus for β = ε/4, for any t3 > 2,
with probability at least 1− c11t

−(2+ε)
3 N− ε

4 ,

‖r‖2 ≤ c10

(
2 + ε

2 + ε− 2(ε/4 + 1)

)1/2

t3 ‖f∗ − f∗∗‖L2+ε

√
N.

Combining the above together, we obtain that for any t1 ≥ 0 and t3 > 2,

P
(
ϵ⊤Aϵ ≤ 2(1 + t1)σ

2
ξ

16C2
9N(|J1|□2+△2 ∑

j∈J2
σj)

(4λ+Tr(Γk+1:∞))2

+t23C
2
25

(
√
Nσ(□,△))

2

(4λ+Tr(Γk+1:∞))2
‖f∗ − f∗∗‖2L2+ε

N

)
≥ 1− P(Ωc0)− exp

(
−c(t21 ∧ t1)

|J1|□2+△2 ∑
j∈J2

σj

σ2(□,△)

)
− c11t

−(2+ε)
3 N− ε

4 ,

where C25 = 16C2
9c10

(
2+ε

2+ε−2(ε/4+1)

)1/2
. In particular, when we use Markov’s inequality to replace Lemma 4,

with the probability deviation t−2
3 instead of c11t−(2+ε)

3 N− ε
4 , the term

√
N ‖f∗ − f∗∗‖L2+ε

can be improved to√
N ‖f∗ − f∗∗‖L2

.
Similarly, let Ωnoise,2 as the random event on which

Tr(A) ≤
16C16N Tr(Γ2

k+1:∞)

(4λ+Tr(Γk+1:∞))
2 and

‖A‖1/2op ≤ 4C8

4λ+Tr(Γk+1:∞)

(√
Tr(Γ2

k+1:∞) +
√
N ‖Γk+1:∞‖op

)
.
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By (2.43) and (2.44), P(Ωnoise,2) ≥ 1 − P(Ωc0). Repeat the above arguments, we obtain that for any t1, t2 ≥ 0 and
t3 > 2,

P
(
ϵ⊤Aϵ ≤ (1 + t1)σ

2
ξ

16C2
16N Tr(Γ2

k+1:∞)

(4λ+Tr(Γk+1:∞))2

+ t2t3σξ
C26

(
Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖2op

)
(4λ+Tr(Γk+1:∞))2

√
N ‖f∗ − f∗∗‖L2

+ t23

C26

(
Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖2op

)
(4λ+Tr(Γk+1:∞))2

N ‖f∗ − f∗∗‖2L2+ε

)
≥ 1− P(Ωc0)− exp(−ct22)− c11t

−(2+ε)
3 N− ε

4

− exp

−c(t21 ∧ t1)
8C16N Tr(Γ2

k+1:∞)

C2
8

(
Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖op

)


where C26 = 32C8c10

(
2+ε

2+ε−2(ε/4+1)

)1/2
.

For simplicity, we only consider the case where σ1N > κDM (4λ+Tr(Γk+1:∞)) and k ≲ N . Replace the usage of
Proposition 23 in Section 2.3 with Proposition 24 and repeat the proof. We can conclude as follows:
Proposition 25. Grant the assumptions of Theorem 5 except that f∗ ∈ H and Proposition 24. Assume that
σ1N > κDM (4λ + Tr(Γk+1:∞)). Then with the same probability deviation as in Theorem 5 but with p̄ξ replaced by
(2.48) and  C13 Tr(Γk+1:∞)

|J1|Tr(Γk+1:∞) +N
(∑

j∈J2 σj

)
 r

4

replaced by (2.49), we have:∥∥∥f̂λ − f∗
∥∥∥
L2

≲ ‖f∗ − f∗∗‖L2
+ σξ

√
|J1|
N

+ σξ

√ ∑
j∈J2 σj

4λ+Tr (Γk+1:∞)
+
∥∥∥Γ1/2

k+1:∞f
∗∗
k+1:∞

∥∥∥
H

+
∥∥∥Γ̃−1/2

1,thref
∗∗
1:k

∥∥∥
H

2λ+ 3Tr (Γk+1:∞)

N
+ 4C16σξ

√
N Tr(Γ2

k+1:∞)

4λ+Tr(Γk+1:∞)

+
C

1/2
26

√
Tr(Γ2

k+1:∞) +N ‖Γk+1:∞‖2op

4λ+Tr(Γk+1:∞)

√
N ‖f∗ − f∗∗‖L2+ε

.

(2.50)

[Bac24, Section 7.5.2] uses inf{‖f∗ − f‖2L2
+ λ ‖f‖2H : f ∈ H} to characterize the approximation error of H, that

is, the trade-off between the approximation error and ‖f‖H. Our Proposition 25 shows that the approximation error
is actually traded off against

∥∥∥Γ̃−1/2
1,thref

∗∗
1:k

∥∥∥
H

2λ+3Tr(Γk+1:∞)
N and

∥∥∥Γ1/2
k+1:∞f

∗∗
k+1:∞

∥∥∥
H

instead of ‖f∗∗‖H.
We observe that when the following holds, we still have benign overfitting, even though there is model-misspecification,

when σξ ∼ 1: for k ≲ N such that N ‖Γk+1:∞‖op ≲ Tr(Γk+1:∞),

|J1| = o(N),
∑
j∈J2

σj = o(Tr(Γk+1:∞)),
∥∥∥Γ1/2

k+1:∞f
∗∗
k+1:∞

∥∥∥
H

= o(1),

∥∥∥Γ̃−1/2
1,thref

∗∗
1:k

∥∥∥
H

Tr (Γk+1:∞)

N
= o(1),√

N Tr(Γ2
k+1:∞)

Tr(Γk+1:∞)
= o(1), and

√
N ‖f∗ − f∗∗‖L2+ε

= o

 Tr(Γk+1:∞)√
Tr(Γ2

k+1:∞)
∧ Tr(Γk+1:∞)√

N ‖Γk+1:∞‖op
∧
√
N

 .

(2.51)
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Remark 6. We emphasize that this conclusion does not contradict the counterexamples presented in [CLvdG22] and
[Sha22] in the setting of adversarial noise and model-misspecification. This is because in [CLvdG22], ‖f∗− f∗∗‖L2

=
Θ(σξ) (see [CLvdG22, Appendix D]); in [Sha22], f∗ : x ∈ Rd 7→ exp(x1), where x1 is the first coordinate of x, and
f∗∗ = 〈x,β∗〉 for some β∗ ∈ Rd. Under the probability measure µ assumed in [Sha22, Example 1], ‖f∗ − f∗∗‖L2

is infw∈Rd Rd(w) in the language of [Sha22, Example 1], and it is grater than a constant depending only on µ.
Therefore, when ‖f∗ − f∗∗‖L2 = Θ(1), our (2.51) does not necessarily yield benign overfitting, thus not conflicting
with [CLvdG22, Sha22].
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Chapter 3

Sharp convergence rates for spectral
methods via Feature Space
Decomposition method

This paper is the third one in the series on the Feature Space Decomposition following [P4], [P2] and the up-coming
one [P1]. The position of this chapter within the FSD series is as follows: by studying spectral methods and the
saturation effect, it illustrates how the FSD method improves the analysis of the population excess risk for these
classical estimators as it did previously for minimum norm interpolant estimators as well as for ridge regression.

3.1 Introduction
We are concerned with a supervised regression problem where we observe a vector of output y ∈ RN and a design
matrix X ∈ RN×p such that

y = Xβ∗ + ξ

where X = [X1| · · · |XN ]⊤ ∈ RN×p, β∗ ∈ Rp and ξ = (ξi)
N
i=1. We assume that X1, . . . , XN are N i.i.d. vectors in

Rp with probability distribution denoted by µ and ξ1, . . . , ξN are N i.i.d. centered Gaussian random variable with
variance σ2

ξ independent of the Xi’s. Let Σ = E[X⊗X] : v ∈ Rp 7→ E[〈v, X〉X] ∈ Rp and Σ =
∑p
j=1 σjej⊗ej be the

spectral decomposition of Σ such that σ1 ≥ σ2 ≥ · · · ≥ σp > 0. Given a linear regression problem characterized by a
triple (Σ,β∗, σξ), our goal is to obtain sharp convergence rates for the estimation error ‖Σ1/2(β̂−β∗)‖22 of estimators
β̂ in a large class of spectral methods.

3.1.1 Spectral Methods
We now introduce the family of estimators of interest in this chapter, namely, the spectral methods. We denote
Σ̂ = 1

NX⊤X = 1
N

∑N
i=1Xi ⊗Xi the empirical version of Σ.

Definition 17 (Spectral method). Let (φt)t≥1 be a family of real-valued functions defined on R+ called the filter
functions. For all t ≥ 1, we define the spectral method associated with φt by:

β̂ : y ∈ RN 7→ β̂(y) =
1

N
φt(Σ̂)X⊤y =

1

N
X⊤φt(

1

N
XX⊤)y (3.1)

where φt(Σ̂) and φt(
1
NXX⊤) are defined via the spectral calculus. When there is no ambiguity, we abbreviate β̂(y)

as β̂.

A spectral method is uniquely characterized by its filter function. There is also a compagnion function to a given
filter function that plays an important role regarding the statistical properties of the associated spectral method: it
is called the residual function defined for all t ≥ 1 as ψt : x ∈ R+ → 1− xφt(x). Spectral methods encapsulte several
important estimators and algorithms. We are now listing several of them.
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Example 16. • Gradient flow with respect to the square loss and linear parameterization initialized at 0: that
is, the solution of the ODE β̇t = −(∇ 1

2N ‖y −X · ‖22)(βt) for any t ≥ 1, starting from β1 = 0. Then β̂ = βt is
the spectral method associated with the filter and residual functions

φt : x ∈ R+ 7→
{

1−exp(−tx)
x if x > 0
t if x = 0

and ψt : x ∈ R+ 7→ exp(−tx). (3.2)

• Ridge regression with regularization parameter t−1, i.e., β̂ = 1
N ( 1

NX⊤X + t−1Ip)
−1X⊤y, is the spectral

method for the choice of filter and associated residual functions

φt(x) = (t−1 + x)−1 and ψt(x) =
1

xt+ 1
. (3.3)

• Gradient descent starting at β1 = 0 with step-size 0 < η < 1/8 and at step t ∈ N∗ for minimizing
β 7→ 1

2N ‖y − Xβ‖22, i.e. βt = βt−1 − η∇( 1
2N ‖y − X · ‖22)(βt−1), is the spectral method for the filter function

φt(x) = (1− (1− ηx)t)/x and its associated residual function ψt(x) = (1− ηx)t.

• The heavy-ball method, [Pol87, Section 3.2.1] and Nesterov’s acceleration, [Nes83] with variable
parameters are also examples of spectral algorithms (see [PR19]). Their residual functions admit recursive
definitions with no known closed-form expressions.

• Principle Components Regression (PCR) estimator is β̂ ∈ argmin(‖y − Xβ‖22 : β ∈ V̂≤k) where V̂≤k is
the subspace spanned by the first k eigenvectors of Σ̂. PCR equals to the spectral method with tuning parameter
σ̂k+1 ≤ bt−1 < σ̂k - where σ̂k and σ̂k+1 are the k-th and k+1-th largest eigenvalue of Σ̂ - for the filter function
and its associated residual function given for some constant b > 0 by

φt : x ∈ R+ 7→ 1

x
1(bt−1 ≤ x) and ψt(x) = 1(bt−1 > x).

Here, b is an absolute constant. By rescaling the tuning parameter t, it can be removed. We keep b here in
order to maintain the formal consistency with k∗ defined in (3.5).

We are now describing the class of spectral methods considered in this work.

Assumption 5. The family of filter functions (φt)t≥1 is such that for all t ≥ 1, φt has an holomorphic extension to
an open subset of C containing the contour Ct defined in Section 3.5.3. Furthermore, there are two absolute constants
0 ≤ c12 ≤ C27 such that for all t ≥ 1 and all x ∈ [0, 8]:

c12
x+ t−1

≤ φt(x) ≤
C27

x+ t−1
. (3.4)

Filter functions of gradient flow, ridge regression and gradient descent all satisfy Assumption 5. Indeed, for
gradient flow, (3.4) holds for all x ≥ 0 if one take c1 = 1 and C1 = 2 and the same does for ridge regression with
c1 = C1 = 1. For gradient descent, (3.4) holds only for x ∈ [0, 8] and for c1 = η/2 and C1 = 2. In Assumption 5, we
only ask (3.4) to be true for x ∈ [0, 8] because later we will apply this inequality only on an event where both spectra
of Σ and Σ̂ are in [0, 8].

We assume the existence of an holomorphic extension for technical reason related to the residual theorem, it
however discards the PCR estimator for which we develop a special analysis. Regarding the assumption on the shape
of the residual functions in (3.4): we ask for the filter function to be equivalent to the one of the ridge estimator with
regularization parameter t−1 in (3.4). However, the family of spectral methods satisfying this assumption is pretty
wide. We also note that (3.4) is weaker than the classical assumptions used in the field of spectral methods that we
recall below in Remark 7.

Remark 7 (Classical assumptions). In several works (see for instance, [BMM19]), the filter function is assumed to
satisfy the following: there exist absolute constants τ ∈ N+ ∪ {∞}, C28 = C28(τ) ≥ 1 such that

1. for any 0 ≤ α ≤ 1 and any t ≥ 1, sup(xαφt(x) : 0 ≤ x ≤ 1) ≤ C27t
1−α;

2. for any t ≥ 1, sup(|ψt(x)|(x+ t−1)τ : 0 ≤ x ≤ 1) ≤ C28t
−τ ;

3. for any 0 ≤ x ≤ 1 and 1 < t <∞, c12 ≤ (x+ t−1)φt(x).
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It is straightforward to see that item 1. for α = 0 and α = 1 together with item 3. implies (3.4).

The study of spectral methods, as far as we know, originated with Tikhonov regularization [EHN00] (ridge
regression) and Landweber regularization (gradient descent) for (ill-posed) statistical inverse problems. The classical
analysis of the statistical properties of spectral methods is generally based on regression problems in Sobolev spaces
i.e. under regularity assumptions. Specifically, one assumes that Σ exhibits power decay, i.e., there exists α > 1

such that σj ∼ j−α for all j, and that there exists s ≥ 1 such that ‖Σ 1−s
2 β∗‖2 is bounded, known as the Hölder

source condition. Under this framework, the properties of spectral methods are well understood; to name a few,
[SZ07, YRC07, BPR07, LGRO+08, BM16, PVRB18, PR19, BMM19, CW21, ZLL23, LGSL24, VPY24].

However, beyond this setting, the statistical properties of spectral methods are not yet fully understood-even
though such algorithms have existed for almost three decades [EHN00]. We emphasize that in modern mathematical
statistics, particularly in problems motivated by machine learning, a linear regression setup often does not satisfy
the above Hölder source condition. In fact, in such problems, Σ and β∗ may follow arbitrary patterns. Thus, it
is genuinely necessary to understand the statistical properties of spectral methods for arbitrary linear regression
problems.

Our first objective is, for a given linear regression problem (Σ,β∗, σξ), to obtain matching high-probability
upper and lower bounds for ‖Σ1/2(β̂ − β∗)‖22 where β̂ is a spectral method whose filter function satisfy

Assumption 5. Our second objective is to show how the the Feature Space Decomposition method can be used
on spectral methods to achieve this goal.

3.1.2 Notation
We use a ≲ b (respectively a ≳ b) to represent the fact that there exists an absolute constant C such that a ≤ Cb
(a > Cb). We use a ∼ b if a ≲ b and b ≲ a. We say a ≲K b if C = C(K). For a probability measure µ, we write
µ⊗N as its N -fold tensor product. We denote the ℓ2 → ℓ2 operator norm of a matrix by ‖ · ‖op and by ‖ · ‖HS its
Hilbert-Schmidt norm.

3.2 Main Results
In this section, we present the main results of this chapter. We first gather all the model assumptions.

Assumption 6. We assume that ‖Σ‖op ≤ 1. The noise ξ satisfies ξ ∼ N (0, σ2
ξ ) and it is independent with

X. Assume X is sub-Gaussian: there exists an absolute constant C > 0 such that for any v ∈ Rp and q ≥ 2,
‖〈X,v〉‖Lq(µ) ≤ C

√
q‖〈X,v〉‖L2(µ).

Next, we introduce the optimal dimension used to split the feature space in the case of spectral methods.

Definition 18. Let b > 0 and t ≥ 1. The estimation dimension of the spectral method β̂ with filter function φt
is defined as

k∗ = k∗t−1,b = min
{
k ∈ [p] : σk+1 ≤ bt−1

}
. (3.5)

Here the absolute constant b does not carry any particular significance; it arises artificially in the course of proving
the lower bound. At present, we do not know how to obtain the result with b = 1, as in the ridge regression case as
in [CM22, Proposition 2.2].

The estimation dimension k∗ is the dimension of the space VJ∗ where estimation of the spectral method β̂ with
filter function φt happens. It coincides with the optimal one for ridge regression defined in [P2] when Tr[ΣJc

∗
] ≤ Nt−1.

In particular, we see that this dimension does not depend on the shape of the filter function but just on its parameter
t. However, the optimal convergence rate of a spectral method depends on its filter function via its residual function
since we will show that it is given by

r(VJ∗ , VJc
∗
) =

∥∥∥Σ1/2
J∗
ψt(Σ)β

∗
J∗

∥∥∥
2
+ σξ

√
|J∗|
N

+
∥∥∥Σ1/2

Jc
∗
β∗
Jc
∗

∥∥∥
2
+ σξt

√
Tr(Σ2

Jc
∗
)

N
, (3.6)
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where VJ∗ = span(ej : j ∈ J∗), J∗ = [k∗], (ej)j are the eigenvectors of Σ and ψt is the residual function defined in
Definition 17. For concrete examples of r(VJ∗ , VJc

∗
), the reader is referred to Corollary 4 and Corollary 5 in page 34.

We are now in a position to state our main results: two upper and lower bounds for the excess risk of spectral
methods and a corollary identifying the conditions where the two bounds match, giving the optimal rate from (3.6).
The proof of the following results may be found in Section 3.3 for the upper bound and in Section 3.4 for the lower
bound.

Theorem 7 (Main Result - upper bound). We consider a linear regression model with parameter (β∗,Σ, σξ) satisfying
Assumption 6. Let (φt)t≥1 be a family of filter functions satisfying Assumption 5 for c1 = 0. Let t ≥ 1. Then, there
exists an absolute constant c > 0 such that for all 0 < □ < 1/9, if □2N ≳ Tr

(
Σ(Σ + t−1Ip)

−1
)
∨1 and □ ≲ log−1(et)

then with probability at least 1− 2 exp(−c|J∗|)− exp(−c□2N),∥∥∥Σ1/2(β̂ − β∗)
∥∥∥
2
≲ r(VJ∗ , VJc

∗
) +

□
t

∥∥∥Σ− 1
2

J∗
β∗
J∗

∥∥∥
2
.

Theorem 8 (Main result - lower bound). There are absolute positive constants c0, c, c2 and c3 such that the following
holds. Let (β∗,Σ, σξ) be the parameters of a linear regression model under Assumption 6 where X is assumed to
have independent and centered coordinates with respect to {e1, · · · , ep}. Let β̂ be a spectral method with filter
function satisfying Assumption 5 for 0 < c1 ≤ C1. Let 0 < □ < 1/9 be such that □ ≲ log−1(et) and □2N ≳
Tr
(
Σ(Σ + t−1Ip)

−1
)
∨ 1. Let k∗ be the estimation dimension introduced in Definition 18 for some 0 < b ≤ c0 and

J∗ = [k∗]. Then, with probability at least 1− c exp(−k∗/c)− exp(−□2N/c),∥∥∥Σ1/2(β̂ − β∗)
∥∥∥
2
≥ c2r(VJ∗ , VJc

∗
)− c3□

t

∥∥∥Σ− 1
2

J∗
β∗
J∗

∥∥∥
2
. (3.7)

The next result is a high probability upper and lower bound for spectral methods showing that r(VJ∗ , VJc
∗
) is the

right quantity describing the statistical properties of these estimators for a given linear regression model. It follows
from Theorem 7 and Theorem 8.

Corollary 6. There are absolute positive constants c0, c, (ck)k=2,3,4,5 such that the following holds. Under the
same assumptions as in Theorem 8. Let t ≥ 1 and 0 < □ < 1/9 be such that □ ≤ c0 log

−1(et), □2N ≥
c(Tr

(
Σ(Σ + t−1Ip)

−1
)
∨ 1), k∗ ≥ c and

□
t

∥∥∥Σ− 1
2

J∗
β∗
J∗

∥∥∥
2
≤ c2r(VJ∗ , VJc

∗
). (3.8)

Then, with probability at least 1− c3 exp(−k∗/c3)− exp(−□2N/c3),

c4r(VJ∗ , VJc
∗
) ≤

∥∥∥Σ1/2(β̂ − β∗)
∥∥∥
2
≤ c5r(VJ∗ , VJc

∗
).

Condition (3.8) holds when
(
□/t

) ∥∥∥Σ− 1
2

J∗
β∗
J∗

∥∥∥
2
is smaller than one of the four terms in r(VJ∗ , VJc

∗
); for instance,

it holds when

1. 1
tσξ

∥∥∥Σ− 1
2

J∗
β∗
J∗

∥∥∥
2
≲ 1

□

√
|J∗|
N , where we recall that t−1‖Σ− 1

2

J∗
β∗
J∗‖2 is the bias of β̂

(Ridge)

J when β̂
(Ridge)

J is the ridge

regression with tuning parameter t−1, and 1
□ may be taken to be

√
N

k∗+tTr(ΣJc
∗ )
;

2. or when □
t

∥∥∥Σ− 1
2

J∗
β∗
J∗

∥∥∥
2
≲
∥∥∥Σ1/2

J∗
ψt(Σ)β

∗
J∗

∥∥∥
2
, which is the case when □/t is small enough so that ψt(x) ≥ (□/t)x

for all x ∈ [0, 1] (recall that we assumed that ‖Σ‖op ≤ 1 in Assumption 6) which is equivalent to assume that
φt(x) ≤ (t−□x)/(xt).

As mentioned earlier the case of PCR is special since it requires a property on the k∗-th spectral gap of Σ. We
therefore state a result devoted to PCR. The proof of the following result is different from the one of Theorem 7 and
may be found in Section 3.6.

Theorem 9 (Upper bound for PCR). We consider a linear regression model with parameter (β∗,Σ, σξ) satisfying
Assumption 6. Let t ≥ 1 and 0 < b < 1. Denote by β̂ the PCR estimator with filter function φt : x > 0 7→ x−1

1(x ≥
bt−1). Let 0 < □ < 1/9 and assume that □2N ≳ Tr

(
Σ(Σ + t−1Ip)

−1
)
∨ 1 and that θ > 0 where

θ := min
(
bt−1 −

(
σk∗+1 +□(σk∗+1 + t−1)

)
,
(
σk∗ −□(σk∗ + t−1)

)
− bt−1

)
. (3.9)
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Then, there exists an absolute constant c > 0 such that with probability at least 1− 2 exp(−c|J∗|)− exp(−c□2N),∥∥∥Σ1/2(β̂ − β∗)
∥∥∥
2
≲ r(VJ∗ , VJc

∗
) +

□
θ2

∥∥∥Σ− 1
2

J∗
β∗
J∗

∥∥∥
2
.

In the case of PCR, the convergence rate r(VJ∗ , VJc
∗
) contains only the three terms

∥∥∥Σ1/2
Jc
∗
β∗
Jc
∗

∥∥∥
2
+ σξ

√
|J∗|
N

+ σξt

√
Tr(Σ2

Jc
∗
)

N

since
∥∥∥Σ1/2

J∗
ψt(Σ)β

∗
J∗

∥∥∥
2
= 0 because ψt(Σ) = PJc

∗
. Note also that compare with Theorem 7 we don’t need to choose

□ less than log−1(et) and so one can choose □ to be of the order of a constant. The choice □ ∼
√
k∗/N is also

legitimate as long as the sample complexity assumption □2N ≳ Tr
(
Σ(Σ + t−1Ip)

−1
)
∨ 1 is satisfied that is when

k∗ ≳ Tr
(
Σ(Σ + t−1Ip)

−1
)
∨1 which holds (see the discussion below (3.15)) when k∗ ≳ tTr[ΣJc

∗
]. This is for instance,

the case when σ(Σ) has a fast decay. However, Theorem 9 requires θ > 0 that holds iff the k∗-th spectral gap of Σ
is large enough:

σk∗ − σk+1 > □
(
σk∗ + σk∗+1 + 2t−1

)
and when bt−1 ∈

[
σk∗+1 +□(σk∗+1 + t−1)

)
, σk∗ −□(σk∗ + t−1)

]
.

Let us now comment on the consequences of the results above.

3.2.1 Contribution to the understanding of the statistical properties of spectral meth-
ods

For an arbitrary linear regression problem (Σ,β∗, σξ), Corollary 6 provides, under fairly general conditions, high
probability matching upper and lower bounds (up to a multiplicative constant) for the population excess risk of
spectral methods in this specific regression problem.

1. Compared with classical results in the statistical properties of spectral methods, such as [SZ07, YRC07, BPR07,
LGRO+08, BM16, BM18, BMM19, CW21, ZLL23, LGSL24, VPY24], we observe that the classical results
are typically restricted to Sobolev spaces (which impose a power decay on the eigenvalues of Σ), or require
certain eigenvalue decay conditions. Among them, [BM16] does not rely on power decay, but still requires the
eigenvalues to satisfy certain specific decay conditions. In contrast, Theorem 7 imposes no restrictions on the
spectrum of Σ.

2. In addition, the aforementioned classical literature typically assumes that β∗ satisfies a certain Hölder-type
source condition, namely, that there exists s > 1 such that ‖Σ 1−s

2 β∗‖2 is bounded. In contrast, our Theorem 7
requires no assumptions whatsoever on β∗, yet still yields a precise characterization of its statistical properties.

3. [AKT19] also examines the population excess risk of gradient descent and gradient flow for general linear
regression problems when β∗ is a random vector. However, they upper bound the residual functions of gradient
flow and gradient descent by that of ridge regression, thereby failing to obtain the precise characterization
presented in this work, and consequently, they do not derive conclusions such as the saturation effect and
the generalized saturation effect that are introduced in the next section. After the completion of the main
body of this chapter, we became aware of the concurrent works [HW23, WBL+25], which extend the analysis of
[AKT19] but do not assume β∗ is a random vector. Nevertheless, they also upper bound the residual functions of
gradient flow and gradient descent by that of ridge regression, hence they share the same limitations as [AKT19].
Furthermore, the lower bound in Theorem 4.1 of [WBL+25] holds only in the overfitting regime, whereas our
primary focus is on appropriate regularization. From this perspective, our findings and those of [WBL+25]
are complementary. Furthermore, we provide a sharp bound applicable to arbitrary linear regression problems
under appropriate regularization, whereas the corresponding result in [WBL+25] for the properly regularized
regime is far from sharp.

Precisely because Theorem 7 yields a precise (up to a multiplicative constant) characterization of the population
excess risk for any linear regression problem, it allows us to describe the statistical properties of spectral methods in
the most general linear regression setting. To the best of our knowledge, this is the first result that establishes an
universal statistical property of spectral methods valid for any linear regression problem.
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From Section 1.5.1, we know that estimation of β∗ occurs only on VJ∗ , while absorption of noise occurs on VJc
∗
.

Theorem 7 shows that, for any given linear regression problem (Σ,β∗, σξ) and tuning parameter t, the space VJ∗
where estimation takes place is determined solely by the spectrum of Σ and the tuning parameter, and is independent
of the signal β∗ to be approximated, the eigenvectors of Σ, and the family of filter functions (φt)t≥1. This observation
indicates the following facts:

1. Since VJ∗ is independent of (φt)t≥1, we know that for a given linear regression problem, all algorithms in the
class of spectral methods decompose the feature space in the same way to estimate the signal. By examining
the definition of r(VJ∗ , VJc

∗
) in (3.6), we find that only the term ‖Σ1/2

J∗
ψt(Σ)β

∗
J∗‖2 depends on the specific choice

of the filter / residual functions. In other words- the only difference in the statistical properties of different
spectral methods for a given linear regression problem lies in how close the residual function ψt is to 0 on
{x > 0 : tx > b}-the closer it is to 0, the better the statistical properties (i.e., the faster the convergence rate).
For example, when the eigenvalues of Σ satisfy power decay, i.e., there exists α > 1 such that σj ∼ j−α for all
j (corresponding to regression problems in Sobolev spaces with sufficient smoothness), the residual function
of ridge regression is ψt(x) = 1

xt+1 , that of gradient flow is ψt(x) = exp(−tx), and that of gradient descent is
ψt(x) = (1− ηx)t, see Example 16. For the latter two, when tx > b, their convergence to 0 as functions of x is
much faster than that of ridge regression. This provides an explanation of the saturation effect [BPR07]: on
the set {x > 0 : tx > b}, the residual function of ridge regression decays too slowly. We provide more general
situations in [P3].

2. The FSD approach yields some understanding on the behavior of spectral methods. For instance, the estimation
dimension k∗ tells us that gradient descent at step t is estimating only the first k∗ coordinates of the signal in
the basis of eigenvectors of Σ, no more no less. This means that along the path of gradient descent, there are
more and more coordinates (in the eigenbasis of Σ) that are estimated; the estimation dimension quantifying
this phenomenon and the estimation space VJ∗ localizing the space where this estimation is happening. We
may suspect that Newton’s method behaves similarly but with an estimation dimension growing faster than
the one of gradient descent.

3. Corollary 6 may also help us to identify the best possible choice for parameter t: for gradient descent, that is
the best possible stopping time and for ridge that is the best regularization parameter. Indeed, the optimal
choice of t depends on the specific regression problem and is given by the one minimizing the optimal rate
r(VJ∗ , VJc

∗
) subject to □2N ≳ Tr(Σ(Σ + t−1Ip)

−1), keeping in mind that J∗ = [k∗] and that k∗ depends on t.
The identification of such an optimal choice for t may help to show that a given data-driven choice for t (see for
instance the Lepski’s method from [BMM19]) is optimal if the resulting spectral method achieves the optimal
rate r(VJ∗ , VJc

∗
) for the optimal choice of t.

4. Since VJ∗ is independent of β∗, it follows from Definition 16 that any spectral algorithm satisfying the conditions
of Theorem 7 (such as gradient flow/descent) does not possess the feature learning property. We emphasize
that the gradient flow/descent studied in this chapter refers to ODEs for quadratically minimized problems
with linear parameterization on linear spaces, which differ from the gradient flow/descent in neural network
theory, where Riemannian manifolds [NWS22], [P5] or nonlinear parameterizations [PVRF22] are often used.

5. The lack of feature learning capability has the following drawback: if the alignment between β∗ and Σ is
poor, spectral methods exhibit unfavorable statistical properties. For example, when the support of β∗ satisfies
supp(β∗) = VJc

∗
, the term ‖Σ1/2

Jc
∗
β∗
Jc
∗
‖2 in r(VJ∗ , VJc

∗
) reduces to ‖〈X,β∗〉‖L2(µ), which may be big. Of course,

one can change VJ∗ by adjusting the tuning parameter t, but we stress that statisticians usually do not know
the support of β∗ in the basis of eigenvectors of Σ in advance, and hence cannot preselect an appropriate
t. Therefore, unlike statistical algorithms with the sparsity inducing property such as basis pursuit or the
LASSO, the fact that spectral methods lack the feature learning property implies that, when the signal and
the eigenvectors of Σ are poorly aligned, spectral methods generally have inferior statistical performance. We
discuss further in [P3] on the lack of feature learning of spectral methods.

From Example 16, we know that the residual function of gradient flow is smaller than the one of ridge regression.
Therefore, for a given linear regression problem and for the same tuning parameter, we always have r(GF)(VJ∗ , VJc

∗
) ≤

r(Ridge)(VJ∗ , VJc
∗
). This means that, from the perspective of population excess risk, whenever one can choose between

ridge regression and gradient flow, gradient flow should always be preferred, regardless of the specific linear regression
problem under consideration. In [P3], we further discuss the notion of partial order on the set of spectral algorithms.
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3.2.2 Contribution within the FSD series of papers
The high-level idea of the proof of Theorem 7 is to wrap the classical analysis of the statistical properties of spectral
methods, such as [LGSL24], with a FSD layer-namely, instead of analyzing the statistical properties over the entire
feature space Rp, we restrict the analysis to VJ , while on VJc we perform a signal-free analysis (considering

〈
X,β∗〉

as part of the noise). Remarkably, we obtain the precise result of Theorem 7. We therefore believe that the proof of
Theorem 7 itself suggests that the FSD method may serve as a systematic tool in mathematical statistics for deriving
precise non-asymptotic results on the population excess risk of general supervised learning algorithms.

Theorem 7 can be regarded as an extension of the results of [MMM22, TB23, CM22, BS24, P2] on ridge regression
to spectral methods. In this theorem, we apply the FSD method for the first time to estimators beyond ridge regression
and the minimum norm interpolant estimator. Unlike the ridge results in [MMM22, TB23, CM22, BS24, P2], in (3.5)
we do not observe an “effective regularization” term of the form Nt−1 + Tr(ΣJc). This is because we only consider
the well-regularized regime, namely, when the spectral algorithm is far from overfitting. The overfitting regime of
spectral methods-for example, when the running time t of gradient descent/flow tends to infinity-yields the minimum
ℓ2 norm interpolant estimator, which has already been studied in [TB23] and [P4].

3.3 Proof of the upper bound in Theorem 7
We abbreviate J∗ by J in this section, i.e. J = [k∗] where k∗ is the estimation dimension from Definition 18.
Following the FSD method, we recall the risk decomposition of β̂ given by∥∥∥Σ1/2

(
β̂ − β∗

)∥∥∥
2
≤
∥∥∥Σ1/2

J

(
β̂J − β∗

J

)∥∥∥
2
+
∥∥∥Σ1/2

Jc β̂Jc

∥∥∥
2
+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2

(3.10)

where β̂J = PJ β̂ and β̂Jc = PJc β̂. The next two sections are devoted to show high probability upper bounds on the
estimation part

∥∥∥Σ1/2
J

(
β̂J − β∗

J

)∥∥∥
2
and the noise absorption part

∥∥∥Σ1/2
Jc β̂Jc

∥∥∥
2
appearing in (3.10).

In multiple occasions, we will use the following relations that follows for instance from SVD: we recall that
PJ : Rp → Rp is the projection operator onto VJ and X⊤

J := [PJX1| · · · |PJXN ]. We have XJ = XPJ , X⊤
J = PJX⊤

and Σ̂J := 1
NX⊤

J XJ = PJ Σ̂PJ . Since, VJ is an eigen-space of Σ, we also have PJφt(Σ)Σ = φt(ΣJ)ΣJ where
ΣJ := E(PJX)(PJX)⊤ = PJΣPJ . We also define Σt = Σ+ t−1Ip and Σ̂t = Σ̂ + t−1Ip.

It also follows from the definition of k∗ that b−1σk∗+1 ≤ t−1 ≤ b−1σk∗ . Consequently,∥∥∥Σ 1
2

JΣ
− 1

2
t

∥∥∥
op

≤
∥∥∥Σ 1

2Σ
− 1

2
t

∥∥∥
op

≤ 1,
∥∥∥Σ 1

2

JcΣ
− 1

2
t

∥∥∥
op

≤
√

b

1 + b
and

∥∥∥Σ− 1
2

J Σ
1
2
t

∥∥∥
op

≤
√

1 + b

b
. (3.11)

We also have from the definition of k∗ that for all x ∈ VJ ,∥∥∥Σ1/2
t x

∥∥∥2
2
=
∥∥∥Σ1/2

J x
∥∥∥2
2
+ t−1 ‖x‖22 ≤ 1 + b

b

∥∥∥Σ1/2
J x

∥∥∥2
2

(3.12)

because bt−1 ‖x‖22 ≤ σk∗ ‖x‖22 ≤
∥∥∥Σ1/2

J x
∥∥∥2
2
.

3.3.1 The main property of Σ̂ required for the analysis and the event Ωt

The main uniform property we need Σ̂ to satisfy for the analysis is the one from the following event: let 0 < □ < 1/9
(a typical choice of □ could be of the order of log−1(et) or

√
Tr(Σ(Σ + t−1)−1)/N), we consider the event

Ωt :=

{∥∥∥Σ−1/2
t (Σ̂− Σ)Σ

−1/2
t

∥∥∥
op

≤ □
}
. (3.13)

We show in the next result that Ωt holds with large probability as long as □2N is larger than the effective rank
Tr
[
Σ(Σ + t−1Ip)

−1
]
.

Lemma 8. Grant Assumption 6. Let t ≥ 1 and assume that □2N ≳ Tr
[
Σ(Σ + t−1Ip)

−1
]

and □2N ≳ 1. There
exists an absolute constant c > 0 such that Ωt happens with probability at least 1− exp(−c□2N).
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Proof. It follows from Theorem 5.5 in [Dir15] on the control of empirical quadratic processes and the sub-gaussian
assumption from Assumption 6 that there is an absolute constant C ≥ 1 such that for all r ≥ 1, with probability at
least 1− exp(−r),

sup
f∈F

∣∣∣∣∣ 1N
N∑
i=1

f2(Xi)− Ef2(X)

∣∣∣∣∣ ≤ C

(
Dγ2√
N

+
γ22
N

+D2

(√
r

N
+

r

N

))
(3.14)

where γ2 = γ2(F, ‖·‖L2(µ)) is Talagrand’s γ2-functional of F with respect the L2(µ)-norm [Tal14, Definition 2.2.19]
and D = diam(F,L2(µ)) := sup(‖f‖L2(µ) : f ∈ F ). Applying (3.14) to F = {〈·,v〉 : v ∈ Σ

−1/2
t Sp−1

2 } where Sp−1
2 is

the unit ℓp2-sphere, we have D = diam(F,L2(µ)) =
∥∥∥Σ1/2Σ

−1/2
t

∥∥∥
op

≤ 1 and γ2(F, ‖ · ‖L2(µ)) ∼ E
∥∥∥Σ1/2Σ

−1/2
t G

∥∥∥
2
∼√

Tr(Σ(Σ + t−1Ip)−1) where G ∼ N (0, Ip). As a consequence, it follows from the sample complexity assumption
□2N ≳ Tr

[
Σ(Σ + t−1Ip)

−1
]
that for r = □2N/(16C2) (which is larger than 1 since we assumed that □2N ≳ 1),

with probability at least 1− exp(−□2N/(16C2)),∥∥∥Σ−1/2
t (Σ̂− Σ)Σ

−1/2
t

∥∥∥
op

= sup
u∈Sp−1

2

∣∣∣∣u⊤Σ
−1/2
t (Σ̂− Σ)Σ

−1/2
t u

∣∣∣∣
= sup

u∈Sp−1
2

∣∣∣∣‖Σ̂ 1
2Σ

− 1
2

t u‖22 − ‖Σ 1
2Σ

− 1
2

t u‖22
∣∣∣∣

= sup
u∈Sp−1

2

∣∣∣∣ 1N
N∑
i=1

〈Σ− 1
2

t u, Xi〉2 − E〈Σ− 1
2

t u, Xi〉2
∣∣∣∣ ≤ □.

The sample complexity assumption □2N ≳ Tr
[
Σ(Σ + t−1Ip)

−1
]
is classical in the analysis of spectral methods.

It has some consequences on the definition of the estimation dimension k∗. Indeed, one has

Tr
[
Σ(Σ + t−1Ip)

−1
]
=
∑
j

σj
σj + t−1

=
∑
j∈J

σj
σj + t−1

+
∑
j /∈J

σj
σj + t−1

where we recall that J = {j : σj ≥ bt−1} is of cardinality k∗, by definition of k∗ and so

bk∗

1 + b
+

t

1 + b
Tr[ΣJc ] ≤ Tr

[
Σ(Σ + t−1Ip)

−1
]
≤ k∗ + tTr[ΣJc ]. (3.15)

As a consequence, the sample complexity assumption implies both □2N ≳ bk∗ - meaning that we require the
estimation dimension to be smaller than N - and □2N ≳ tTr[ΣJc ] implying that the estimation dimension of ridge
obtained in [P2] coincides with the one used here in Definition 18, i.e. k∗∗ = k∗, for other spectral methods.

In the classical analysis of spectral methods, the property induced by the event Ωt is referred as the “Change-of-
Norm argument” (see, for example, [CW21]). From a geometrical perspective, the event Ωt is the union of two type
of events that are part of the FSD method. Indeed, Ωt is equivalent to: for all u ∈ Rp,∣∣∣∣∥∥∥Σ̂1/2u

∥∥∥2
2
−
∥∥∥Σ1/2u

∥∥∥2
2

∣∣∣∣ ≤ □
∥∥∥Σ1/2

t u
∥∥∥2
2
. (3.16)

As a consequence, there are two regimes depending on the relative values of
∥∥Σ1/2u

∥∥
2
and

∥∥∥Σ1/2
t u

∥∥∥
2
that can be

described via the following cone

C :=

{
u ∈ Rp : □

∥∥∥Σ1/2
t u

∥∥∥2
2
≤ 1

2

∥∥∥Σ1/2u
∥∥∥2
2

}
=

{
u ∈ Rp : □t−1 ‖u‖22 ≤

(
1

2
−□

)∥∥∥Σ1/2u
∥∥∥2
2

}
.

(3.17)

Then, we consider the decomposition of Rp as the union: Rp = C ∪ Cc. This decomposition is closed to the one of
the FSD Rp = VJ ⊕⊥ VJc since one can see that C contains all singular vectors of Σ with singular values such that
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σj ≳ □t−1 which is, up to the □ term, the inequality appearing in the definition of k∗. We see that an isomorphic
property restricted to this cone follows from (3.16): for all u ∈ C,

1√
2

∥∥∥Σ1/2u
∥∥∥
2
≤
∥∥∥Σ̂1/2u

∥∥∥
2
≤
√

3

2

∥∥∥Σ1/2u
∥∥∥
2
.

This type of ’RIP’ (i.e. restricted isomorphic property) is expected in the FSD method on the estimation part of the
feature space i.e. VJ or the slightly bigger cone C. On the ’noise absorption part’ of the feature space, i.e. VJc - or
the slightly bigger cone Cc, when □ is of the order of a constant - we don’t need such an isomorphic property but
only a control of the largest ’restricted’ singular value of Σ̂: for all u /∈ C,∥∥∥Σ̂1/2u

∥∥∥
2
≤

√
3□
∥∥∥Σ1/2

t u
∥∥∥
2
=

√
3□
(∥∥∥Σ1/2u

∥∥∥2
2
+ t−1 ‖u‖22

)1/2

≤ 3
√
t−1□ ‖u‖2 ≤

√
t−1 ‖u‖2 .

In particular, we see that, on the event Ωt, for all u ∈ Rp, we have∥∥∥Σ̂1/2u
∥∥∥
2
≤ max

(√
3/2

∥∥∥Σ1/2u
∥∥∥
2
,
√
t−1 ‖u‖2

)
.

In particular, the following Lemma holds.

Lemma 9. On the event Ωt, σ̂1 =
∥∥∥Σ̂∥∥∥

op
≤ 4(σ1 + t−1).

For our proof strategy, it is important to localize the spectrum of Σ̂. Indeed, the spectral method β̂ depends on
the filter function via the term φt(Σ̂) in its definition from (3.1)). In particular, we will need to tell how φt(Σ̂) is
close to φt(Σ) . However, it is well-known that for a general non-linear function f (for which the spectral calculus
is well-defined), E[f(Σ̂)] 6= f(Σ); for example, when f(x) = x2. This illustrates that f(Σ̂), as a plug-in estimator
for f(Σ), is a biased estimator (in fact, this is one of the motivations behind [Kol18]). Methods for handling this
bias have been developed in [LGSL24], they are based on the residue theorem: for any counterclock-wise contour Ct
surrounding both spectra of Σ̂ and Σ, we have

φt(Σ̂)− φt(Σ) = − 1

2πi

∮
Ct

φt(z)
[
(Σ̂− zIp)

−1 − (Σ− zIp)
−1
]
dz

=
1

2πi

∮
Ct

(Σ̂− zIp)
−1(Σ̂− Σ)(Σ− zIp)

−1φt(z)dz.

(3.18)

In particular, for the choice of contour Ct from Section 3.5.3, we have Ct surrounding both spectra of Σ̂ and of Σ on
the event Ωt thanks to Lemma 9. So that the residue theorem applies to both φt(Σ̂) and φt(Σ) and the formulae
above is valid on Ωt. Next, to handle the summand in this integral, we use the following lemma taken from [LGSL24].

Lemma 10 ([LGSL24]). There exists an absolute constant C > 1 such that the following holds. Let t ≥ 1. For the
contour Ct defined in (3.50) and for any z ∈ Ct, we have∥∥∥Σ 1

2
t (Σ− zIp)

−1Σ
1
2
t

∥∥∥
op

≤ C,

∮
Ct

|φt(z)dz| ≤ C log(t), and
∮
Ct

|ψt(z)dz| ≤ Ct−1.

Moreover, on Ωt, for any z ∈ Ct, we further have∥∥∥∥Σ 1
2
t

(
Σ̂− zIp

)−1

Σ
1
2
t

∥∥∥∥
op

≤ C.

For the sake of completeness, we provide the proof of Lemma 10 in Section 3.5.3. On the event Ωt, other properties
that will be useful in our analysis hold. For instance, to obtain an upper bound for ‖Σ1/2

J (β̂J −β∗
J)‖2, we will further

require the following result.

Lemma 11. Let t ≥ 1 and recall that Σ̂t = Σ̂ + t−1Ip. On the event Ωt, we have ‖Σ
1
2

J Σ̂
− 1

2
t ‖2op ≤ ‖Σ

1
2
t Σ̂

− 1
2

t ‖2op ≤ 2

and ‖Σ− 1
2

t Σ̂
1
2
t ‖2op ≤ 2.
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Lemma 11 provides the following insight: for a suitably chosen J , the (modified) population covariance and the
(modified) sample covariance can be interchanged. The proof of Lemma 11 may be found in Section 3.5.4

The event Ωt contains all the properties on Σ̂ that are enough for our analysis. The only remaining stochastic
argument used in the proof from now are only dealing with the noise. As a consequence, if one wants to extend
the conclusion from Theorem 7 beyond Assumption 6, one may only focus on proving that Ωt happens with large
probability under the new considered setup. Now, that we have dealt with mostly all the stochastic aspect of the
proof we can move to the deterministic one, as long as we work on the event Ωt.

3.3.2 The estimation property of β̂J

In this subsection, we investigate the estimation properties of β̂J , i.e. we obtain a high probability upper bound on∥∥∥Σ1/2
J (β̂J − β∗

J)
∥∥∥
2
. In the following analysis, we will see that the estimation error analysis for the estimator on VJ ,

namely β̂J , is similar to the classical analysis of spectral methods but performed over VJ . This is because on this
subspace the problem reduces to standard estimation. From this perspective, the FSD method can be viewed as an
additional layer around classical analysis only requiring an isomorphic property on the estimation space instead of
the entire space, thereby providing better estimation properties under smaller sample complexity.

Risk decomposition of the estimation part β̂J

We start with a risk decomposition of the estimation part β̂J of the spectral method β̂. Let the “population” spectral
method be defined as β̃ = φt(Σ)Σβ

∗. It is the ’population version’ of β̂(Xβ∗) = φt(Σ̂)Σ̂β
∗ where Σ̂ has been replaced

by Σ; we therefore look at β̂(Xβ∗) as a plug-in estimator of β̃ in the noise free case and in the estimation part of the
feature space. Then, by linearity of β̂, we may decompose β̂J − β∗

J as follows:

β̂J(y)− β∗
J = β̂J(Xβ

∗
J)− β∗

J + β̂J(Xβ
∗
Jc + ξ)

=
(
β̂J(Xβ

∗
J)− β̃J

)
+
(
β̃J − β∗

J

)
+ β̂J(Xβ

∗
Jc + ξ).

Here, β̂J(Xβ∗
J) − β̃J plays the role of a bias term of the plug-in estimator β̂J(Xβ

∗
J) in the free noise case, while

β̃J − β∗
J denotes an approximation error and β̂J(Xβ

∗
Jc + ξ) is considered as a variance term. The following risk

decomposition follows from the decomposition above:

∥∥∥Σ1/2
J (β̂J − β∗

J)
∥∥∥
2
≤
∥∥∥Σ1/2

J (β̂J(Xβ
∗
J)− β̃J)

∥∥∥
2
+
∥∥∥Σ1/2

J (β̃J − β∗
J)
∥∥∥
2

+
∥∥∥Σ1/2

J β̂J(Xβ
∗
Jc + ξ)

∥∥∥
2
.

(3.19)

Next, we upper bound the three terms from this sum.

Upper bound on the approximation term
∥∥∥Σ1/2

J (β̃J − β∗
J)
∥∥∥
2

It follows from the definition of the residual function ψt : x ∈ R+ → 1− xφt(x) that β̃J − β∗
J = (φt(Σ)Σ− Ip)β

∗
J =

−ψt(Σ)β∗
J and so ∥∥∥Σ1/2

J (β̃J − β∗
J)
∥∥∥
2
=
∥∥∥Σ1/2

J ψt(Σ)β
∗
J

∥∥∥
2
. (3.20)

Next, we move to an upper bound on the bias of the plug-in estimator β̂J(Xβ∗
J). We will see that the approximation

term above is dominating the bias term.
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Upper bound on the bias term
∥∥∥Σ1/2

J (β̂J(Xβ
∗
J)− β̃J)

∥∥∥
2

The filter and residual functions satisfy the relation φt(x)x+ ψt(x) = 1, hence, we have

β̂J(Xβ
∗
J)− β̃J = PJφ(Σ̂)Σ̂β

∗
J − PJ(φt(Σ̂)Σ̂ + ψt(Σ̂))β̃J

= PJφt(Σ̂)Σ̂(β
∗
J − β̃J)− PJψt(Σ̂)β̃J

= PJφt(Σ̂)(Σ̂− Σ)(β∗
J − β̃J) + PJφt(Σ̂)Σ(β

∗
J − β̃J)− PJψt(Σ̂)β̃J

= PJφt(Σ̂)(Σ̂− Σ)(β∗
J − β̃J) + PJ

(
φt(Σ̂)− φt(Σ)

)
Σψt(Σ)β

∗
J

+ PJ

(
ψt(Σ)− ψt(Σ̂)

)
Σφt(Σ)β

∗
J

where we used the fact that β̃J := PJ β̃ = φt(ΣJ)ΣJβ
∗
J = φt(Σ)Σβ

∗
J and so β∗

J − β̃J = ψt(Σ)β
∗
J because VJ is an

eigenspace of Σ and the fact that Σ, φt(Σ) and ψt(Σ) commute. Now, by taking ‖Σ1/2
J · ‖2 on both sides, we obtain

the following decomposition of the bias term:

‖Σ1/2
J (β̂J(Xβ

∗
J)− β̃J)‖2 ≤

∥∥∥Σ1/2
J φt(Σ̂)(Σ̂− Σ)(β∗

J − β̃J)
∥∥∥
2

+
∥∥∥Σ1/2

J

(
φt(Σ̂)− φt(Σ)

)
Σψt(Σ)β

∗
J

∥∥∥
2

+
∥∥∥Σ1/2

J

(
ψt(Σ)− ψt(Σ̂)

)
Σφt(Σ)β

∗
J

∥∥∥
2
.

(3.21)

Next, we provide upper bounds on the three terms in this sum.

Upper bound for
∥∥∥Σ1/2

J φt(Σ̂)(Σ̂− Σ)(β∗
J − β̃J)

∥∥∥
2

We recall that Σ̂t = Σ̂ + t−1Ip. We have

∥∥∥Σ1/2
J φt(Σ̂)(Σ̂− Σ)(β∗

J − β̃J)
∥∥∥
2

≤ ‖Σ
1
2

JΣ
− 1

2
t ‖op‖Σ

1
2
t φt(Σ̂)Σ

1
2
t ‖op‖Σ

− 1
2

t (Σ̂− Σ)Σ
− 1

2
t ‖op‖Σ

1
2
t (β

∗
J − β̃J)‖2.

(3.22)

Under Assumption 5, we know that φt(x) ≤ C27(x+ t−1)−1 hence, by Lemma 11, we have, on Ωt,

‖Σ
1
2
t φt(Σ̂)Σ

1
2
t ‖op ≤

∥∥∥Σ 1
2
t Σ̂

− 1
2

t

∥∥∥
op

∥∥∥Σ̂ 1
2
t φt(Σ̂)Σ̂

1
2
t

∥∥∥
op

∥∥∥Σ̂ 1
2
t Σ

− 1
2

t

∥∥∥
op

≤ 2C27. (3.23)

Moreover, by (3.11), ‖Σ
1
2

JΣ
− 1

2
t ‖op ≤ 1. Plugging (3.23) into (3.22) together with (3.13), on Ωt, we have∥∥∥Σ 1

2

Jφt(Σ̂)(Σ̂− Σ)(β∗
J − β̃J)

∥∥∥
2
≤ 2□C1‖Σ

1
2
t (β

∗
J − β̃J)‖2

≤ 2C1

(
1 + b

b

)
□‖Σ1/2

J (β∗
J − β̃J)‖2 ≤ 2C1

(
1 + b

b

)
□
∥∥∥Σ1/2

J ψt(Σ)β
∗
J

∥∥∥
2

(3.24)

where we used (3.20) and (3.12) in the last inequality.

Upper bound for
∥∥∥Σ1/2

J (φt(Σ̂)− φt(Σ))Σψt(Σ)β
∗
J

∥∥∥
2

To handle this term, we use (3.18) which is valid on Ωt: on
Ωt, we have

Σ
1
2

J (φt(Σ̂)− φt(Σ))Σψt(Σ)β
∗
J

=
1

2πi

∮
Ct

Σ
1
2

J

(
Σ̂− zIp

)−1 (
Σ̂− Σ

)
(Σ− zIp)

−1Σψt(Σ)β
∗
Jφt(z)dz

=
1

2πi

∮
Ct

Σ
1
2

JΣ
− 1

2
t Σ

1
2
t

(
Σ̂− zIp

)−1

Σ
1
2
t Σ

− 1
2

t

(
Σ− Σ̂

)
Σ

− 1
2

t Σ
1
2
t (Σ− zIp)

−1Σ
1
2

· Σ 1
2ψt(Σ)β

∗
Jφt(z)dz.
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Taking the ‖ · ‖2 norm on both sides and applying Lemma 10 yields, on Ωt,∥∥∥Σ 1
2

J

(
φt(Σ̂)− φt(Σ)

)
Σψt(Σ)β

∗
J

∥∥∥
2

≤‖Σ
1
2

JΣ
− 1

2
t ‖op

∮
Ct

∥∥∥∥Σ 1
2
t

(
Σ̂− zIp

)−1

Σ
1
2
t

∥∥∥∥
op

∥∥∥Σ− 1
2

t

(
Σ− Σ̂

)
Σ

− 1
2

t

∥∥∥
op

·
∥∥∥Σ 1

2
t (Σ− zIp)

−1Σ
1
2

∥∥∥
op

∥∥∥Σ 1
2ψt(Σ)β

∗
J

∥∥∥
2
|φt(z)dz|

≲□
∥∥∥Σ 1

2ψt(Σ)β
∗
J

∥∥∥
2

∮
Ct

|φt(z)dz| ≲ □ log(t)
∥∥∥Σ 1

2ψt(Σ)β
∗
J

∥∥∥
2
,

(3.25)

where we have used that Σ � Σt to get
∥∥∥Σ 1

2
t (Σ− zIp)

−1Σ
1
2

∥∥∥
op

≤
∥∥∥Σ 1

2
t (Σ− zIp)

−1Σ
1
2
t

∥∥∥
op

≲ 1 from Lemma 10.

Upper bound for
∥∥∥Σ1/2

J

(
ψt(Σ)− ψt(Σ̂)

)
Σφt(Σ)β

∗
J

∥∥∥
2

We have on Ωt and from (3.18) :

Σ
1
2

J

(
ψt(Σ̂)− ψt(Σ)

)
Σφt(Σ)β

∗
J

=
1

2πi

∮
Ct

Σ
1
2

J

(
Σ̂− zIp

)−1 (
Σ̂− Σ

)
(Σ− zIp)

−1Σφt(Σ)β
∗
Jψt(z)dz

=
1

2πi

∮
Ct

Σ
1
2

J

(
Σ̂− zIp

)−1

Σ
1
2
t · Σ− 1

2
t

(
Σ̂− Σ

)
Σ

− 1
2

t Σ
1
2
t (Σ− zIp)

−1Σ
1
2

J

· Σ
1
2

Jφt(Σ)β
∗
Jψt(z)dz.

Therefore, ∥∥∥Σ 1
2

J

(
ψt(Σ)− ψt(Σ̂)

)
Σφt(Σ)β

∗
J

∥∥∥
2

≤ 1

2π

∮
Ct

∥∥∥∥Σ 1
2
t

(
Σ̂− zIp

)−1

Σ
1
2
t

∥∥∥∥
op

∥∥∥Σ− 1
2

t

(
Σ̂− Σ

)
Σ

− 1
2

t

∥∥∥
op

·
∥∥∥Σ 1

2
t (Σ− zIp)

−1Σ
1
2

J

∥∥∥
op

·
∥∥∥Σ 1

2

Jφt(Σ)β
∗
J

∥∥∥
2
|ψt(z)dz|

≲ □ ·
∥∥∥Σ 1

2

Jφt(Σ)β
∗
J

∥∥∥
2
·
∮
Ct

|ψt(z)dz| ≲ □
∥∥∥Σ1/2

J φt(Σ)β
∗
J

∥∥∥
2
t−1.

(3.26)

Collecting (3.24), (3.25) and (3.26) all together in (3.21), we obtain that, on Ωt, it holds∥∥∥Σ1/2
J (β̂J(Xβ

∗
J)− β̃J)

∥∥∥
2
≲ □

(
log(et)

∥∥∥Σ1/2
J ψt(Σ)β

∗
J

∥∥∥
2
+ t−1

∥∥∥Σ1/2
J φt(Σ)β

∗
J

∥∥∥
2

)
(3.27)

and since φt(Σ) � C1Σ
−1
t , we obtain

∥∥∥Σ1/2
J φt(Σ)β

∗
J

∥∥∥
2
≤ C1

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2
, we finally get, on Ωt,

∥∥∥Σ1/2
J (β̂J(Xβ

∗
J)− β̃J)

∥∥∥
2
≲ □

(
log(et)

∥∥∥Σ1/2
J ψt(Σ)β

∗
J

∥∥∥
2
+ t−1

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2

)
. (3.28)

Upper bound on the variance term
∥∥∥Σ1/2

J β̂J(Xβ
∗
Jc + ξ)

∥∥∥
2
.

By linearity of the spectral estimator (see (3.1)), we have

‖Σ1/2
J β̂J(Xβ

∗
Jc + ξ)‖2 ≤ ‖Σ1/2

J φt(Σ̂)Σ̂β
∗
Jc‖2 +

1

N
‖Σ1/2

J φt(Σ̂)X⊤ξ‖2.

Now, we prove high probability upper bounds on the two terms from the sum above.
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Upper bound for ‖Σ1/2
J φt(Σ̂)Σ̂β

∗
Jc‖2 We have

‖Σ1/2
J φt(Σ̂)Σ̂β

∗
Jc‖2 =

1

N

∥∥∥Σ1/2
J φt(Σ̂)Σ

1
2
t Σ

− 1
2

t X⊤Xβ∗
Jc

∥∥∥
2

≤ 1√
N

∥∥∥Σ1/2
J φt(Σ̂)Σ

1/2
t

∥∥∥
op

∥∥∥Σ−1/2
t X⊤

∥∥∥
op

‖Xβ∗
Jc‖2√
N

.

It follows from (3.23), (3.11) and Lemma 11, that on the event Ωt,

1√
N

∥∥∥Σ−1/2
t X⊤

∥∥∥
op

=
∥∥∥Σ−1/2

t Σ̂1/2
∥∥∥

op
≤

√
2

and ∥∥∥Σ1/2
J φt(Σ̂)Σ

1/2
t

∥∥∥
op

≤
∥∥∥Σ1/2

J Σ
−1/2
t

∥∥∥
op

∥∥∥Σ1/2
t φt(Σ̂)Σ

1/2
t

∥∥∥
op

≤ 2C1.

Next, it follows from the sub-gaussian property of the design vector X from Assumption 6 and Lemma 13 that, for
some absolute constant c > 0, with probability at least 1− exp(−cN),

1

N
‖Xβ∗

Jc‖22 =
1

N

N∑
i=1

〈
Xi,β

∗
Jc

〉2 ≤ 2‖Σ1/2
Jc β∗

Jc‖22.

For the convenience of the reader, we reproduce Lemma 13 here; its proof will be given on page 80.

Lemma 13 (recall). There is some absolute constant c > 0 such that the following holds. Let X be a sub-gaussian
vector in Rp and denote Σ = EXX⊤ (X is not necessarily centered). Let v ∈ Rp. With probability at least
1− exp(−cN), we have

1

2

∥∥∥Σ 1
2 v
∥∥∥2
2
≤ 1

N

N∑
i=1

〈
Xi,v

〉2 ≤ 3

2

∥∥∥Σ 1
2 v
∥∥∥2
2
. (3.47)

As a result, there exist an absolute constants c > 0 such that with probability at least 1− exp(−c|J |)− P[Ωct ],

‖Σ1/2
J φt(Σ̂)Σ̂β

∗
Jc‖2 ≤ 16C1‖Σ1/2

Jc β∗
Jc‖2. (3.29)

Upper bound for (1/N)‖Σ1/2
J φt(Σ̂)X⊤ξ‖22 We first work conditionally on X and consider the randomness coming

only from the Gaussian vector ξ so that we can apply the Borel-TIS inequality (see Theorem 7.1 in [Led96] or
p.56-57 in [LT91]) in order to get: for almost all X, for all t ≥ 1 with probability at least 1 − exp(−t/2), ‖Aξ‖2 ≤
σξ
√

Tr[AA⊤] + σξ ‖A‖op
√
t where A = Σ

1/2
J φt(Σ̂)X⊤. This implies that for almost all X, with probability at least

1− exp(−|J |/2),

1

N
‖Σ1/2

J φt(Σ̂)X⊤ξ‖22 ≤ 2σ2
ξ Tr

[
Σ

1/2
J φt(Σ̂)Σ̂φt(Σ̂)Σ

1/2
J

]
+

2σ2
ξ

N

∥∥∥Σ1/2
J φt(Σ̂)X⊤

∥∥∥2
op

|J |.

For the weak variance term in the inequality above, we have Σ̂1/2
t φt(Σ̂)Σ̂φt(Σ̂)Σ̂

1/2
t � C2

27Ip and so by Lemma 11 we
get, on Ωt,

1

N

∥∥∥Σ1/2
J φt(Σ̂)X⊤

∥∥∥2
op

≤
∥∥∥Σ1/2

J φt(Σ̂)Σ̂φt(Σ̂)Σ
1/2
J

∥∥∥
op

≤
∥∥∥Σ1/2

J Σ̂
−1/2
t

∥∥∥
op

∥∥∥Σ̂1/2
t φt(Σ̂)Σ̂φt(Σ̂)Σ̂

1/2
t

∥∥∥
op

∥∥∥Σ̂−1/2
t Σ

1/2
J

∥∥∥
op

≤ 2C2
27.

For the strong variance term in the inequality above, we use that φt(Σ̂)Σ̂φt(Σ̂) � C2
27Σ̂

−1
t and apply Lemma 11 to

get, on Ωt,

Tr
[
Σ

1/2
J φt(Σ̂)Σ̂φt(Σ̂)Σ

1/2
J

]
≤ C2

27 Tr
[
Σ

1/2
J Σ̂−1

t Σ
1/2
J

]
= C2

27

(
Tr
[
Σ̂−1
t (ΣJ − Σ̂J)

]
+Tr

[
Σ̂−1
t Σ̂J

])
≤ C2

27

(
Tr
[
Σ̂

−1/2
t (ΣJ − Σ̂J)Σ̂

−1/2
t

]
+ |J |

)
≤ C2

27

(
|J |
∥∥∥Σ̂−1/2

t (ΣJ − Σ̂J)Σ̂
−1/2
t

∥∥∥
op

+ |J |
)

≤ 2C2
27|J |.
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As a consequence, we obtain that with probability at least 1−2 exp(−c|J |)−P[Ωct ], (1/N)‖Σ1/2
J φt(Σ̂)X⊤ξ‖22 ≲ σ2

ξ |J |.
Finally, gathering the last inequality together with (3.29) we obtain that with probability at least 1−2 exp(−c|J |)−

P[Ωct ],

‖Σ1/2
J β̂J(Xβ

∗
Jc + ξ)‖2 ≲ ‖Σ1/2

Jc β∗
Jc‖2 + σξ

√
|J |
N
.

Conclusion on the estimation property of β̂J

It follows from the results obtained in the previous sections, that with probability at least 1− 2 exp(−c|J |)− P[Ωct ],∥∥∥Σ1/2
J (β̂J − β∗

J)
∥∥∥
2
≲ σξ

√
|J |
N

+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2
+ (□ log(t) + 1)

∥∥∥Σ1/2
J ψt(Σ)β

∗
∥∥∥
2

+
□
t

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2
.

(3.30)

This result finishes our analysis of the statistical property of the estimation part β̂J of the spectral method β̂.
The next step of the FSD method is to handle the ’noise absorption part’ of β̂.

3.3.3 Control of the noise absorption part β̂Jc

In this section, we derive an upper bound for ‖Σ1/2
Jc β̂Jc‖2, where β̂Jc = PJc β̂. We recall that β̂ = N−1φt(Σ̂)X⊤y

and y = Xβ∗ + ξ = Xβ∗
J + Xβ∗

Jc + ξ. Therefore, we have

‖Σ1/2
Jc β̂Jc‖2 ≤

∥∥∥Σ1/2
Jc φt(Σ̂)Σ̂β

∗
J

∥∥∥
2
+
∥∥∥Σ1/2

Jc φt(Σ̂)Σ̂β
∗
Jc

∥∥∥
2
+
∥∥∥Σ1/2

Jc φt(Σ̂)[N
−1X⊤]ξ

∥∥∥
2
. (3.31)

Next, we prove high probability upper bounds on the three terms in the sum above.

Upper bound for
∥∥∥Σ1/2

Jc φt(Σ̂)Σ̂β
∗
J

∥∥∥
2

By definition of the residual function, we have φt(Σ̂)Σ̂ = Ip−ψt(Σ̂) and so Σ
1/2
Jc φt(Σ̂)Σ̂β

∗
J = −Σ

1/2
Jc ψt(Σ̂)β

∗
J where we

have used the fact that Σ1/2
Jc β∗

J = 0. Next, we take the ℓp2-norm on both sides and use the fact that Σ1/2
Jc ψt(Σ)β

∗
J = 0

to get ∥∥∥Σ1/2
Jc φt(Σ̂)Σ̂β

∗
J

∥∥∥
2
= ‖Σ1/2

Jc

(
ψt(Σ̂)− ψt(Σ)

)
β∗
J‖2.

Next, on Ωt, we can apply the residual theorem to ψt(Σ̂) and ψt(Σ) and get a result similar to the one of (3.18)
where φt is replaced by ψt. Thanks to this result we get (on Ωt)∥∥∥Σ1/2

Jc

(
ψt(Σ̂)− ψt(Σ)

)
β∗
J

∥∥∥
2
=
∥∥∥Σ 1

2

JcΣ
− 1

2
t Σ

1
2
t

(
ψt(Σ̂)− ψt(Σ)

)
β∗
J

∥∥∥
2

≤
∥∥∥Σ 1

2

JcΣ
− 1

2
t

∥∥∥
op

∥∥∥Σ 1
2
t

(
ψt(Σ̂)− ψt(Σ)

)
β∗
J

∥∥∥
2

≤
√

b

1 + b

∥∥∥∥∮
Ct

Σ
1
2
t (Σ̂− zIp)

−1(Σ̂− Σ)(Σ− zIp)
−1β∗

Jψt(z)dz

∥∥∥∥
2

≤
√

b

1 + b

∮
Ct

∥∥∥Σ 1
2
t (Σ̂− zIp)

−1Σ
1
2
t

∥∥∥
op

∥∥∥Σ− 1
2

t (Σ̂− Σ)Σ
− 1

2
t

∥∥∥
op

·
∥∥∥Σ 1

2
t (Σ− zIp)

−1Σ
1
2
t

∥∥∥
op

∥∥∥Σ− 1
2

t β∗
J

∥∥∥
2
|ψt(z)dz|

and so, on Ωt, by applying Lemma 10 we obtain∥∥∥Σ1/2
Jc φt(Σ̂)Σ̂β

∗
J

∥∥∥
2
=
∥∥∥Σ1/2

Jc

(
ψt(Σ̂)− ψt(Σ)

)
β∗
J

∥∥∥
2
≲ □

t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2
. (3.32)
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Upper bound for
∥∥∥Σ1/2

Jc φt(Σ̂)Σ̂β
∗
Jc

∥∥∥
2

For the convenience of the reader, we recall the following property, which can be found on page 29.

Proposition 13 (Recall). Suppose Assumption 3 holds. There exist some absolute constants c3 and C8 > 0 such
that with a probability of at least 1 − p̄DMU , where p̄DMU = c3

Nϵ + γ1, there holds
∥∥∥Σ1/2

Jc X⊤
Jc

∥∥∥
op

≤ C8

√
Tr(Σ2

Jc) +

C8

√
N‖ΣJc‖op.

It is straightforward to verify that Assumption 6 implies Assumption 3. It follows from Proposition 13 that under
Assumption 6, there are absolute constants C, c > 0 such that with probability at least 1− exp(−cN),

P
(∥∥∥Σ1/2

Jc X⊤
∥∥∥

op
≤ C

(√
Tr(Σ2

Jc) +
√
N ‖ΣJc‖op

))
≥ 1− exp(−cN). (3.33)

Moreover, we have ‖Xβ∗
Jc‖2 ≤ C

√
N‖Σ1/2

Jc β∗
Jc‖2 with probability at least 1 − exp(−cN). Next, we observe that

thanks to Assumption 5, φt(x) ≤ C1(x+ t
−1)−1 ≤ C1t so that we have φt(Σ̂) ≤ C1tIp and (since Σ̂ and Ip commute)

for all x ∈ Rp,
∥∥∥φt(Σ̂)x∥∥∥

2
≤ C1t ‖x‖2. It follows that with probability at least 1− 2 exp(−cN),

∥∥∥Σ1/2
Jc φt(Σ̂)Σ̂β

∗
Jc

∥∥∥
2
=

1

N

∥∥∥Σ1/2
Jc X⊤φt(Σ̂)Xβ∗

Jc

∥∥∥
2

≤ CC1

√
Tr(Σ2

Jc) +
√
N ‖ΣJc‖op√

Nt−1

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2
.

(3.34)

Finally, it follows from the definition of k∗ that σk∗+1 = ‖ΣJc‖op ≤ bt−1 and from the sample complexity assumption
(i.e. □2N ≳ Tr

[
Σ(Σ + t−1Ip)

−1
]
) - see the discussion below (3.15) - that □2N ≳ tTr[ΣJc ] so that

√
Tr(Σ2

Jc) +
√
N ‖ΣJc‖op√

Nt−1
≤

√
‖ΣJc‖op
t−1

√
Tr(ΣJc)

Nt−1
+

‖ΣJc‖op
t−1

≤
√
b□+ b ≤ 2b (3.35)

as long as □ ≤ b. We conclude that with probability at least 1− 2 exp(−cN),∥∥∥Σ1/2
Jc φt(Σ̂)Σ̂β

∗
Jc

∥∥∥
2
≤ CC1b

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2
. (3.36)

Upper bound for
∥∥∥Σ1/2

Jc φt(Σ̂)[N
−1X⊤]ξ

∥∥∥
2

As in the previous section we first condition on X and apply the Borell-TIS inequality: for almost all X, for all r > 0,
with probability at least 1−exp(−r/2), ‖Aξ‖2 ≤ σξ

√
Tr[AA⊤]+σξ ‖A‖op

√
r where A = Σ

1/2
Jc φt(Σ̂)[N

−1X⊤]. Hence,
we have with probabiltity at least 1− exp(−|J |/2),

∥∥∥Σ1/2
Jc φt(Σ̂)[N

−1X⊤]ξ
∥∥∥
2
≤ σξ

√
Tr[ΣJcΣ̂φ2

t (Σ̂)]

N
+ σξ

∥∥∥Σ1/2
Jc Σ̂1/2φt(Σ̂)

∥∥∥
op

√
|J |
N

≤ σξC27t

√
Tr[ΣJcΣ̂]

N
+ σξC27t

∥∥∥Σ1/2
Jc Σ̂1/2

∥∥∥
op

√
|J |
N

(3.37)

where in the last inequality we used that φt(x) ≤ C27(x + t−1)−1 ≤ C27t. We use the following Lemma 15, whose
proof will be given on page 81.

Lemma 15 (recall). There exists an absolute constant c > 0 such that the following holds. Let X be a sub-gaussian
vector in Rp and denote Σ = EXX⊤ (X is not necessarily centered). Let A be a matrix in Rp×d. With probability
at least 1− exp(−cN),

1

2

∥∥∥Σ1/2A⊤
∥∥∥2
HS

≤ 1

N

N∑
i=1

‖AXi‖22 ≤ 3

2

∥∥∥Σ1/2A⊤
∥∥∥2
HS

.
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Next, it follows from Lemma 15 that there exists an absolute constant c > 0 such that with probability at least
1− exp(−cN),

Tr[ΣJcΣ̂] =
1

N
Tr(XΣJcX⊤) =

1

N

N∑
i=1

∥∥∥Σ1/2
Jc Xi

∥∥∥2
2
≤ 2Tr(Σ2

Jc).

Then, it follows from (3.33) that there are absolute constants C, c > 0 such that with probability at least 1−exp(−cN),

∥∥∥Σ1/2
Jc Σ̂1/2

∥∥∥
op

=
1√
N

∥∥∥Σ1/2
Jc X⊤

∥∥∥
op

≤ C

(√
Tr(Σ2

Jc)

N
+ ‖ΣJc‖op

)
. (3.38)

Finally, collecting the last two results together with (3.35) in the Borell-TIS inequality above, we get that with
probability at least 1− 2 exp(−c|J |),

∥∥∥Σ1/2
Jc φt(Σ̂)[N

−1X⊤]ξ
∥∥∥
2
≲ σξt

√
Tr(Σ2

Jc)

N
+ σξt

(√
Tr(Σ2

Jc)

N
+ ‖ΣJc‖op

)√
|J |
N

≲ σξ

√
|J |
N

+ σξt

√
Tr(Σ2

Jc)

N
.

(3.39)

Concluding on the noise absorption property

Combining (3.32), (3.36) and (3.39), we obtain that with probability at least 1− 2 exp(−c|J |)− P[Ωct ],∥∥∥Σ1/2
Jc β̂Jc

∥∥∥
2
≲ □

t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2
+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2
+ σξ

√
|J |
N

+ σξt

√
Tr(Σ2

Jc)

N
. (3.40)

3.3.4 End of the proof of the upper bound from Theorem 7
Going back to the original risk decomposition from the FSD method in (3.10) and collecting both results on the
estimation part and the noise absorption part from (3.30) and (3.40), we obtain that with probability at least
1− exp(−c|J |)− P[Ωct ],∥∥∥Σ1/2

(
β̂ − β∗

)∥∥∥
2
≤
∥∥∥Σ1/2

J

(
β̂J − β∗

J

)∥∥∥
2
+
∥∥∥Σ1/2

Jc β̂Jc

∥∥∥
2
+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2

≲
(
σξ

√
|J |
N

+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2
+ (□ log(et) + 1)

∥∥∥Σ1/2
J ψt(Σ)β

∗
∥∥∥
2
+

□
t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2

)

+

(
□
t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2
+ σξ

√
|J |
N

+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2
+ σξt

√
Tr(Σ2

Jc)

N

)
+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2

≲ σξ

√
|J |
N

+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2
+ (□ log(et) + 1)

∥∥∥Σ1/2
J ψt(Σ)β

∗
∥∥∥
2

+ σξt

√
Tr(Σ2

Jc)

N
+

□
t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2

and the result follows if one takes □ ≲ log−1(et).

3.4 Proof of the lower bound result from Theorem 8
In this section, we prove the lower bound result from Theorem 8. We first work conditionally to X so that we can use
the concentration inequality of a Lipschitz function of the Gaussian vector ξ (see Eq.(2.35) in [Led05] or Theorem 5.2.2
in [Ver18]): for almost all X, for all r > 0, with probability at least 1 − exp(−r), ϕ(ξ) ≥ Eξϕ(ξ) − σξ ‖ϕ‖Lip

√
2r

where ϕ(ξ) =
∥∥∥Σ1/2(β̂(Xβ∗ + ξ)− β∗)

∥∥∥
2
and ‖ϕ‖Lip is the Lipschitz constant of ϕ with respect to the Euclidean
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norm. Moreover, thanks to the concentration of Lipschitz functions of Gaussian vectors recalled above we have: for
almost all X,

Eξϕ(ξ)
2 − [Eξϕ(ξ)]

2 = Eξ

[
(ϕ(ξ)− Eξϕ(ξ))

2
]

=

∫ ∞

0

Pξ

[
|ϕ(ξ)− Eξϕ(ξ)| ≥

√
r
]
dr ≤ 2σ2

ξ ‖ϕ‖
2
Lip .

As a consequence, [Eξϕ(ξ)]
2 ≥ Eξ[ϕ(ξ)

2]−2σ2
ξ ‖ϕ‖

2
Lip and so, for almost all X, with Pξ-probability at least 1−exp(−r),

ϕ(ξ) ≥ Eξϕ(ξ)− σξ ‖ϕ‖Lip
√
2r ≥

√
Eξ[ϕ(ξ)2]

2
− σξ ‖ϕ‖Lip

√
2r, (3.41)

when Eξϕ(ξ)
2 ≥ 4σ2

ξ ‖ϕ‖
2
Lip. We note that (3.41) also holds when Eξϕ(ξ)

2 ≤ 4σ2
ξ ‖ϕ‖

2
Lip as long as r ≥ 4

√
2 since

ϕ(ξ) ≥ 0 a.s.. As a consequence, we (always) have for all r ≥ 4
√
2,

ϕ(ξ) ≥
√

Eξ[ϕ(ξ)2]

2
− σξ ‖ϕ‖Lip

√
2r.

Next, thanks to the linearity of the estimator β̂ we have for all ξ1, ξ2 ∈ Rp, |ϕ(ξ1)− ϕ(ξ2)| ≤
∥∥∥Σ1/2β̂(ξ1 − ξ2)

∥∥∥
2
and

so ‖ϕ‖Lip ≤ ‖A‖op where A = Σ1/2φt(Σ̂)[N
−1X⊤] and

Eξ[ϕ(ξ)
2] = Eξ

∥∥∥Σ 1
2 (β̂ − β∗)

∥∥∥2
2
=
∥∥∥Σ 1

2 (β̂(Xβ∗)− β∗)
∥∥∥2
2
+ Eξ

∥∥∥Σ 1
2 β̂(ξ)

∥∥∥2
2

=
∥∥∥Σ 1

2 (β̂(Xβ∗)− β∗)
∥∥∥2
2
+ σξ Tr[AA

⊤].

Finally, we have for almost all X and all r ≥ 4
√
2, with probability at least 1− exp(−r),

∥∥∥Σ 1
2 (β̂ − β∗)

∥∥∥
2
≥ 1√

2

∥∥∥Σ 1
2 (β̂(Xβ∗)− β∗)

∥∥∥
2
+
σξ√
2

√
Tr[Σφ2

t (Σ̂)Σ̂]

N

− σξ

∥∥∥∥Σ1/2φt(Σ̂)
X⊤
√
N

∥∥∥∥
op

√
2r

N
.

(3.42)

In the next two sections, we obtain lower bounds on the three main terms appearing in the right hand side of
(3.42).

3.4.1 A lower bound for the bias term
∥∥∥Σ 1

2 (β̂(Xβ∗)− β∗)
∥∥∥
2

As before, we decompose the feature space as Rp = VJ ⊕⊥ VJc where J = J∗ is the optimal decomposition, so that
the bias term can be decomposed as∥∥∥Σ 1

2 (β̂(Xβ∗)− β∗)
∥∥∥2
2
=
∥∥∥Σ 1

2

J (β̂(Xβ
∗)− β∗)

∥∥∥2
2
+
∥∥∥Σ 1

2

Jc(β̂(Xβ∗)− β∗)
∥∥∥2
2
.

A lower bound for the bias term on VJ

In Section 3.3.2, we introduced β̃ = φt(Σ)Σβ
∗ and proved in (3.20) that∥∥∥Σ1/2

J (β̃J − β∗
J)
∥∥∥
2
=
∥∥∥Σ1/2

J ψt(Σ)β
∗
J

∥∥∥
2

and in (3.27) that, for some absolute constant C > 0, on Ωt,∥∥∥Σ1/2
J (β̂J(Xβ

∗
J)− β̃J)

∥∥∥
2
≤ C□

(
log(et)

∥∥∥Σ1/2
J ψt(Σ)β

∗
J

∥∥∥
2
+ t−1

∥∥∥Σ1/2
J φt(Σ)β

∗
J

∥∥∥
2

)
.
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Next, it follows from Assumption 5 that φt(Σ) � C1Σ
−1
t and so

∥∥∥Σ1/2
J φt(Σ)β

∗
J

∥∥∥
2
≤ C1

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2
. As a conse-

quence, as long as □ log(e2t) ≲ 1, the following lower bound holds on Ωt:

‖Σ
1
2

J (β̂(Xβ
∗)− β∗)‖2 ≥ ‖Σ

1
2

J (β̃ − β∗)‖2 − ‖Σ
1
2

J (β̂(Xβ
∗)− β̃)‖2

≥ ‖Σ
1
2

Jψt(Σ)β
∗
J‖2 − C□

(
log(et)‖Σ

1
2

Jψt(Σ)β
∗
J‖2 + t−1

∥∥∥Σ1/2
J φt(Σ)β

∗
J

∥∥∥
2

)
≥
(
1− C□ log(e2t)

)
‖Σ

1
2

Jψt(Σ)β
∗
J‖2 −

CC1□
t

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2

≥ 1

2
‖Σ

1
2

Jψt(Σ)β
∗‖2 −

CC1□
t

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2
.

A lower bound for the bias on VJc

We have ∥∥∥Σ 1
2

Jc(β̂(Xβ∗)− β∗)
∥∥∥
2
≥
∥∥∥Σ 1

2

Jcβ
∗
Jc

∥∥∥
2
−
∥∥∥Σ 1

2

Jc β̂(Xβ∗)
∥∥∥
2

and using that β̂(Xβ∗) = β̂(Xβ∗
J) + β̂(Xβ∗

Jc) = φt(Σ̂)Σ̂β
∗
J + φt(Σ̂)Σ̂β

∗
Jc we get

‖Σ1/2
Jc β̂(Xβ∗)‖2 ≤

∥∥∥Σ1/2
Jc φt(Σ̂)Σ̂β

∗
J

∥∥∥
2
+
∥∥∥Σ1/2

Jc φt(Σ̂)Σ̂β
∗
Jc

∥∥∥
2
.

In (3.32), we proved that on Ωt, ∥∥∥Σ1/2
Jc φt(Σ̂)Σ̂β

∗
J

∥∥∥
2
≲ □

t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2
.

Next, it follows from (3.36) that with probability at least 1− 2 exp(−cN)∥∥∥Σ1/2
Jc φt(Σ̂)Σ̂β

∗
Jc

∥∥∥
2
≤ Cb

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2

and so when b ≤ 1/(2C), we obtain∥∥∥Σ 1
2 (β̂(Xβ∗)− β∗)

∥∥∥
2
≥ 1

2
‖Σ

1
2

Jψt(Σ)β
∗
J‖2 +

1

2

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2
− C□

t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2
. (3.43)

3.4.2 Lower bound for the conditional variance term Eξ‖Σ1/2β̂(ξ)‖22
In this section, we obtain a lower bound on the conditional (with respect to X) variance of β̂: Eξ‖Σ1/2β̂(ξ)‖22. It
follows from Assumption 5 that for all t ≥ 1 and x ∈ [0, 8] , we have

φt(x) ≥
c12

x+ t−1
:= c12φ

(Ridge)
t (x) (3.44)

where we recall (see (3.3)) that φ(Ridge)
t (x) = (x+ t−1)−1 is the filter function of ridge regression with regularization

parameter t−1.

Lemma 12. Grant Assumption 6 and assume that X has independent and centered coordinates with respect to the
basis {e1, · · · , ep}. Let β̂ be a spectral algorithm defined in Definition 17 with filter function φt satisfying (3.44).
Then, there exists absolute constants c, c13 > 0 such that with probability at least 1− c exp(−N/c)− P[Ωct ],

σ2
ξ

Tr[Σφ2
t (Σ̂)Σ̂]

N
= Eξ‖Σ1/2β̂(ξ)‖22 ≥ c13c12σ

2
ξ

(
|J |
N

+ t2
Tr(Σ2

Jc)

N

)
.

Proof. Let
∑p
j=1 σ̂

1
2
i ûi ⊗ êi be the singular value decomposition of 1√

N
X, where σ̂j = 0 if j > N , {ûi}Ni=1 is an

orthonormal basis of RN and {êj}pj=1 is an orthonormal basis of Rp. It follows from (3.1) that

β̂(ξ) =
1

N
φ(Σ̂)X⊤ξ =

1√
N
φt(Σ̂)

N∑
i=1

êi
√
σ̂i〈ûi, ξ〉 =

1√
N

N∑
i=1

√
σ̂iφt(σ̂i)〈ûi, ξ〉êi
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and by taking ‖Σ1/2 · ‖22, we obtain

∥∥∥Σ1/2β̂(ξ)
∥∥∥2
2
=

1

N

∥∥∥∥∥
N∑
i=1

√
σ̂iφt(σ̂i)〈ûi, ξ〉Σ1/2êi

∥∥∥∥∥
2

2

=
1

N

N∑
i,j=1

√
σ̂iσ̂jφt(σ̂i)φt(σ̂j)〈ûi, ξ〉〈ûj , ξ〉〈Σ1/2êi,Σ

1/2êj〉.

Taking expectation with respect to ξ and using that Eξ[〈ûi, ξ〉〈ûj , ξ〉] = σ2
ξ

〈
ûi, ûj

〉
= σ2

ξ1{i=j}, we obtain that for
almost all X,

Eξ

∥∥∥Σ1/2β̂(ξ)
∥∥∥2
2
=
σ2
ξ

N

N∑
i=1

σ̂iφ
2
t (σ̂i)

∥∥∥Σ1/2êi

∥∥∥2
2
.

The latter result is actually true for any filter function. By applying it to the filter function from ridge regression
and using (3.44), we have on the event Ωt (where we know, thanks to Lemma 9, that the spectrum of Σ̂ is in [0, 8]
because σ1, t−1 ≤ 1) that

Eξ

∥∥∥Σ1/2β̂(ξ)
∥∥∥2
2
≥ c212

σ2
ξ

N

N∑
i=1

σ̂i
(
φ
(Ridge)
t (σ̂i)

)2‖Σ1/2êi‖22 = c212Eξ

∥∥∥Σ1/2β̂
(Ridge)

(ξ)
∥∥∥2
2
.

Finally, by [TB23, Lemma 7 and Theorem 2], there exists an absolute constant 0 < c14 < 1 such that with
probability at least 1− c exp(−N/c),

Eξ

∥∥∥Σ1/2β̂
(Ridge)

(ξ)
∥∥∥2
2
≥ c14σ

2
ξ

(
|J |
N

+
N Tr(Σ2

Jc)

(Nt−1 +Tr(ΣJc))2

)
.

Lemma 12 then follows since Tr(ΣJc) ≲ □t−1N ≲ t−1N thanks to the sampling complexity assumption (see the
discussion below (3.15)).

3.4.3 An upper bound for the weak variance term and the conclusion
In this section, we provide a high probability upper bound on the weak variance term coming from Borell’s inequality
in (3.42) i.e. σξ

∥∥∥Σ1/2φt(Σ̂)(X⊤/
√
N)
∥∥∥
op
. It follows from (3.11) and Lemma 11 that, on the event Ωt, we have

∥∥∥Σ1/2φt(Σ̂)(X⊤/
√
N)
∥∥∥
op

≤
∥∥∥Σ1/2Σ

−1/2
t

∥∥∥
op

∥∥∥Σ1/2
t Σ̂

−1/2
t

∥∥∥
op

∥∥∥Σ̂tφt(Σ̂)2Σ̂∥∥∥1/2
op

≲ 1 (3.45)

where we used Assumption 5 to get Σ̂tφt(Σ̂)2Σ̂ � C1Σ̂tΣ̂
−2
t Σ̂ � C1Ip.

Finally, plugging (3.45) and (3.43) together with Lemma 12 in (3.42), we get that for all r ≥ 4
√
2, with probability

at least 1− exp(−r)− c exp(−N/c)− P[Ωct ],∥∥∥Σ1/2(β̂ − β∗)
∥∥∥
2
≥
(
‖Σ

1
2

Jψt(Σ)β
∗
J‖2 +

1

2

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2
− C□

t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2

)
+ c13

(
σξ

√
|J |
N

+ σξt

√
Tr(Σ2

Jc)

N

)
− c0σξ

√
r

N

≥ cr(VJ , VJc)− C□
t

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2
− c0σξ

√
r

N

as long as b ≲ 1. Finally, the result follows by taking r ∼ k∗ in the inequality above.
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3.5 Auxiliaries results
We start with some results on the concentration of sum of independent sub-exponential variables. We first start with
the definition of ψ-norm (see for instance, Chapter 1 in [CGLP12]). Let ψ be an Orlicz function. We define the
Orlicz norm of a random variable Z as

‖Z‖ψ = inf (c : Eψ(|Z|/c) ≤ ψ(1)) .

Orlicz functions that are of particular interest to us are, for all α ≥ 1, ψα : t ≥ 0 → exp(tα) − 1. It follows from
Theorem 1.1.5 in [CGLP12] that for all α ≥ 1, there is equivalence between:

(a) there is a constant K1 > 0 such that ‖Z‖ψα
≤ K1

(b) there is a constant K2 > 0 such that for all p ≥ α, ‖Z‖Lp
≤ K2p

1/α

(c) there exists K3,K
′
3 such that for all t ≥ K ′

3,

P(|Z| ≤ t) ≥ 1− exp(−tα/Kα
3 ).

Moreover, K2 ≤ 2eK1, K3 ≤ eK2, K ′
3 ≤ e2K2 and K1 ≤ 2max(K3,K

′
3). It follows from these equivalence that

‖Z‖ψα
∼ sup
p≥α

‖Z‖Lp

p1/α
.

In particular, if X is a sub-gaussian vector as defined in Assumption 6 then there exists some absolute constant C > 0

such that for all v ∈ Rp,
∥∥〈X,v〉∥∥

ψ2
≤ C

∥∥∥Σ 1
2 v
∥∥∥
2
. It is also clear from the definition of the ψ1 and ψ2 norm that for

all v we have
∥∥∥〈X,v〉2∥∥∥

ψ1

=
∥∥〈X,v〉∥∥2

ψ2
≤ C2

∥∥∥Σ 1
2 v
∥∥∥2
2
. Finally, the last tool we need is Bernstein’s inequality for

the sum of independent ψ1 variable (see for instance Theorem 1.2.7 in [CGLP12]): if Z1, . . . , ZN are independent ψ1

random variables then for all t ≥ 1, with probability at least 1− exp(−ct),∣∣∣∣∣ 1N
N∑
i=1

Zi − EZi

∣∣∣∣∣ ≤ σ1

√
t

N
+M1

t

N

where M1 = max1≤i≤N ‖Zi − EZi‖ψ1
and σ2

1 = (1/N)
∑N
i=1 ‖Zi − EZi‖2ψ1

. In particular, if we apply this result for
Zi =

〈
Xi,v

〉2 (which is a ψ1 random variable according to the argument above), we get that with probability at
least 1− exp(−ct), ∣∣∣∣∣ 1N

N∑
i=1

〈
Xi,v

〉2 − E
〈
Xi,v

〉2∣∣∣∣∣ ≤ ∥∥∥〈X,v〉2 − E
〈
X,v

〉2∥∥∥
ψ1

(√
t

N
+

t

N

)
(3.46)

and ∥∥∥〈X,v〉2 − E
〈
X,v

〉2∥∥∥
ψ1

≤
∥∥∥〈X,v〉2∥∥∥

ψ1

+
∥∥∥E〈X,v〉2∥∥∥

ψ1

≤
∥∥〈X,v〉∥∥2

ψ2
+ ‖1‖ψ1

E
〈
X,v

〉2 ≤ C
∥∥∥Σ 1

2 v
∥∥∥2
2

where we used the subgaussian property of X. As a consequence, we proved the following result.

Lemma 13. There is some absolute constant c > 0 such that the following holds. Let X be a sub-gaussian vector in
Rp and denote Σ = EXX⊤ (X is not necessarily centered). Let v ∈ Rp. With probability at least 1− exp(−cN), we
have

1

2

∥∥∥Σ 1
2 v
∥∥∥2
2
≤ 1

N

N∑
i=1

〈
Xi,v

〉2 ≤ 3

2

∥∥∥Σ 1
2 v
∥∥∥2
2
. (3.47)

Next we use the classical generic chaining bound for sub-gaussian processes that follows from Theorem 2.2.27 in
[Tal96]. Note that the following result requires less assumptions than the one required in Hanson-Wright inequality
from Theorem 6.2.1 in [Ver18].
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Lemma 14. There is an absolute constant c > 0 such that the following holds. Let X be a sub-gaussian vector in
Rp and denote Σ = EXX⊤ (X is not necessarily centered). Let A be a matrix in Rp×d. We have for all t > 0, with
probability at least 1− exp(−t),

‖AX‖2 ≤ c

(∥∥∥Σ1/2A⊤
∥∥∥
HS

+
∥∥∥Σ1/2A⊤

∥∥∥
op

√
t

)
.

We also have
E ‖AX‖22 =

∥∥∥Σ1/2A⊤
∥∥∥2
HS

.

Proof. We first note that
‖AX‖2 ≤ ‖A(X − EX)‖2 + ‖AEX‖2 .

Then, we write ‖A(X − EX)‖2 as the supremum of a centered sub-gaussian process: ‖A(X − EX)‖2 = sup(Zx : x ∈
A⊤Bd2 ) where Zx =

〈
X − EX,x

〉
. The canonical metric associated with this process is (u, v) →

(
E(Zu − Zv)

2
)1/2

=∥∥∥Σ1/2
0 (u− v)

∥∥∥
2
where Σ0 = E

[
(X − EX)(X − EX)⊤

]
. It follows from Theorem 2.2.27 in [Tal96], that for all t > 0,

with probability at least 1 − exp(−t), ‖A(X − EX)‖2 ≲ γ2 +
√
tD where γ2 = γ2(Σ

1/2
0 A⊤Bd2 , ℓ

p
2) is Talagrand’s

γ2-functional and D is the diameter of Σ1/2
0 A⊤Bd2 with respect to ℓp2. It follows from Talagrand’s majorizing measure

that
γ2(Σ

1/2
0 A⊤Bd2 , ℓ

p
2) ≲ E

∥∥∥Σ1/2
0 A⊤G

∥∥∥
2
≲ Tr[AΣ0A

⊤]1/2 =
∥∥∥Σ1/2

0 A⊤
∥∥∥
HS

and D =
∥∥∥Σ1/2

0 A⊤
∥∥∥
op
. We conclude the proof of the exponential bound by using that ‖AEX‖2 +

∥∥∥Σ1/2
0 A⊤

∥∥∥
HS

≲∥∥Σ1/2A⊤
∥∥
HS

. The result in expectation follows from

E ‖AX‖22 = Tr[E[AXX⊤A⊤]] =
∥∥∥Σ1/2A⊤

∥∥∥2
HS

.

Under the same assumptions as in Lemma 14, we get that for all t ≥
∥∥Σ1/2A⊤

∥∥
HS

with probability at least
1 − exp

(
−ct2/

∥∥Σ1/2A⊤
∥∥2
op

)
, ‖AX‖2 ≤ t. The latter statement coincides with point (c) above for α = 2, K3 ∼∥∥Σ1/2A⊤

∥∥
op

and K ′
3 ∼

∥∥Σ1/2A⊤
∥∥
HS

meaning that ‖AX‖2 is a subgaussian variable with subgaussian norm satisfying

‖‖AX‖2‖ψ2
≲
∥∥∥Σ1/2A⊤

∥∥∥
HS

.

This follows from the equivalence between (a) and (c) above. As a consequence,∥∥∥‖AX‖22
∥∥∥
ψ1

≲
∥∥∥Σ1/2A⊤

∥∥∥2
HS

= E ‖AX‖22 ,

and so it follows from (3.46) that for all t > 0, with probability at least 1− exp(−ct),∣∣∣∣∣ 1N
N∑
i=1

‖AXi‖22 − E ‖AX‖22

∣∣∣∣∣ ≤ cE ‖AX‖22

(√
t

N
+

t

N

)
.

(Note that this results holds even if X is not centered and does not have independent coordinates unlike the Hansen-
Wright inequality from Theorem 6.2.1 in [Ver18]). For t ∼ N we just proved the following result.

Lemma 15. There exists an absolute constant c > 0 such that the following holds. Let X be a sub-gaussian vector
in Rp and denote Σ = EXX⊤ (X is not necessarily centered). Let A be a matrix in Rp×d. With probability at least
1− exp(−cN),

1

2

∥∥∥Σ1/2A⊤
∥∥∥2
HS

≤ 1

N

N∑
i=1

‖AXi‖22 ≤ 3

2

∥∥∥Σ1/2A⊤
∥∥∥2
HS

.
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3.5.1 Proof of Corollary 4
By the proof of Proposition 7 of [P2], if t−1 ∼ N− α

1+sα , regardless of the relationship between s and 2, we always
have

σ2
ξ

|J∗|
N

+ σ2
ξ

N Tr(Σ2
Jc
∗
)

(Nt−1)2
∼ σ2

ξN
− αs

1+αs , and ‖Σ
1
2

Jc
∗
β∗
Jc
∗
‖22 ∼ N− αs

1+αs .

The difference is that for ridge, ψ(B)
t (x) = 1

xt+1 , hence by the proof of Proposition 7 of [P2],∥∥∥Σ 1
2

J∗
ψ
(B)
t (Σ)β∗

J∗

∥∥∥2
2
∼ N− αs̃

1+αs̃ .

On the other hand, by Definition 6, item 2., we have∥∥∥Σ 1
2

J∗
ψ
(A)
t (Σ)β∗

J∗

∥∥∥2
2
=

∑
j≤k∗

t−1,b

σsj (ψ
(A)
t (σj))

2σ1−s
j 〈β∗, ej〉2

≤ C2
28t

−s
∥∥∥Σ 1−s

2

J∗
β∗
J∗

∥∥∥2
2
≲ N− αs

1+αs .

As the choice of t is optimal over the class RSob(s, α) (see, for instance, [LGSL24]), we conclude that {φ(A)}t≥1 �R
{φ(B)}t≥1 for any R ∈ RSob(s, α).

3.5.2 Proof of Corollary 5
For any t in the interval I = {t : b−1ε ≤ t−1 < σ}, it is easy to verify that k∗t−1,b = k. Moreover, since we have
assumed that for any 1 ≤ j ≤ k, there holds |〈β∗, ej〉| = α∗, and for any j > k, 〈β∗, ej〉 = 0, we have ‖Σ1/2

Jc
∗
β∗
Jc
∗
‖2 = 0.

Moreover, ‖Σ1/2
J∗
ψt(Σ)β

∗
J∗‖2 = (

∑
j≤k σψ

2
t (σ)α

2
∗)

1/2 = α∗ψt(σ)
√
kσ, and σξt

√
Tr(Σ2

Jc
∗
)/N = σξεt

√
(p− k)/N . We

compute that

SNR =
α∗

σξ

σ3/2

ε

√
kN

p− k
.

1. When ψt(x) = ψ
(Ridge)
t (x) = 1

xt+1 . Then

min
t∈I

r(Ridge)(VJ∗ , VJc
∗
) = σξ

√
k

N
+min

t∈I

(
σξεt

√
p− k

N
+ α∗

√
kσ

σt+ 1

)
.

Under the assumption that

4 <
α∗

σξ

σ3/2

ε

√
kN

p− k
<
σ

ε
b ≤

(
1 +

σ

ε
b
)2
,

the minimum is given by

min
t∈I

r(Ridge)(VJ∗ , VJc
∗
) = σξ

√
k

N
+
σξ
σ
ε

√
p− k

N

(
2
√
SNR− 1

)
. (3.48)

2. When ψt(x) = ψ
(GF)
t (x) = exp(−tx). Then

min
t∈I

r(GF)(VJ∗ , VJc
∗
) = σξ

√
k

N
+min

t∈I

(
σξεt

√
p− k

N
+ α∗

√
kσ exp(−tσ)

)
.

Under the assumption that

e <
α∗

σξ

σ3/2

ε

√
kN

p− k
<
σ

ε
b ≤ exp

(
σ

ε
b

)
,
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the minimum is given by

min
t∈I

r(GF)(VJ∗ , VJc
∗
) = σξ

√
k

N
+
σξ
σ
ε

√
p− k

N
(1 + log(SNR)) . (3.49)

Combining (3.48) and (3.49) and using the fact that 1 + log(SNR) ≤ 2
√
SNR− 1 for any SNR ≥ 1, we know that

min
t∈I

r(GF)(VJ∗ , VJc
∗
) ≤ min

t∈I
r(Ridge)(VJ∗ , VJc

∗
).

Moreover, when R→ ∞, {φ(Ridge)
t }t∈I ≺R {φ(GF)

t }t∈I .

3.5.3 Definition of the contour Ct and proof of Lemma 10
In this section, we construct the family of contours (Ct)t≥1 used in the formulae (3.18). This formulae follows from
the residue theorem, but, in order to apply this theorem, we need the contour Ct to surround both spectra of Σ and
Σ̂. By definition, the spectrum of Σ lies in [0, σ1] and the one of Σ̂ lies in [0, σ̂1]. Moreover, thanks to Lemma 9,
we know that on Ωt, we have σ̂1 ≤ 4(σ1 + t−1). As a consequence, formulae (3.18) is valid on Ωt if we construct a
contour Ct in such a way that it contains [0, 4(σ1+ t−1)]. Moreover, we also need to choose Ct so that Lemma 10 and
11 hold on Ωt.

We follow [LGSL24] for the construction of such a contour: for all t ≥ 1, define Ct = Ct,1 ∪ Ct,2 ∪ Ct,3 where
Ct,k, k = 1, 2, 3 are defined now. We let L : x ∈ R → αx+ β, where

α =
5(σ1 + t−1)

σ1 + t−1/2
, and β =

α

2t
.

Note that L(−1/(2t)) = 0 and L(σ1) = 5(σ1 + t−1) so that by setting
Ct,1 = {x+ L(x)i : x ∈ [−1/(2t), σ1]} ,
Ct,2 = {x− L(x)i : x ∈ [−1/(2t), σ1]} ,
Ct,3 =

{
z ∈ C : |z − σ1| = 5(σ1 + t−1),Re(z) ≥ σ1

}
,

(3.50)

the union ∪k=1,2,3Ct,k is well defining a contour in C; this is the one we call Ct depicted in Figure 3.1.

− 1
2t

0 σ1 4(σ1 + t−1)

Ct

Re

Im

Figure 3.1: The contour Ct defined in (3.50) surrounds both spectra of Σ and of Σ̂ on Ωt since, on that event,
σ̂1 ≤ 4(σ1 + t−1) thanks to Lemma 9.

Proof of Lemma 10

Proof. Let z ∈ Ct. We first show that
∥∥∥∥Σ 1

2
t

(
Σ̂− zIp

)−1

Σ
1
2
t

∥∥∥∥
op

≤ 3C. To that end, we first bound ‖Σ̂
1
2
t (Σ̂ −

zIp)
−1Σ̂

1
2
t ‖op from above and then we will conclude using Lemma 11. Using SVD, we have∥∥∥Σ̂ 1

2
t (Σ̂− zIp)

−1Σ̂
1
2
t

∥∥∥
op

= sup
σ∈σ(Σ̂)

∣∣∣∣σ + t−1

σ − z

∣∣∣∣
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where σ(Σ̂) denotes the spectrum of Σ̂. We recall that σ̂1 denotes the largest singular values of Σ̂1 so that σ(Σ̂) ⊂
[0, σ̂1]. Moreover, by Lemma 9, σ̂1 < 4(σ1 + t−1) on Ωt. As a consequence, on Ωt,∥∥∥Σ̂ 1

2
t (Σ̂− zIp)

−1Σ̂
1
2
t

∥∥∥
op

≤ sup
0≤σ≤4(σ1+t−1)

∣∣∣∣σ + t−1

σ − z

∣∣∣∣ .
We are now considering two cases: either z belongs to the ’linear’ section Ct,1 ∪ Ct,2 of the contour Ct or to the
semi-circle section Ct,3, see the definitions in (3.50). We start with the linear section.

First case, when z = x± L(x)i ∈ Ct,1 ∪ Ct,2, where x ∈ [−1/(2t), σ1], we get

sup
σ∈σ(Σ̂)

∣∣∣∣σ + t−1

σ − z

∣∣∣∣2 ≤ sup
σ≥0

∣∣∣∣σ + t−1

σ − z

∣∣∣∣2 .
Let y = σ + t−1, B = x+ t−1, and C = B2 + L(x)2. Then |σ − z|2 = (σ − x)2 + L(x)2 = (y −B)2 + C −B2, thus∣∣∣∣σ + t−1

σ − z

∣∣∣∣2 =
y2

y2 − 2By + C
.

The function y 7→ y2

y2−2By+C is maximized at y = max{CB , t
−1}. Therefore when C

B > t−1, we have the maximum
C

C−B2 , otherwise we have the maximum when y = t−1, when σ = 0. Solving t−1 = C
B gives x0 = − 1

2t +
1

2t
√
1+α2

.

• If C
B > t−1, combined with x > − 1

2t , we have x > − 2−
√
2

4 t−1, and the maximum is given by C
C−B2 =

1 + (x+t−1)2

α2(x+ 1
2t )

2 . Let δ = tx, then

sup
σ≥0

∣∣∣∣σ + t−1

σ − z

∣∣∣∣2 = sup

(
1 +

1

α2

(δ + 1)2

(δ + 1
2 )

2
: −1

2
≤ δ ≤ tσ1

)
.

One may show that the maximum is achieved when δ = tx0, and

sup
σ≥0

∣∣∣∣σ + t−1

σ − z

∣∣∣∣2 = 2 +
2

α2

(
1 +

√
1 + α2

)
, where α =

5(σ1 + t−1)

σ1 + t−1/2
.

• Else, the maximum is given by

sup
σ≥0

∣∣∣∣σ + t−1

σ − z

∣∣∣∣2 =
t−2

x2 + α2
(
x+ 1

2t

)2 ≤ 5(1 + α2)

α2
.

As a consequence, when z ∈ Ct,1 ∪ Ct,2, we have

sup
σ∈σ(Σ̂)

∣∣∣∣σ + t−1

σ − z

∣∣∣∣2 ≤ 8.

Second case, when z ∈ Ct,3. We have |σ − z| ≥ 2σ1 + t−1 for σ ∈ σ(Σ̂) ⊆ [0, σ̂1], so, on Ωt, it follows from
Lemma 9 that σ̂1 < 4(σ1 + t−1) and so

sup
σ∈σ(Σ̂)

∣∣∣∣σ + t−1

σ − z

∣∣∣∣ ≤ 4σ1 + 5t−1

2σ1 + 5t1
≤ 5.

Recall that from Lemma 11,

‖Σ− 1
2

t Σ̂
1
2
t ‖2op ≤ 2, and ‖Σ

1
2

J Σ̂
− 1

2
t ‖2op ≤ 2.

The upper bound of ‖Σ
1
2

J

(
Σ̂− zIp

)−1

Σ
1
2

J ‖op is given by:∥∥∥∥Σ 1
2

J

(
Σ̂− zIp

)−1

Σ
1
2

J

∥∥∥∥
op
<
∥∥∥Σ 1

2

J Σ̂
− 1

2
t

∥∥∥
op

∥∥∥Σ̂ 1
2
t (Σ̂− zIp)

−1Σ̂
1
2
t

∥∥∥
op

∥∥∥Σ 1
2

J Σ̂
− 1

2
t

∥∥∥
op
< 3C,
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for some absolute constant C > 1.
The upper bound for ‖Σ

1
2
t (Σ− zIp)

−1Σ
1
2
t ‖op is similar but simpler since∥∥∥Σ 1

2
t (Σ− zIp)

−1Σ
1
2
t

∥∥∥
op

= sup
σ∈σ(Σ)

∣∣∣∣σ + t−1

σ − z

∣∣∣∣
and σ(Σ) ⊂ [0, σ1], so we omit it.

Finally, we move to the integral of the holomorphic extensions of the filter and residual functions. We have∮
Ct

|φt(z)dz| ≤ C

∮
Ct

1

|z + t−1|
|dz|.

Now we focus on the latter integral. For z ∈ Ct,1, we have |z + t−1| ≥
√
17t−1 and thus∫

Ct,1

1

|z + t−1|
|dz| ≤ 1√

17
t−1 |Ct,1| ≤ C

for some absolute constant C > 1, where we notice that |Ct,1| ≤ Ct−1. For Ct,2, we have∫
Ct,2

1

|z + t−1|
|dz| = 2

∫ σ1

0

1

|x+ (x+ t−1/2)i+ t−1|
√
2 dx

≤ C

∫ σ1

0

1

x+ t−1
dx ≤ C log(t),

where we have used that assumption that σ1 is at most a constant. For z ∈ Ct,3, we have |z + t−1| ≥
√
17(σ1 + t−1)

and thus ∫
Ct,3

1

|z + t−1|
|dz| ≤ 1√

17(σ1 + t−1)
|Ct,3| ≤ C,

for some absolute constant.

3.5.4 Proof of Lemma 11
Proof. On the event Ωt, we have∥∥∥Σ− 1

2
t Σ̂

1
2
t

∥∥∥2
op

=
∥∥∥Σ− 1

2
t Σ̂tΣ

− 1
2

t

∥∥∥
op

=
∥∥∥Σ− 1

2
t

(
Σ̂ + t−1I

)
Σ

− 1
2

t

∥∥∥
op

=
∥∥∥Σ− 1

2
t

(
Σ̂− Σ+ Σ+ t−1I

)
Σ

− 1
2

t

∥∥∥
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≤
∥∥∥Σ− 1

2
t

(
Σ̂− Σ

)
Σ

− 1
2

t

∥∥∥
op

+ 1 ≤ □+ 1 ≤ 2.

Let us now move to the first statemant of Lemma 11. On the event Ωt we have∥∥∥Σ−1/2
t (Σ̂− Σ)Σ

−1/2
t

∥∥∥
op

≤ □ < 1,

as a consequence, we have on that event∥∥∥∥(I − Σ
− 1

2
t

(
Σ̂− Σ

)
Σ

− 1
2

t

)−1
∥∥∥∥

op
≤

∞∑
k=0

∥∥∥Σ− 1
2

t

(
Σ̂− Σ

)
Σ

− 1
2

t

∥∥∥k
op

≤
∞∑
k=0

□k ≤ 2

because □ ≤ 1/2. Next, using (3.11), we observe that∥∥∥Σ 1
2

J Σ̂
− 1

2
t

∥∥∥2
op

≤
∥∥∥Σ 1

2

JΣ
− 1

2
t

∥∥∥2
op

∥∥∥Σ 1
2
t Σ̂

− 1
2

t

∥∥∥2
op

≤
∥∥∥Σ 1

2
t Σ̂

− 1
2

t

∥∥∥2
op

=
∥∥∥Σ 1

2
t Σ̂

−1
t Σ

1
2
t

∥∥∥
op

=

∥∥∥∥(Σ− 1
2

t Σ̂tΣ
− 1

2
t

)−1
∥∥∥∥

op
=

∥∥∥∥(I − Σ
− 1

2
t

(
Σ̂− Σ

)
Σ

− 1
2

t

)−1
∥∥∥∥

op
.
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3.6 Statistical analysis of PCR: proof of Theorem 9
In this section we prove Theorem 9. We recall that the Principle Component Regression (PCR) estimator β̂ =
1
Nφt(Σ̂)X

⊤y is obtained for the filter function and its associated residual function given for t ≥ 1 by

φt : x > 0 7→ x−1
1(x ≥ bt−1), and ψt : x ∈ R 7→ 1− xφt(x) = 1(x < bt−1)

where 0 < b < 1 is the same parameter used in the definition of

k∗ := min
(
k ∈ [p] : σk+1 ≤ bt−1

)
,

the estimation dimension. In this section, we also denote J = J∗ = [k∗].
First note that for all t ≥ 1 and x > 0, we have

φt(x) =
1

x
1(x ≥ bt−1) ≤ C1

x+ t−1
for C1 =

b+ 1

b
(3.51)

so that Assumption 5 is satisfied by PCR’s filter function for c1 = 0 and C1 = (b+ 1)/b.
A key observation in the analysis of PCR estimator is that, for a given SDP matrix M , ψt(M) is the orthogonal

projection on the eigenspace ofM spanned by all eigenvectors associated with eigenvalues less than bt−1. In particular,
ψt(Σ) = PJc =

∑
j∈Jc ej ⊗ ej and so for all β ∈ VJ , ψt(Σ)β = 0. We also observe that xφt(x) = 1(x ≥ bt−1) so

that Σφt(Σ) = PJ ; in particular, for β̃J defined in Section 3.3.2 we have β̃J = φt(Σ)Σβ
∗ = PJβ

∗ = β∗
J . As a

consequence, the risk decomposition of the estimation part from Section 3.3.2 can be made simpler in the PCR case.
Let us now start the risk analysis of the PCR estimator. As in (3.10), we recall the risk decomposition that

follows from the FSD method:∥∥∥Σ1/2
(
β̂ − β∗

)∥∥∥
2
≤
∥∥∥Σ1/2

J

(
β̂J − β∗

J

)∥∥∥
2
+
∥∥∥Σ1/2

Jc β̂Jc

∥∥∥
2
+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2
.

Next, as mentioned above, the risk decomposition of the estimation part is simpler for the PCR estimator than in
(3.19) since we have ∥∥∥Σ1/2

J (β̂J − β∗
J)
∥∥∥
2
≤
∥∥∥Σ1/2

J (β̂J(Xβ
∗
J)− β∗

J)
∥∥∥
2
+
∥∥∥Σ1/2

J β̂J(Xβ
∗
Jc + ξ)

∥∥∥
2
.

Now, we upper bound the two terms from this sum. For the first term, we have on Ωt∥∥∥Σ1/2
J (β̂J(Xβ

∗
J)− β∗

J)
∥∥∥
2
=
∥∥∥Σ1/2

J

(
ψt(Σ̂)− ψt(Σ)

)
β∗
J

∥∥∥
2
≲ □
θ2

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2

where the last inequality follows from an adaptation of the argument used in (3.26) to the PCR case for the contour
Ct defined in (3.54): thanks to (3.53), we indeed have∥∥∥Σ 1

2

J

(
ψt(Σ)− ψt(Σ̂)

)
β∗
J

∥∥∥
2
=

1

2π

∥∥∥∥∮
Ct

Σ
1
2

J (Σ̂− zIp)
−1(Σ̂− Σ)(Σ− zIp)

−1β∗
Jdz

∥∥∥∥
2

≤ 1

2π

∮
Ct

∥∥∥∥Σ 1
2
t

(
Σ̂− zIp

)−1

Σ
1
2
t

∥∥∥∥
op

∥∥∥Σ− 1
2

t

(
Σ̂− Σ

)
Σ

− 1
2

t

∥∥∥
op

∥∥∥Σ 1
2
t (Σ− zIp)

−1Σ
1
2

J

∥∥∥
op

·
∥∥∥Σ−1/2

J β∗
J

∥∥∥
2
|dz|

≲ □
θ2

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2

∮
Ct

|dz| ≲ □
θ2

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2
.

(3.52)

For the second term, we use exactly the same arguments as in Section 3.3.2: with probability at least 1−exp(−c|J |)−
P[Ωct ],

‖Σ1/2
J β̂J(Xβ

∗
Jc + ξ)‖2 ≲ ‖Σ1/2

Jc β∗
Jc‖2 + σξ

√
|J |
N
.

As a consequence, we conclude that for the estimation part, we have with probability at least 1− exp(−c|J |)−P[Ωct ],∥∥∥Σ1/2
J

(
β̂J − β∗

J

)∥∥∥
2
≲ □
θ2

∥∥∥Σ−1/2
J β∗

J

∥∥∥
2
+ ‖Σ1/2

Jc β∗
Jc‖2 + σξ

√
|J |
N
.
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Now, we prove a high probability upper bound on the ’noise absorption’ part of the PCR estimator, i.e. on the
quantity

∥∥∥Σ1/2
Jc β̂Jc

∥∥∥
2
. We follow the same analysis as in Section 3.3.3 but for the contour Ct specially designed for

the PCR estimator, i.e. the one from (3.54) and where we use Lemma 16 instead of Lemma 10: with probability at
least 1− 2 exp(−c|J |)− P[Ωct ],∥∥∥Σ1/2

Jc β̂Jc

∥∥∥
2
≲ □
θ2

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2
+
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2
+ σξ

√
|J |
N

+ σξt

√
Tr(Σ2

Jc)

N
.

Gathering both controls on the estimation part and the noise absorption part in the risk decomposition of the
PCR estimator that follows from the FSD method, we obtain that with probability at least 1 − c exp(−|J |/c) −
c exp(−□2N/c),

∥∥∥Σ1/2
(
β̂ − β∗)∥∥∥

2
≲
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥
2
+ σξ

√
|J |
N

+ σξt

√
Tr(Σ2

Jc)

N
+

□
θ2

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2

≲ r(VJ , VJc) +
□
θ2

∥∥∥Σ− 1
2

J β∗
J

∥∥∥
2
.

3.6.1 Construction and properties of the contour for the analysis of PCR
Let Ct ⊂ C be a contour such that:

(i) Ct surrounds the set of all singular values of Σ and Σ̂ below bt−1, i.e. the set
[
σ(Σ) ∪ σ(Σ̂)

]
∩ [0, bt−1],

(ii) all singular values of Σ and Σ̂ above bt−1, i.e. the set
[
σ(Σ) ∪ σ(Σ̂)

]
∩ [bt−1,+∞] are ’outside’ Ct.

For a contour Ct satisfying the two points above, it follows from [Kat95, pp. 39], see also [KL16, pp. 1984] that

ψt(Σ)− ψt(Σ̂) = PJc − P̂ =
1

2πi

∮
Ct

[
(Σ̂− zI)−1 − (Σ− zI)−1

]
dz

= − 1

2πi

∮
Ct

(Σ̂− zI)−1(Σ̂− Σ)(Σ− zI)−1dz (3.53)

where P̂ is the orthogonal projection onto the space spanned by all singular vectors of Σ̂ associated with a singular
value less than bt−1. In particular, we recover a formulae similar to (3.18) but for ψt.

Now we define a contour that to satisfies the two requirements above. This contour is a counterclockwise rectangle
Ct = Ct,1 t Ct,2 t Ct,3 t Ct,4 made of the four segments:

Ct,1 = {−1 + iy : −1 ≤ y ≤ 1} , Ct,2 =
{
bt−1 + iy : −1 ≤ y ≤ 1

}
,

Ct,3 =
{
x+ i : −1 ≤ x ≤ bt−1

}
and Ct,4 =

{
x− i : −1 ≤ x ≤ bt−1

}
.

(3.54)

It is clear from the definition of Ct that the two conditions (i) and (ii) are satisfied by this contour. Let us now
turn to properties of Ct that will be useful for the statistical analysis of PCR, i.e. to results similar to the one from
Lemma 10. We first recall that the k∗-th spectral gap of Σ is the quantity γk∗ = σk∗ − σk∗+1. The following result
requires γk∗ to be large enough so that θ > 0 where we recall that

θ := min
(
bt−1 −

(
σk∗+1 +□(σk∗+1 + t−1)

)
,
(
σk∗ −□(σk∗ + t−1)

)
− bt−1

)
Lemma 16. Let t ≥ 1, 0 < □ < 1/9 and 0 < b < 1 be such that θ > 0. Let Ct be the contour defined in (3.54). For
all z ∈ Ct, we have ∥∥∥Σ 1

2
t (Σ− zIp)

−1Σ
1
2
t

∥∥∥
op

≤ 2

θ
and

∮
Ct

|dz| ≤ 6.

Moreover, on Ωt we have for all z ∈ Ct,
∥∥∥∥Σ1/2

t

(
Σ̂− zIp

)−1

Σ
1/2
t

∥∥∥∥
op

≤ 2/θ.
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Proof. Let z ∈ Ct. We have∥∥∥Σ 1
2
t (Σ− zIp)

−1Σ
1
2
t

∥∥∥
op

= max

(∣∣∣∣σj + t−1

σj − z

∣∣∣∣ : j ∈ J

)
≤ max

(∣∣∣∣ σj + t−1

σj − bt−1

∣∣∣∣ : j ∈ J

)
≤ 2

θ
.

Given that bt−1 ≤ 1, the length of Ct is at most 6 and so
∮
Ct
|dz| ≤ 6. Next, we have∥∥∥∥Σ 1

2
t

(
Σ̂− zIp

)−1

Σ
1
2
t

∥∥∥∥
op

≤ σ1 + t−1

minj |σ̂j − z|
≤ 2

minj |σ̂j − bt−1|
.

On the event Ωt, it follows from (3.16) that for all u ∈ Rp,

(1−□)
∥∥∥Σ1/2u

∥∥∥2
2
−□t−1 ‖u‖22 ≤

∥∥∥Σ̂1/2u
∥∥∥2
2
≤ (1 +□)

∥∥∥Σ1/2u
∥∥∥2
2
+□t−1 ‖u‖22 . (3.55)

As a consequence, for all u ∈ VJ∗ , we have∥∥∥Σ̂u∥∥∥
2
≥
[
(1−□)σk∗ −□t−1

]
‖u‖2 (3.56)

and for all u ∈ VJc
∗
, ∥∥∥Σ̂u∥∥∥

2
≤
[
(1 +□)σk∗+1 +□t−1

]
‖u‖2 . (3.57)

Given that VJ∗ is of dimension k∗ (and so VJc
∗
is of dimension p− k∗), it follows from (3.56), (3.57) and the Courant-

Fischer minimax variational formulas (see for instance Theorem 4.2.1 in [CGLP12]) that

σ̂k∗ = max
V :dim(V )=k∗

min
u∈V :∥u∥2=1

∥∥∥Σ̂u∥∥∥
2
≥ min

u∈VJ∗ :∥u∥2=1

∥∥∥Σ̂u∥∥∥
2
≥ σk∗ −□

[
σk∗ + t−1

]
.

and
σ̂k∗+1 = min

V :dim(V )=p−k∗
max

u∈V :∥u∥2=1

∥∥∥Σ̂u∥∥∥
2
≤ max

u∈VJc
∗ :∥u∥2=1

∥∥∥Σ̂u∥∥∥
2
≤ σk∗+1 +□

[
σk∗+1 + t−1

]
.

As a consequence, on Ωt, we obtain that
min
j

∣∣σ̂j − bt−1
∣∣ ≥ θ

and so the result follows.



Chapter 4

Benign overfitting property of the
minimum ℓq norm interpolant estimator
via Feature Space Decomposition

“The unknown thing to be known appeared to me as some stretch of earth or hard marl,
resisting penetration… the sea advances insensibly in silence, nothing seems to happen,
nothing moves, the water is so far off you hardly hear it… yet it finally surrounds the
resistant substance.”

— Alexandre Grothendieck, Récoltes et Semailles(1985), pp. 552–553.

In this chapter, we apply the FSD method introduced in Section 1.5 to study the benign overfitting phenomenon in
the minimum ℓq-norm interpolant estimator in linear regression and the minimum ℓ2-norm interpolant classifier in
linear classification.

4.1 Introduction
We consider the linear model in this chapter, where the function class is given by F = {fβ(·) = 〈β, ·〉 : β ∈ Rp}.
In the following, we will identify fβ with β. In this chapter, all inner products 〈·, ·〉 are Euclidean inner products.
In this chapter, we always assume that N < p and that σξ is a constant independent of N and p. Under the linear
model, the regression and classification problems can be formulated as follows.

• Regression problem. Let σξ > 0 denote a positive real number, referred to as the noise level, and let ξ ∈ R be
a centered random variable with variance σ2

ξ , independent of X. Assume there exists β∗ ∈ Rp, referred to as
the signal, such that Y = 〈β∗, X〉 + ξ. It is straightforward to verify that fβ∗ is the minimizer of Pℓ(2)f and
that PL(2)

β̂
= ‖〈X, β̂ − β∗〉‖2L2(µX), where we use L(2) to emphasize the excess risk for the squared loss.

• Classification problem. Assume that Y ∈ {−1, 1}. Let η : x ∈ Rp 7→ P(Y = 1 | X = x) denote the posterior
distribution function. It is straightforward to verify that, in the classification problem, the Bayes rule is given
by x ∈ Rp 7→ sign(η(x) − 1

2 ), where sign(t) = 1 if t > 0; sign(t) = −1 if t < 0; and sign(t) ∈ [−1, 1] if t = 0.
This Bayes rule typically does not belong to the linear model. In classification problems we usually compare
with the population excess risk of the Bayes rule. In this case, the population excess risk is

PL{0,1}
β̂

= P
(
sign

(
〈β̂, X〉

)
6= Y

∣∣(Xi, Yi)
N
i=1

)
− P(sign(η(X)− 1

2
) 6= Y ). (4.1)

Here we use L{0,1}
β to emphasize that this is the excess risk for the 0-1 loss.

Minimum Norm Interpolant Estimator. In this chapter, the estimators β̂ considered are minimum norm
interpolant estimators for various choices of norms. We now introduce the necessary notation to define β̂. For any
1 ≤ q <∞, let ‖ · ‖q : v ∈ Rp 7→ (

∑p
j=1 |〈v, ej〉|q)1/q be the ℓpq norm with respect to the canonical basis {e1, · · · , ep}
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and ‖ · ‖∞ : v ∈ Rp 7→ max(|〈v, ej〉| : j ∈ [p]) be the ℓp∞ norm, where [p] = {1, · · · , p}. Suppose q is independent
with N and p. Sometimes, we also use notation ‖ · ‖2 to denote the ℓ2 norm in RN , but this is usually clear from the
context. In regression and classification problems, we respectively define the minimum ℓq norm interpolant estimator
as follows:

• In the linear regression model, the minimum ℓq-norm interpolant estimator is

β̂ = argmin
β∈Rp

(
‖β‖q : ∀i ∈ [N ], 〈Xi,β〉 = Yi

)
. (4.2)

• In the classification mode, the minimum ℓ2-norm interpolant estimator is

β̂ ∈ argmin
β∈Rp

(‖β‖2 : ∀i ∈ [N ], Yi 〈Xi,β〉 ≥ 1) , (4.3)

which is called the minimum ℓ2-norm/max-margin interpolant classifier, also known as hard margin support
vectors machine.

That is, β̂ achieves zero training error on the training data with PN ℓ(2)β̂
= 0 or PN ℓ{0,1}β̂

= 0 and among all estimator
having this property β̂ is the one with the smallest norm (for some given norm).

Benign overfitting. When an estimator f̂ satisfies PN ℓf̂ = 0, we refer to it as an interpolant estimator or overfitting
estimator. The research objective of benign overfitting is to investigate the necessary and sufficient conditions under
which overfitting is harmless to generalization, i.e., to determine under what conditions Pℓf̂ remains small even
though it interpolates the data - a property previously considered as an obstacle to generalization. Therefore, we
define the following two types of benign overfitting.

• We say that an overfitting estimator f̂ exhibits exact benign overfitting if, as N, p → ∞, the population
excess risk PLf̂ = Pℓf̂ − Pℓf∗ converges to zero.

• We say that an overfitting estimator f̂ exhibits non-exact benign overfitting if there exists 0 < ε < 1 such
that, as N, p→ ∞, the non-exact population excess risk satisfies lim supPℓf̂ − (1 + ε)Pℓf∗ ≤ 0.

In the existing literature, there exists yet another definition. To name a few, [CGB22, FVBS23, FCB22, XWF+23,
WMT21, KCCG23, MZC23, KYS23, JHZ+24]. Although these works also refer to it as “benign overfitting”, we shall
distinguish it in this chapter by calling it “test error benign overfitting”, defined as follows. We say that an overfitting
estimator f̂ exhibits test error benign overfitting if, as N, p→ ∞, the population risk Pℓf̂ → 0.

In what follows, unless otherwise specified, benign overfitting refers to exact benign overfitting. To the best of our
knowledge, non-exact benign overfitting is a novel concept, motivated by the notion of non-exact oracle inequalities,
[Kol11]. Strictly speaking, non-exact benign overfitting belongs to the class of tempered overfitting [MSA+22] —
specifically, where PLf̂ is finite but non-zero. Yet it delivers more information than tempered overfitting since ε is
small.

If one aims to demonstrate the smallness of Pℓf̂ , in many cases it suffices to compare it to (1 + ε)Pℓf∗ – this
is precisely the motivation of non-exact oracle inequality, [Kol11]. While this is trivial in regression settings when
ε is a constant, it is often effective in classification problems. Test error benign overfitting constitutes precisely
such an example. As test error benign overfitting requires Pℓf̂ → 0, the comparison with (1 + ε)Pℓf∗ in non-
exact benign overfitting implies test error benign overfitting, since the test error benign overfitting implicitly implies
that Pℓf∗ → 0. In contrast, if we only know that PLf̂ is finite (i.e., tempered overfitting), then we cannot conclude
Pℓf̂ → 0 even though Pℓf∗ may go to 0. On the other hand, the key distinction between non-exact benign overfitting
and test error benign overfitting lies in whether Pℓf∗ tends to zero or not. In classical mathematical statistics, Pℓf∗

typically measures the difficulty level of a statistical problem as it measures the ’size’ of the noise. If Pℓf∗ → 0,
it indicates that the statistical problem becomes relatively simple as p → +∞. Therefore, we argue that non-exact
benign overfitting represents an intermediate phenomenon between exact benign overfitting and test error benign
overfitting. Compared to exact benign overfitting, it is more likely to hold, while in more challenging statistical
problems, it can provide richer information about Pℓf̂ when test error benign overfitting does not hold because Pℓf∗

may not tend to 0.
As a brief remark, when ε is not a fixed constant but instead satisfies εPℓf∗ = o(1) as N, p → ∞, non-exact

benign overfitting in fact implies benign overfitting.
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4.1.1 Our Contributions
1. We develop a feature space decomposition analytical framework for supervised regression and classification prob-

lems. As an improvement over uniform convergence arguments, this method can be applied to any supervised
learning problem to obtain sharper high-probability upper bounds for an estimator’s population excess risk.
This approach potentially refines one of the most fundamental methodologies in mathematical statistics—the
uniform convergence argument.

2. As concrete applications, we investigate the self-regularization properties of minimum ℓq-norm interpolant
estimators for all q ≥ 1, establishing non-asymptotic high-probability upper bounds for: (i) the estimation
error of minimum ℓq-norm interpolant estimators in linear regression, and (ii) the 0 − 1 excress risk of the
minimum ℓ2-norm classifiers in linear classification. This yields sufficient conditions for benign overfitting for
these interpolant estimators. Our self-regularization argument may serve as a foundational method for analyzing
statistical properties of minimum ℓq norm interpolant estimators. Remarkably, through self-regularization, we
discover that projections of minimum norm interpolants correspond to classical estimators like the square-
root LASSO, squared hinge loss support vector machines, and regularized M-estimators—a novel phenomenon
previously unrecognized in the literature.

3. We propose a new characterization of benign overfitting called non-exact benign overfitting. This overlooked
phenomenon provides more information than test-error-based benign overfitting while being more broadly
applicable than exact benign overfitting. Consequently, non-exact benign overfitting may emerge as a new
evaluative metric for overfitting estimators. We establish sufficient conditions for the occurrence of non-exact
benign overfitting for the aformentioned minimum ℓq/ℓ2-norm interpolant estimators.

4. We extend the Dvoretzky–Milman theorem to the ‖ · ‖q′ ‑norm under general probability measures. This is a
result of independent interest.

4.1.2 Notation
For any 1 ≤ q < ∞, we denote Bpq is the unit ball of ‖ · ‖q, Spq is the unit sphere of it, except Sp−1

2 is preserved for
the unit sphere of ‖ · ‖2. For any orthogonal projection PJ onto some subspace VJ ⊂ Rp, we denote BJq = PJB

p
q ,

SJq = PJS
p
q , and SJ2 = PJS

p−1
2 . We denote IVJ

: v ∈ VJ 7→ v as the identical operator. We use ≲ (or ≳) to
denote inequality up to multiplicative constant. We say a random vector is sub-Gaussian, if it satisfies [Ver18,
Definition 3.4.1]. For a deterministic vector v ∈ Rp and a P.S.D. matrix A ∈ Rp×p, we denote by N (v, A) the
standard Gaussian random vector whose mean is v and covariance matrix is A. We write dim(VJ) as the linear
dimension of VJ . For a vector β ∈ Rp, we write βj = 〈β, ej〉 for each j ∈ [p]. For any convex body K ⊂ Rp, we
define ℓ∗(K) = E(sup〈v, G〉 : v ∈ K) as the Gaussian mean width of K, where G ∈ Rp is a standard Gaussian
random vector. We denote K◦ = {v ∈ Rp : 〈v,u〉 ≤ 1, ∀u ∈ K} as the polar body of K. We let diam(K) =
max(‖v‖2 : v ∈ K) = max(‖u‖K◦ : u ∈ Bp2) be the ℓ2 diameter of K, where ‖ · ‖K◦ is the norm whose unit ball
is K◦. Denote ℓ∗(K) = E sup(〈v, G〉 : v ∈ K) by the Gaussian mean width of K, where G is a standard Gaussian
random vector. Denote d∗(K) = (ℓ∗(K

◦)/ diam(K◦))2 to be the Dvoretzky dimension of K. If ζ1, · · · are random
variables, we denote Eζ1 as the conditional expectation given all other random variables. We say a centered random
vector ζ ∈ Rp is isotropic, if E[ζ ⊗ ζ] = IRp . We say ζ is centered, if E[ζ] : v ∈ Rp 7→ E[〈ζ,v〉] = 0. We denote
by Lq the corresponding Lq space, where the underlying probability measure is usually clear from the context. Let
Σ = E[X ⊗X] : v ∈ Rp 7→ E[X〈X,v〉] ∈ Rp be the population covariance matrix of X. Let σ1 ≥ σ2 ≥ · · · ≥ σp > 0
be eigenvalues of Σ. For any matrix A ∈ Rp×p, let Tr(A) be its trace, and ‖A‖ℓq→ℓ2 = sup(‖Av‖2 : ‖v‖q = 1) be
the ℓq → ℓ2 operator norm. In particular, the ℓ2→ℓ2 operator norm is denoted by ‖ · ‖op.

4.1.3 Structure of this chapter
We present the principal findings of this work in Section 4.2. Before delving into the technical proofs, Section 4.3
examines the phenomenon of self-regularization — the key mechanism enabling benign overfitting — that is explored
in the ’estimation’ subspace VJ when applying the features space decomposition method. Section 4.4 then investigates
the noise absorption phenomenon in high-dimensional subspaces. Together, these two components form the analytical
foundation of our main results. The corresponding proofs can be found in Section 4.6, Section 4.7, and Section 4.8,
respectively. Section 4.5 contains the conclusions of this chapter and some future directions.

Since this chapter focuses on the minimum ℓ2-norm interpolating classifier, we select β∗
J in the following manner.

We first define several quantities that will be used throughout the discussion. The significance of these quantities
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will be explained later. Let ℓ : R× R → R be the squared hinge loss (also called the truncated quadratic loss), that
is,

ℓ : (y, y′) ∈ (R× R) 7→ (1− yy′)2+, where (·)+ : x ∈ R 7→ (x)+ = max{x, 0}. (4.4)

Given an arbitrary decomposition of Rp as VJ ⊕⊥ VJc (in particular, this does not imply that VJ or VJc must be
spanned by the eigenvectors of Σ), we define the oracle in VJ for the squared hinge loss as

β∗
J ∈ argmin

(
PℓβJ

(X,Y ) : βJ ∈ VJ
)
, where ℓβ(X,Y ) = ℓ(〈X,β〉 , Y ). (4.5)

In Section 4.3.3 later, we show that β̂J is the RERM corresponding to the squared hinge loss, thereby explaining why
this oracle is chosen. We continue with the main idea of FSD: β̂J is used for estimation, while β̂Jc serves as noise
interpolation. Thus, we should treat the 0-1 risk of β̂J relative to the oracle β∗

J as the estimation error, and consider
β̂Jc as the model noise. Additionally, we approximate sign(η(X) − 1/2) by sign(〈β∗

J , X〉) as the approximation
error of the model. Our intuition suggests that VJ is the subspace spanned by the optimal linear classifier, and we
anticipate that the oracle β∗

J in this subspace aligns with the optimal linear classifier. Consequently, this would
render the estimation error (1.18) equal to zero.

4.2 Main Results
In this section, we present our main results on exact and non-exact benign overfitting for minimum norm interpolant
estimators in both linear regression and classification problems.

4.2.1 Regression problem
We now present the first main result of this chapter: sufficient conditions for the minimum ℓq-norm interpolant
estimator to exhibit non-exact benign overfitting properties. We begin by introducing some notation and terminology.

For any x ≥ 0 and y ∈ R, let

αq(x, y) =

{
q
2x

q−2y2, if |y| ≤ x

|y|q +
(
q
2 − 1

)
xq, otherwise.

(4.6)

This function was introduced in [BCLL18]. For any ρ > 0, we define the set ρKmodel = {v ∈ VJ :
∑
j∈J αq(|β∗

j |, vj) ≤
ρq} when q < 2; while ρKmodel = ρBJq otherwise. Define

|||β||| = sup

(
〈β,u〉 : u ∈ C29

√
N

ℓ∗(Σ
1/2
Jc B

p
q )
Kmodel ∩ Σ

−1/2
J BJ2

)
, (4.7)

where C29 = C29(q) is some absolute constant.

Remark 8. Kmodel is a non‑empty convex set containing β∗
J .

Define

r(VJ , VJc) =


σξ

(
|J|
N

) 1
2(q−1)

+ ‖Σ1/2
Jc β∗

Jc‖2 +
∣∣∣∣∣∣β∗

J � |β∗
J |⊙(q−2)

∣∣∣∣∣∣ 1
q−1 ℓ

q
q−1
∗ (Σ

1/2
Jc B

p
q )

N
q

2(q−1)
, q ≥ 2

σ
1
3

ξ

(
|J|
N

) 1
6

+ ‖Σ1/2
Jc β∗

Jc‖2 + σq−2
ξ

∣∣∣∣∣∣β∗
J � |β∗

J |⊙(q−2)
∣∣∣∣∣∣ ℓq∗(Σ1/2

Jc B
p
q )

N
q
2

, 1 < q < 2√
|J|
N + ‖Σ1/2

Jc β∗
Jc‖2 + ε1σξ , q = 1.

(4.8)

Let Log(x) = max{1, ln(x)}. We say that an FSD Rp = VJ⊕VJc is admissible if the following conditions are satisfied:

1. VJ = span(ej : j ∈ J).

2. XJ and XJc are independent.

3. There exist 0 < ε1, κRIP , κDM < 1 such that κ−1
RIP |J | ≤ N ≤ κDMε

2
1d∗(Σ

−1/2
Jc Bpq′)Log

−2(|Jc|1/q′/d∗(Σ−1/2
Jc Bpq′))

when q ≥ 2 and κ−1
RIP |J | ≤ N ≤ κDMε

2
1d∗(Σ

−1/2
Jc Bpq′) when 1 ≤ q < 2. When XJc follows a Gaussian measure,

this logarithmic factor can be removed.
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The main theorem of this section is stated below. The proof of Theorem 10 can be found in Section 4.7.

Theorem 10. Suppose ξ is independent with X, E[ξ] = 0, E[ξ2] = σ2
ξ and E[X] = 0. There exists an absolute

constant C30 = C30(q) > 1 such that the following holds. For any admissible FSD (VJ , VJc), the following holds with
probability at least as specified in (4.43) later: ‖〈β̂ − β∗, X〉‖2L2(µX) ≤ 2‖Σ1/2

J (β̂J − β∗
J)‖22 + 2‖Σ1/2

Jc (β̂Jc − β∗
Jc)‖22

where

‖Σ1/2
J (β̂J − β∗

J)‖2 ≤ C30 r(VJ , VJc) and ‖Σ1/2
Jc (β̂Jc − β∗

Jc)‖2 ≤ C30 r(VJ , VJc) + C30

√
N

d∗(Σ
−1/2
Jc Bpq′)

σξ, (4.9)

provided that, in each of the regimes q = 1, 1 < q < 2, and q ≥ 2, the corresponding assumptions ensuring these
bounds are satisfied.

1. When q ≥ 2,

(a) either there exists a sub-Gaussian random vector Z ∈ VJc with i.i.d. coordinates and a diagonal matrix
ΣJc such that XJc = Σ

1/2
Jc Z;

(b) or X is a Gaussian random vector and ΣJc is not necessarily to be diagonal.

2. When 1 < q < 2, assume that XJ ∼ N (0,ΣJ), ξ ∼ N (0, σ2
ξ ). Suppose

(a) either β∗
Jc = 0, then the assumption on XJc is the same as in the case q ≥ 2;

(b) or XJc ∼ N (0,ΣJc).

3. When q = 1, assume that Σ is diagonal, XJ is a sub-Gaussian random vector, and XJc ∼ N (0,ΣJc). Suppose
there exists an absolute constant c15 < 1 such that (ℓ∗(Σ1/2

Jc B
p
1))

2 ≤ c15N
(∑

j∈J∩supp(β∗) σ
−1
j

)−1

. In particular,

when ΣJc = IVJc , the condition N ≤ κDMε
2
1d∗(Σ

−1/2
Jc Bp∞) can be improved to N ≤ κDM

ε1
log(1/ε1)

log(|Jc|).

Furthermore, if there exists a random vector Z ∈ VJc satisfying Assumption 8 later, and a diagonal matrix ΣJc such
that XJc = Σ

1/2
Jc Z, then

1. for q ≥ 2, with the same probability, we have ‖Σ1/2
J (β̂J −β∗

J)‖2 ≤ C30r(VJ , VJc)Log
q

q−1 (|Jc|), and ‖Σ1/2
Jc (β̂Jc −

β∗
Jc)‖2 ≤ C30 r(VJ , VJc)Log

q
q−1 (|Jc|) + C30

√
N

d∗(Σ
−1/2
Jc Bp

q′ )
σξ;

2. for 1 < q < 2, (4.9) still holds under the same conditions and with the same probability.

Therefore, for any q ≥ 1, sufficient conditions for benign overfitting to occur is the existence of an admis-
sible FSD Rp = VJ ⊕⊥ VJc such that r(VJ , VJc) = o(1) and N = o(d∗(Σ

−1/2
Jc Bpq′)). Sufficient conditions for

non-exact benign overfitting can be obtained in a similar manner. By [vH18], ℓ∗(Σ1/2
Jc B

p
1)

2 ∼ maxj∈Jc σj log(j +

1). Therefore, a sufficient condition for (ℓ∗(Σ
1/2
Jc B

p
1))

2 ≤ c15N
(∑

j∈J∩supp(β∗) σ
−1
j

)−1

is maxj∈Jc σj log(j + 1) ≲

N
(∑

j∈J∩supp(β∗) σ
−1
j

)−1

. In particular, if J = supp(β∗) and if there exist η1, η2 > 0, η2η1 ≲ N
| supp(β∗)| log(|Jc|) , such

that Σ = η1IVJ
⊕ η2IVJc , then this condition is satisfied. In this case, r(VJ , VJc) ≲ σξ

√
| supp(β∗)|

N + σξ
N

log(|Jc|) .

In particular, when q = 2, our upper bound on ‖Σ1/2
J (β̂J−β∗

J)‖2 recovers the optimal result of [P4], while the part
concerning ‖Σ1/2

Jc (β̂Jc−β∗
Jc)‖2 does not. This discrepancy arises because, for q 6= 2, we use ‖Σ1/2

Jc ‖ℓq→ℓ2 together with
the upper bound for ‖β̂Jc‖q. Note that when q 6= 2, the operator β̂Jc [·] becomes nonlinear, and hence the method
based on the upper side of Dvoretzky–Milman theorem used applied for ‖ΣJc · ‖2 no longer applies. Therefore, we
regard the convergence rate of ‖Σ1/2

Jc (β̂Jc − β∗
Jc)‖2 characterized in Theorem 10 as quantitatively suboptimal, the

reason being that we currently lack suitable tools to bound ‖Σ1/2
Jc β̂Jc‖2; see the discussion in Section 4.5.

For completeness, we include an estimate of ℓ∗(Σ1/2
Jc Bpq ). The proof of the following Lemma 17 may be found in

Section 4.9.6.

Lemma 17. Suppose ΣJc is diagonal. Then there exist absolute constants c16 < 1 and C31 = C31(q) > 1 such that
c16(

∑
j∈Jc σ

q′/2
j )1/q

′ ≤ ℓ∗(Σ
1/2
Jc Bpq ) ≤ C31(

∑
j∈Jc σ

q′/2
j )1/q

′ . Moreover, when q ≤ 2, diam(Σ
1/2
Jc Bpq ) = max{σj : j ∈

Jc}; when q > 2, diam(Σ
1/2
Jc Bpq ) = ‖σJc‖ 2q′

2−q′
where σJc = (σj)j∈Jc .
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4.2.2 Classification problem
Before presenting the main results for the classification problem, we first introduce two commonly studied models in
supervised classification.
Definition 19 (Gaussian Mixture classification model and logistic model). Let µ ∈ Rp be called the signal, and
Λ ∈ Rp×p be a P.S.D. matrix.

1. Gaussian Mixture classification model. Let Y be a Rademacher random variable, i.e., P(Y = 1) = P(Y =
−1) = 1/2. Then define the conditional distribution X | Y ∼ N (Y µ,Λ). This model is called the Gaussian
Mixture Model (GMM), [Ver18, Section 4.7.1].

2. Logistic model. Let X ∼ N (0,Λ) be a Gaussian random vector with mean 0 and covariance matrix Λ. By
defining η(x) = P(Y = 1 | X = x) = 1/(1 + exp(−2〈Λ−1µ,x〉)) and P(Y = −1 | X = x) = 1 − η(x), we
specify the distribution of Y . This problem is called the logistic model, [Gir14, Section 11.1.3]. Without loss of
generality, we assume ‖Λ−1µ‖2 > 1.

It is straightforward to verify that in both models, the Bayes classifier f∗(·) = sign(〈Λ−1µ, ·〉) is “collinear” to
〈Λ−1µ, ·〉. Consequently, the optimal linear classifier β∗ mentioned in Section 1.5.1 can be taken as Λ−1µ (up to a
positive multiplicative constant). When selecting VJ = span(β∗), β∗

J becomes collinear with β∗ in the same direction,
in which case (1.18) equals 0, see also Section 4.9.3.

For the classification problem, our main results rely on a local Bernstein condition. Here, the loss function is
taken to be the squared hinge loss, where β∗

J serves as the oracle for this loss function, as defined in (4.5).
Assumption 7 (Local Bernstein’s Condition). There exist absolute constants κ2 ≥ 1 and L1 > 0 and parameters
ρ, r(ρ) > 0 defined in (4.67), such that for any βJ ∈ β∗

J + r(ρ)Σ
−1/2
J SJ2 ∩ ρBJ2 , we have

PLβJ
≥ L1

∥∥∥Σ1/2
J (βJ − β∗

J)
∥∥∥2κ2

2
(4.10)

where ℓβJ
(X,Y ) = (1− Y 〈X,βJ〉)2+ and LβJ

= ℓβJ
− ℓβ∗

J
.

We verify this condition in Lemma 28. In classification problems, we similarly define an interpolation norm
|||·||| = sup(〈β,u〉 : u ∈ ρ

r(ρ)B
J
2 ∩ Σ

−1/2
J BJ2 ), where ρ and r(ρ) will be defined in (4.67). The proof of the following

Theorem 11 may be found in Section 4.8.
Theorem 11. Grant Assumption 7 with constants L1 > 0 and κ2 = 1. There exist absolute constants κRIP , κDM < 1
such that the following holds. Suppose XY is a centered sub-Gaussian random vector. Let 0 < δ4 < 1 and define

r(VJ , VJc) = L−1
1 Pℓβ∗

J

√
dim(VJ)

N
+ L−1

1

Tr(ΣJc)

N
|||β∗

J |||+ L−1
1 δ4Pℓ

1
2

β∗
J
. (4.11)

For any 0 < δ̄ < 1 depending on δ4 (see (1.29) for explicit dependence), suppose the decomposition Rp = VJ ⊕ VJc

satisfies that

κ−1
RIP dim(VJ) ≤ N ≤ κDM δ̄

2 Tr(ΣJc)

‖ΣJc‖op
. (4.12)

Then there exist absolute constants c17, c18 < 1, C32, C33, C34 > 1 such that with probability at least

1− p̄DM (δ4)− c17
log4(N)

N
− exp(−C32 dim(VJ))− exp

(
−c18

N

max{‖1− 〈YiXi,β
∗
J〉‖2ψ2

, ‖1− 〈YiXi,β
∗
J〉‖4ψ2

}

)
,

(4.13)

we have
∥∥∥Σ1/2

J (β̂J − β∗
J)
∥∥∥
2
≤ C33r(VJ , VJc), and PLβ̂J

≤ C34(r(VJ , VJc))2 where PLβ̂J
is the excess risk with respect

to the squared hinge loss defined in (4.4) and p̄DM (δ4) may be found in Theorem 4.
Moreover, Assumption 7 is verified with some L1 > 0, κ2 = 1 for both the Gaussian mixture classification model and

the logistic model, if VJ = span(Λ−1µ). Suppose (4.12) holds, 1
2 < ‖Σ1/2β∗

J‖2 and r(VJ , VJc) < 1
4C33

(4‖Σ1/2β∗
J‖2 +

1−
√
16‖Σ1/2β∗

J‖2 + 1). Then there exists an absolute constant C35 > 1 such that for any

N‖ΣJc‖op
Tr(ΣJc)

≤ (1− δ4)
2

C35

(‖Σ1/2β∗
J‖2 − C33r(VJ , VJc))2 − 1

2 (‖Σ
1/2β∗

J‖2 + C33r(VJ , VJc))

Pℓβ∗
J

, (4.14)
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under the same probability, there exist absolute constants C36, C37 and C38 > 1, such that we have the PL{0,1}
β̂

≤
(1.16)+ (1.17)+ (1.18), where for

1. gaussian mixture classification model,

(1.16) ≤ C38

√
N‖ΣJc‖op
Tr(ΣJc)

Pℓβ∗
J
, (1.17) ≤ C36r

2
3 (VJ , VJc), and (1.18) = 0,

2. and for logistic model,

(1.16) ≤ C38

√
N‖ΣJc‖op
Tr(ΣJc)

Pℓβ∗
J
, (1.17) ≤ C37‖Λ−1/2µ‖−3

2 r2(VJ , VJc), and (1.18) = 0.

Condition (4.14) is of a technical nature. In general classification problems, the quantity ‖Σ1/2β∗
J‖2 is at least of

constant order. Hence, when N is sufficiently large, there always exists a value of δ̄ for which (4.14) holds.
We note that in some literature, the study of benign overfitting for the minimum norm interpolant classifier

concerns the case where the interpolant classifier coincides with the minimum norm interpolant regression solution,
i.e., when β̂ ∈ argmin(‖β‖q : Xβ = y). This corresponds to a regression problem with response vector in {−1, 1}N , as
in [CGB22, TCFB25]. For convenience, we refer to this as the proliferated classifier. The hard margin support vectors
machine studied in this chapter and the proliferated classifier exhibit different forms of self-regularization. Indeed,
as observed in the regression setting, the proliferated classifier is self-regularized by the ridge penalty, [LR21], rather
than the squared hinge loss, and hence these are fundamentally different types of classifiers. While the proliferated
classifier coincides with the hard margin support vectors machine under certain special conditions, [ASH21, HMX21],
the conclusions of this chapter and those of [CGB22, TCFB25]—though sharing similar terms—are essentially distinct
in nature and require different analysis.

4.3 Self-regularization: β̂J is a regularized estimator
The FSD assigns distinct roles to the two projections of β̂. The aforementioned decomposition holds for arbitrary
estimators. We now apply it specifically to minimum norm interpolant estimators. In this section, we investigate
the estimation properties of β̂J . We present the key technique for proving the main results – the self-regularization
argument. We emphasize that the development of the features space decomposition and the self-regularization
argument constitutes an important contribution of this chapter, in addition to the main results.

4.3.1 Self-regularization: identify β̂J as a regularized, generalized M-estimator.
In the current paragraph, we will establish the relationship between these two projections through self-regularization.
First, we establish the notational conventions to be used throughout. Let J ⊂ [p] be a set of indices, and
VJ = span(ej : j ∈ J), where e1, · · · , ep is the canonical basis. Define XJ = [PJX1| · · · |PJXN ]⊤ : v ∈ Rp 7→
(〈PJXi,v〉)Ni=1 ∈ RN and XJc = [PJcX1| · · · |PJcXN ]⊤ : v ∈ Rp 7→ (〈PJcXi,v〉)Ni=1 ∈ RN . Define Xy = [Y1X1| · · · |YNXN ]⊤ :
β ∈ Rp 7→ (Yi〈Xi,β〉)Ni=1 ∈ RN . We equip a partial order on RN by a � b if and only if ai ≥ bi for any i ∈ [N ] where
(ai)i, (bi)i are coordinates of a, b. Let q′ be the conjugate index of q, that is, q′ such that 1/q′ + 1/q = 1.

In the linear regression model. The following non-linear operator plays a key role in our analysis. Define

A : µ ∈ RN 7→ A[µ] ∈ argmin
ν∈Rp

(
‖ν‖q : XJcν = µ

)
. (4.15)

By standard duality argument, ‖A[µ]‖q = min(‖ν‖q : XJcν = µ) = max(〈λ,µ〉 : ‖X⊤
Jcλ‖q′ ≤ 1). Then by (4.2) we

know that β̂Jc = argminβ∈VJc (‖β‖q : XJcβ = y − XJ β̂J) = A[y − XJ β̂J ]. Therefore,

β̂J = argmin
β∈Rp

(
‖βJ‖

q
q + ‖A[y − XJβJ ]‖

q
q

)
. (4.16)

We emphasize that the decomposition in (4.16) must be aligned with the fixed canonical basis {e1, · · · , ep} of Rp. We
denote PN ℓβJ

= ‖A[y − XJβJ ]‖qq as the empirical risk of this random loss function—termed “random” because the
loss function ‖A[·]‖qq depends on the random matrix XJc . Let PℓβJ

= EXJ ,ξ‖A[y − XJβJ ]‖qq denote the conditional
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expectation given XJc . This definition is justified since y − XJβJ represents the residual of βJ with respect to the
response vector y. As shown later in Lemma 21, β∗

J precisely minimizes PℓβJ
—making it the oracle for this random

loss function. Thus, statistically speaking, (4.16) demonstrates that β̂J is a regularized estimator for the regression
problem where:

• β∗
J serves as the signal,

• y − XJβ∗
J = XJcβ∗

Jc + ξ constitutes the noise, and

• PN ℓβJ
: (y,XJ) → ‖A[y − XJβJ ]‖qq is the empirical loss function.

In the classification model. Let 1 = (1, 1, · · · , 1) ∈ RN , and Xy,Jc = [Y1PJcX1| · · · |YNPJcXN ]⊤. We have
that (4.3) is equivalent to

β̂ ∈ argmin (‖β‖2 : Xyβ � 1) = argmin
(
‖β‖22 : Xyβ � 1

)
. (4.17)

Define

B : µ ∈ RN 7→ B[µ] ∈ argmin
ν∈Rp

(‖ν‖2 : Xy,Jcν � µ) . (4.18)

It is straightforward to see that

β̂Jc ∈ argmin
(
‖βJc‖2 : Xy,JcβJc � 1− Xyβ̂J

)
= B[1− Xyβ̂J ]. (4.19)

Moreover, since ‖β̂‖22 = ‖β̂J‖22 + ‖β̂Jc‖22 and β̂ has the minimum ‖.‖2 norm, we have

β̂J ∈ argminL(βJ), where L(βJ) = ‖βJ‖
2
2 + ‖B[1− Xy,JβJ ]‖

2
2 . (4.20)

We emphasize that, due to the rotational invariance of the ℓ2 norm, (4.20) does not need to be aligned with any
canonical basis. If we wish to handle more general ℓq norm, we need to choose VJ to be well aligned with the basis
associated with these norms, since such norms are not basis-independent. In this chapter, we restrict our attention
to the case q = 2.

In other words, β̂J can be defined as an estimator that minimizes the random loss function ℓβJ
: (y,Xy) →

‖B[1 − XyβJ ]‖22 with the regularization term ‖βJ‖22—this is what we refer to as self-regularization. Compared to
the regression problem, identifying the oracle proves challenging in this setting. However, as we shall demonstrate
in Section 4.3.3, thanks to the Dvoretzky-Milman theorem that will be introduced in the next section, the isometric
profile of this loss function can be characterized by the squared hinge loss.

Before concluding this section, let us emphasize that self-regularization and the FSD framework can also handle
the minimum ‖ · ‖-norm interpolant estimator defined with respect to general norms. Specifically, when there exist
normed spaces (VJ , |||·|||) and (VJc , ||||·||||) such that (Rp, ‖ · ‖) = (VJ , |||·|||)⊕ (VJc , ||||·||||), that is, when the feature space
admits a direct-sum decomposition in the sense of normed spaces, we can treat this setting as a block decomposition.

4.3.2 Dvoretzky-Milman theorem.
Up to this point, (4.16) and (4.20) are merely reformulation, since this loss function is defined via the highly complex
random nonlinear maps A and B.

In this subsection, we introduce the Dvoretzky-Milman theorem, which allows us to understand this stochastic
nonlinear loss function. Below we present the standard Dvoretzky-Milman theorem, along with its isometric extension
to general probability measures, which are respectively applied in regression and classification problems. More
specifically, we need to apply the Dvoretzky-Milman theorem to approximately solve the two convex optimization
problems defined by ‖A[·]‖q and ‖B[·]‖2 – by characterizing an isomorphy of the norm ‖X⊤

Jc · ‖q′ (‖X⊤
y PJc · ‖2

respectively) to simplify the feasible set of this optimization problem.

Dvoretzky-Milman theorem. Below is Milman’s version of Dvoretzky’s theorem; see [Pis89].
Theorem 2 (recall). There are absolute constants κDM ≤ 1 and c1 such that the following holds. Let ||||·|||| be some
norm on Rp and denote by B its unit ball. Denote by G := G(N×p), the N × p standard Gaussian matrix with i.i.d.
N (0, 1) Gaussian entries. Given any 0 < ε1 ≤ 1. Assume that N ≤ κDMε

2
1d∗(B). Then with probability at least

1− exp(−c1ε21d∗(B)), for every λ ∈ RN ,

(1− ε1) ‖λ‖2 ℓ∗(B
∗) ≤

∣∣∣∣∣∣∣∣G⊤λ
∣∣∣∣∣∣∣∣ ≤ (1 + ε1) ‖λ‖2 ℓ∗(B

∗). (1.21)
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For all 0 < ε1 < 1, we define the event

ΩDM,reg(ε1) :=
{
∀λ ∈ RN : ‖λ‖2 (1− ε1)ℓ∗(Σ

1/2
Jc B

p
q ) ≤

∥∥X⊤
Jcλ

∥∥
q′
≤ ‖λ‖2 (1 + ε1)ℓ∗(Σ

1/2
Jc B

p
q )
}

(1.22)

⊂

{
∀µ ∈ RN :

‖µ‖2
(1 + ε1)ℓ∗(Σ

1/2
Jc B

p
q )

≤ ‖A[µ]‖q ≤
‖µ‖2

(1− ε1)ℓ∗(Σ
1/2
Jc B

p
q )

}
. (1.23)

It follows from Theorem 2 applied to the norm ||||·|||| = ‖Σ1/2
Jc · ‖q′ that, if XJc is a Gaussian random vector and

κDMε
2
1d∗(Σ

−1/2
Jc Bpq′) ≥ N , then P(ΩDM,reg(ε1)) ≥ 1 − exp(−c1ε21d∗(Σ

−1/2
Jc Bpq′)). The inclusion from (1.23) follows

from strong duality: for all µ ∈ RN ,

‖A[µ]‖q = min
(
‖ν‖q : X

⊤
Jcν = µ

)
= max

(〈
µ,λ

〉
:
∥∥X⊤

Jcλ
∥∥
q′
≤ 1
)
. (1.24)

Even though A : (RN , ℓ2) → (VJc , ℓq) is a non-linear metric embedding (except when q = 2), it satisfies a DM
theorem inherited from X⊤

Jc . Since our loss functions in the estimation part of the features space depend on A in the
regression problem, working on the event ΩDM,reg(ε1) will allow us to greatly simplify its expression because now it is
isomorphic to the ℓN2 -norm and so we will work with the classical squared loss function. That is the reason why DM
theorem plays a crucial role in our analysis: we use this isomorphic property from DM to greatly simplify the loss
function appearing in VJ and then go back to the classical analysis of regularized ERM with respect to the squared
loss on VJ . Of course, if one wants to go beyond the Gaussian design case, one needs to extend DM theorem beyond
that case.

Dvoretzky-Milman theorem for ℓq′ norm under general probability measure assumptions. Theorem 2
provides the Dvoretzky–Milman theorem for Gaussian measures. Because we need to study the case where XJc is
distributed according to a general probability measure, we require an extension of the Dvoretzky–Milman theorem
for ‖ · ‖q′ ‑norms. Extensions of the Dvoretzky–Milman theorem to general probability measures already exist in a
substantial body of literature, e.g., [GLPTJ07, MTJ08, BM22a, BM22b, Men22, BM24]. In these works the random
embedding operator is usually induced by row‑independent random matrices or by more complex random‑matrix
models; however, in ΩDM,reg(ε) we need a column‑independent random‑matrix model. Hence, an entirely new
Dvoretzky–Milman theorem for such random matrices is required. The following theorem is a contribution to GAFA
that was motivated precisely by the FSD method. Its proof may be found in Section 5.1.

Assumption 8. ζ = (ζj)
p
j=1 is a centered, isotropic random vector in Rp with i.i.d. coordinates, satisfying E[ζ21 ] = 1,

and there exist absolute constants 0 < κ ≤ 1 and ε > 0 such that E|ζ1|max{4,2q+ε} ≤ κmax{4,2q+ε}.

Theorem 3 (recall). Let ζ be a random vector satisfying Assumption 8, and let Σ be a positive definite diagonal
matrix on Rp, Σ = diag(σ1, · · · , σp). Let X = Σ1/2ζ, and let X1, · · · , XN be independent copies of X, forming
the random matrix X = [X1| · · · |XN ]⊤ = [Z1| · · · |Zp], where (Zj)

p
j=1 are the column vectors of X. Denote ℓ∗ =

ℓ∗(Σ
1/2Bpq ) and d∗ = d∗(Σ

−1/2Bpq′). Without loss of generality, assume that d∗ ≥ 1. There then exists an absolute
constant 0 < θ < 1 such that for any λ ∈ SN−1

2 , P(|〈Zj ,λ〉| ≥ θ) ≥ κ. Moreover, there exist absolute constants
c, c′, C, C ′, C ′′, κDM, ε0 > 0 such that the following facts hold.

1. When q ≥ 2. If N ≤ κDMd∗Log
−2(p

1
q′ /d∗), then with probability at least

1− C ′Log

(
p

1
q′

d∗

)
exp

−C ′′κDM
dθ∗

Log2θ
(
p

1
q′

d∗

)
− 2 exp (−C ′d∗)− C ′d

−cmin{ε,ε0}
∗ =: 1− p̄DM ,

there holds for any λ ∈ SN−1
2 ,

cℓ∗ ≤
∥∥X⊤λ

∥∥
q′
≤ CLog(p)ℓ∗.

2. When q < 2. If N ≤ κDMd∗(Σ
−1/2Bpq′), then

P
(
∀λ ∈ SN−1

2 , cℓ∗ ≤ ‖X⊤λ‖q′ ≤ Cℓ∗
)
≥ 1− 3 exp(−c′d∗)− C ′d

− q′−2
4

∗ =: 1− p̄DM .
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Theorem 3 establishes that, under Assumption 8, the linear span of N independent copies of Σ1/2ζ provides a
generalization (up to a logarithmic factor when q ≥ 2) of the Dvoretzky-Milman theorem for the convex body Bpq′
under a general probability measure. We emphasize here that if one focuses solely on the sub-Gaussian case, then
for q ≥ 2, the Log(p) factor in the uniform upper bound for ‖X⊤λ‖q′ can be removed. To the best of our knowledge,
this theorem is the first generalization of the Dvoretzky-Milman theorem for the ‖Σ1/2 · ‖q′ norm under such broad
(almost the most general) conditions.

Isometric Dvoretzky-Milman theorem for ellipsoid norm. For the case ||||·|||| being a Hilbert norm, [P2]
established that the isometric Dvoretzky-Milman theorem still holds for random vectors satisfying the concentration
property of ‖XJc‖2 and an L4+ε − L2 equivalence condition on the marginal distributions. Notably, this allows for
significant dependencies among the coordinates of XJc , and this is precisely what is required for the classification
problem. Here we employ only the weak sub-Gaussian condition form of the conclusion from [P2]. We have the
following proposition, whose proof can be found in Section 4.8.1.

Proposition 26. Let Y XJc be a centered sub-Gaussian random vector, and suppose there exists 0 < δ̄ < 1 such that
N ≤ κDM δ̄

2 Tr(ΣJc )
∥ΣJc∥op

, then with probability at least 1− p̄DM (δ4) (where δ4 is defined in (1.29) and p̄DM may be found
in Theorem 4 later), the following event happens:

ΩDM,class(δ4) :=
{
∀λ ∈ RN : ‖λ‖2 (1− δ4)

√
Tr(ΣJc) ≤

∥∥X⊤
y,Jcλ

∥∥
2
≤ ‖λ‖2 (1 + δ4)

√
Tr(ΣJc)

}
(1.31)

⊆

{
∀µ ∈ RN :

‖[µ]+‖2
(1 + δ4)

√
Tr(ΣJc)

≤ ‖B[µ]‖2 ≤
‖[µ]+‖2

(1− δ4)
√
Tr(ΣJc)

}
, (1.32)

where [µ]+ = (max(µi, 0))
N
i=1, and X⊤

y,Jc = [PJcX1Y1| · · · |PJcXNYN ].

It is worth noting that the passage from (1.31) to (1.32) can be made. We include it below. We include it below.
By standard duality argument, see, for instance, [BV14, Equation 5.11], we obtain that

‖B[µ]‖2 = max
(
〈µ,λ〉 : λ � 0,

∥∥X⊤
y,Jcλ

∥∥
2
≤ 1
)
.

Condition on ΩDM,class(δ4), see (1.31), we have

max
λ⪰0

(
〈µ,λ〉 : ‖λ‖2 ≤ 1

(1 + δ4)
√
Tr(ΣJc)

)
≤ ‖B[µ]‖2 ≤ max

λ⪰0

(
〈µ,λ〉 : ‖λ‖2 ≤ 1

(1− δ4)
√
Tr(ΣJc)

)
.

Let H(µ) := {i ∈ [N ] : µi < 0} and let λ− be the maximizer of the left-hand-side maximization problem and λ+ be
the maximizer of the right-hand-side maximization problem. We prove that if i ∈ H(µ), then λ−i = 0. We prove this
by contradiction. Suppose i ∈ H(µ) but λ−i > 0, then by letting λ̃

−
= (λ−1 , · · · , λ

−
i−1, 0, λ

−
i+1, · · · , λ

−
N ), we know that

‖λ̃
−
‖2 < ‖λ−‖2 ≤ 1

(1+δ4)
√

Tr(ΣJc )
. Moreover, 〈µ, λ̃−

〉 =
∑
i′ ̸=i µi′λ

−
i′ >

∑N
i′=1 µi′λ

−
i′ = 〈µ,λ−〉 since µiλ−i < 0. This

implies that λ̃
− is a feasible solution but with larger objective function value, hence contradicting the assumption

that λ− is the maximizer. Recalling the constraint that λ � 0, we have: for any i ∈ H(µ), we necessarily have
λ−i = 0. The same also holds for λ+. Now, by Cauchy-Schwartz, we have λ− = (µ/(‖µ‖2(1 + δ4)

√
Tr(ΣJc)))+, and

λ+ = (µ/(‖µ‖2(1− δ4)
√
Tr(ΣJc)))+. Therefore, condition on ΩDM,class(δ4), (1.32) follows.

On the event ΩDM,class(δ4), the a priori complicated loss function (y,XJ) → ‖B[1− XyβJ ]‖
2
2 appearing in the

estimation space VJ will be greatly simplified since it will behave as the square hinge loss. As a consequence, the
analysis of the estimator on the estimation part of the features space will boil down to the study of a regularized
ERM with respect to the square hinge loss function (see more detail in the section below).

4.3.3 Identifying β̂J as a regularized ERM
We now employ the Dvoretzky-Milman theorem to analyze the stochastic nonlinear loss functions ‖A[y − XJβJ ]‖qq
and ‖B[1−XyβJ ]‖22. In this section, we demonstrate the fruitful consequences yielded by combining the Dvoretzky-
Milman theorem with features space decomposition – we show that β̂J can be identified as classical estimators in both
regression and classification problems, including: squared hinge loss support vector machine; square-root LASSO;
and ‖ · ‖qq-regularized M-estimators.
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A ℓ2-self-regularized ERM w.r.t. the squared hinge loss in classification

In this section, we establish the self-regularization property of β̂J defined by (4.20) by using Dvoretzky-Milman
theorem. Applying (1.32) to µ = 1−XyβJ , we obtain that L(βJ) defined by (4.20) satisfies that: for any βJ ∈ VJ ,

‖βJ‖
2
2 +

‖[1− XyβJ ]+‖
2
2

(1 + δ4)2 Tr(ΣJc)
≤ L(βJ) ≤ ‖βJ‖

2
2 +

‖[1− XyβJ ]+‖
2
2

(1− δ4)2 Tr(ΣJc)
. (4.21)

Recalling that ‖[1− XyβJ ]+‖
2
2 =

∑N
i=1(1−Yi〈Xi,βJ〉)2+, we know that the estimator β̂J defined in (4.20) is almost a

support vectors machine with squared hinge loss, and tuning parameter of the order of Tr(ΣJc)/N . To the best of our
knowledge, the connection between the minimum ℓ2-norm interpolant classifier and the squared hinge loss was first
noted by [Sha22]. However, [Sha22] only obtained asymptotic results. [ZKS+22] also investigated benign overfitting
for the squared hinge loss, but did not establish its connection with the minimum ℓ2-norm interpolant classifier.
Leveraging the Dvoretzky-Milman theorem, we reveal the statistical significance of this relationship through the
isometric profile (4.21) of empirical risk ‖B[1− XyβJ ]‖22, see [Lec11, pp. 41] for the definition of isometric profile.

Equation (4.21) establishes the isometric profile of the regularized empirical risk (rather than excess risk) for the
loss function ‖B[1−Xy·]‖22. This explains why we obtain a non-exact oracle inequality. However, we emphasize that
this non-exact oracle inequality stems from the distortion δ4 in the Dvoretzky-Milman theorem. For the minimum
ℓ2-norm interpolant classifier, we have access to the isometric Dvoretzky-Milman theorem - specifically, we can make
δ4 in ΩDM,class(δ4) arbitrarily close to 0 thanks to the result from [P2]. Consequently, we can derive an exact
oracle inequality from the non-exact version, thereby obtaining benign overfitting from non-exact benign overfitting.
Nevertheless, we conjecture this approach may not be optimal. We hypothesize that a better method would be to
directly investigate the isomorphic profile of the excess risk for the loss function ‖B[1 − Xy·]‖22 itself without going
through the squared hinge loss as in (4.21).

A ℓ2-self-regularized ERM w.r.t. the squared loss in linear regression

Similarly, by applying (1.22), we can show that β̂J defined in (4.16) can be identified as a (generalized) M-estimator
argmin(‖y−XJβJ‖

q
2+ℓ∗(Σ

1/2
Jc Bpq )

q‖βJ‖qq). In particular, when q = 1, ‖A[y−XJβJ ]‖1 ∼ ‖y−XJβ‖2ℓ∗. Consequently,
in this case β̂J can be recognized as a square-root LASSO estimator, meaning it is “almost” the solution to the
following problem: argmin(‖y − XJβJ‖2 + ℓ∗‖βJ‖1).

4.3.4 Uniform convergence on the low-dimensional subspace VJ in regression problem

In the previous subsection, owing to the Dvoretzky-Milman theorem, we have established an understanding of
the statistical problem defined by β̂J in both regression (4.16) and classification (4.20) settings. In the current
section, we derive the estimation error of β̂J in regression problem, that is, β̂J defined in (4.16). Our fundamental
approach is the uniform convergence argument on VJ . Let ρ, r(ρ) > 0 to be determined later. Recall that in
regression problem, PℓβJ

= EXJ ,ξ‖A[y − XJβJ ]‖qq and PN ℓβJ
= ‖A[y − XJβJ ]‖qq. Let PLβJ

= PℓβJ
− Pℓβ∗

J
and

PNLβJ
= PN ℓβJ

−PN ℓβ∗
J
. The crux of our analysis for the minimum ℓq-norm interpolant estimator lies in applying

the uniform convergence argument specifically to β̂J within the subspace VJ (rather than to the full estimator β̂ across
the entire feature space Rp). We need to select two real numbers ρ∗, r∗(ρ∗) > 0 and prove that (with high probability)
β̂J ∈ β∗

J + (ρ∗Kmodel ∩ r∗(ρ∗)Σ−1/2
J BJ2 ). The uniform convergence argument employs the following strategy. From

(4.16), if PNLβJ
+ (‖βJ‖qq − ‖β∗

J‖qq) > 0 for all βJ /∈ β∗
J + (ρ∗Kmodel ∩ r∗(ρ∗)Σ

−1/2
J BJ2 ) then it must hold that

β̂J ∈ β∗
J + (ρ∗Kmodel ∩ r∗(ρ∗)Σ−1/2

J BJ2 ). The aforementioned lower bound for PNLβJ
must hold uniformly over all

βJ /∈ β∗
J +(ρ∗Kmodel∩ r∗(ρ∗)Σ−1/2

J BJ2 ), hence termed the uniform convergence argument. In this problem, since ℓβJ

differs from ℓ
(2)
βJ

(the squared loss function), we additionally require a Bernstein-type property—namely, a lower bound
for PNLβJ

involving PNL(2)
βJ

. Finally, we will utilize the isomorphic property between PNL(2)
βJ

= 1
N ‖X(βJ − β∗

J)‖22
and PL(2)

βJ
= ‖Σ1/2

J (βJ − β∗
J)‖22 to obtain the estimation error. Up to this point, we have only applied uniform

convergence to β̂J within VJ . Below we present the advantages of employing uniform convergence only on VJ rather
than on the entire space. We will deal later with VJc onto which another argument is used, namely the DM theorem.
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FSD reduces the RIP complexity fixed point

In this section, we investigate the isomorphy between PNL(2)
βJ

and PL(2)
βJ

. We define the following random event:

ΩRIP :=

{
∀βJ ∈ β∗

J +
[
ρKmodel ∩ r(ρ)Σ−1/2

J Sp−1
2

]
: c19r(ρ) ≤

1√
N

‖XJ(βJ − β∗
J)‖2 ≤ C39r(ρ)

}
, (4.22)

where c19 < 1 and C39 > 1 are absolute constants, and r(ρ) = C30r(VJ , VJc) where r(VJ , VJc) defined in (4.8) and C30

is some absolute constant. The property characterized by the random event ΩRIP is called the Restricted Isomorphic
Property (RIP) in [P4] because it extends the classical RIP introduced in [CT05] to other subset of the ℓ2-sphere.
This property establishes the concentration between the population excess risk PL(2)

β = ‖Σ1/2
J (βJ − β∗

J)‖22 (for the
squared loss) and its empirical counterpart PNL(2)

β = 1
N ‖XJ(βJ − β∗

J)‖22 uniformly over a subset of a ℓ2-sphere
centered at β∗

J . For a given radius ρ, if |J | ≳ N , there exists a smallest real number rRIP(ρ) > 0, called the RIP
fixed point, such that for all r(ρ) > rRIP(ρ), ΩRIP holds with high probability. If |J | ≤ κRIPN for some absolute
constant 0 < κRIP < 1, then rRIP(ρ) = 0 (see Section 2.2 of [P4]). In the latter case, XJ behaves as an isometry on
the entire sphere without restriction.

It is well-known that the RIP fixed point constitutes part of the upper bound for the excess risk of ERM, RERM,
and their generalizations, [Men18, LM18, CLL20]. However, since we have the freedom to select J , we may choose
|J | ≤ κRIPN , thereby reducing the RIP fixed point on VJ to 0 – meaning the RIP holds on the entire space VJ ,
which we sometimes refer to as the isomorphic property. In other words, the features space decomposition method
enables us to obtain a smaller RIP complexity fixed point rRIP(ρ) and so a better convergence rate for β̂J . However,
the choice of VJ such that |J | ≲ N may not be the optimal one. In that case, one may have |J | ≳ N and so XJ is an
isomorphy only on a restricted cone in VJ . We will not explore that case in this work but it is possible to do it and
we refer the reader to [P4] where this analysis was done for the minimum ℓ2-norm interpolant estimator in linear
regression.

This features space decomposition method holds not only for interpolant estimators. We emphasize that for
ridge regression [P2] and more generally spectral algorithms (such as gradient descent/flow) [P3], the same method
achieves an exact description of the excess risk (up to multiplicative constant) by eliminating the RIP fixed point
when possible (that is when it is possible to choose |J | ≲ N) or at least by reducing it (since it is a property of X on
VJ a smaller set than Rp). We expect the features space decomposition method to be useful for the analysis of other
type of estimators in particular when the cost of uniform convergence over the entire features space is too high, see
other papers in this series [P2],[P3] for implementations of this idea.

FSD reduces multiplier fixed point

As mentioned in the beginning of Section 4.3.4, we need to establish a lower bound for PNLβJ
that incorporates

PNL(2)
βJ

. Here, the lower bound for PNLβJ
= PN ℓβJ

−PN ℓβ∗
J
consists of two components, originating from the linear

and quadratic terms in the Taylor expansion of PN ℓ• at β∗
J , where the linear term is referred to as the multiplier

process, that is, 〈g,βJ − β∗
J〉 where g ∈ (∂−PN ℓ•)(β

∗
J) is a sub-gradient of PN ℓ• evaluated at β∗

J . We will compute
this gradient in (4.29) of Lemma 21. First, we emphasize that this random loss function is a well-defined loss function,
in the sense that β∗

J is a minimizer of its population risk, that is, (∇Pℓ•)(β∗
J) = 0. We will prove this claim in

Lemma 21.
The multiplier fixed point is the fixed point used in supervised learning theory to control the first-order expansion,

[LM17]. Roughly speaking, for any 0 < δ < 1 (typically δ > 1/2), the multiplier fixed point rM (ρ, δ) is defined as
follows. Let θ1 = 1

4c23 for some absolute constant c23 when 1 < q < 2 and θ1 =
(q−1)cq19

2q2q(1+ε1)q
when q ≥ 2 where c19

is the absolute constant in ΩRIP, see (4.22). Let □ = N
q
2 ℓ−q∗ (Σ

1/2
Jc Bpq ) when q ≥ 2; and □ = N

q
2 σq−2

ξ ℓ−q∗ (Σ
1/2
Jc Bpq )

when 1 < q < 2. Define

rM (ρ, δ) = min
r>0

P

 sup
u∈ρKmodel∩rΣ−1/2

J BJ
2

inf
g∈PN ℓ•(β∗

J )
|〈g,u〉| ≤ θ1□rmin{q,2}

 ≥ 1− δ

 .

Here, the multiplier fixed point we define compares an upper bound of a multiplier process with □rmin{q,2}. The
classical multiplier fixed point is used for the squared loss and therefore is usually compared with r2, [LM16].
The choice of □ and the exponent min{q, 2} is made so that the upper bound of the multiplier process does not
exceed the lower bound of the empirical excess risk PNLβJ

when βJ belongs to the set defined in (4.22). In many
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supervised learning theories, the multiplier fixed point is typically large. However, thanks to FSD, we now restrict
it to a low-dimensional subspace VJ , and thereby reduce its magnitude. Note that if we take VJ to be the entire
feature space Rp, then rM (ρ, δ) reduces to the classical multiplier fixed point in supervised learning theory. In other
words, choosing this trivial FSD returns us to the standard setting, where the entire space is used to approximate
β∗. Thanks to FSD, however, we may select a suitable subspace VJ to approximate β∗, thereby reducing the
multiplier fixed point. In fact, in Lemma 23 we will show that there exists a sequence of (δN )N , tending to 0

(almost exponentially) as N grows, for which, for any N , rM (ρ, δN ) ≲q (σξ + ‖Σ1/2
Jc β∗

Jc‖2)( |J|N )
1

2(q−1) when q ≥ 2 and
rM (ρ, δN ) ≲

√
|J|
N (σξ + σ2−q

ξ ‖Σ1/2
Jc β∗

Jc‖q−1
2 ) when 1 < q < 2. In fact, we will prove that there exists an absolute

constant C40 = C40(q) ∈ (1,∞) for any 1 ≤ q <∞, such that for any r, ρ > 0, the following random event holds with
high probability (see Proposition 30 for the exact probability deviation).

Ωq>1
multi :=

{
sup

(
inf

g∈∂−PN ℓ•(β∗
J )
|〈g,u〉| : u ∈ rΣ

−1/2
J BJ2 ∩ ρKmodel

)
≤ C40

(σq−1
ξ + ‖Σ1/2

Jc β∗
Jc‖q−1

2 )N
q−1
2

√
|J |

ℓq∗(Σ
1/2
Jc B

p
q )

r

}
,

(4.23)

where ∂−PN ℓ•(β∗
J) is computed later in Lemma 21. This explains the origin of the term σξ(

|J|
N )

1
2(q−1) in r(VJ , VJc)

when q ≥ 2. When 1 < q < 2, the contribution of the multiplier fixed point becomes a higher‑order term relative to
the corresponding quadratic fixed point, and therefore does not appear explicitly in r(VJ , VJc).

FSD reduces quadratic fixed point

The first-order Taylor expansion of PN ℓβJ
is insufficient to obtain PL(2)

βJ
, hence this subsection considers its second-

order Taylor expansion. This is commonly referred to as the quadratic fixed point/ Bernstein-type property for
historical reasons—specifically, a lower bound for PNLβJ

involving PNL(2)
βJ

, or a lower bound for PLβJ
involving

PL(2)
βJ

.
Here, we only consider the local Bernstein’s condition developed in [CLL21, CLL20], which holds on the set

β∗
J + (r(ρ)Σ

−1/2
J SJ2 ∩ ρKmodel) – this suffices for us to obtain an upper bound for PL(2)

β̂J

. Generally speaking, the
local Bernstein’s condition describes a property on the local curvature of the excess risk around β∗

J , [LN24] : there
exist some scaling factor α > 0 and some constant κ ≥ 1 such that for any βJ ∈ β∗

J + (r(ρ)Σ
−1/2
J SJ2 ∩ ρKmodel), we

have PLβJ
≥ α‖Σ1/2

J (β̂J − β∗
J)‖2κ2 . Such a property may follow from a lower bound on the smallest eigenvalue of

the Hessian of the population excess risk PL• at β∗
J .

Analogously to the multiplier fixed point associated with the first-order condition, supervised learning theory
features another fixed point, called the quadratic fixed point, which characterizes the minimal r(ρ) for which PNLβJ

can be compared with its quadratic approximation PNL(2)
βJ

, defined as

rQ(ρ, δ) = min
r>0

(
P

(
∀u ∈ ρKmodel ∩ rΣ−1/2

J SJ2 , PNLβJ
≥ 4rκ + sup

g∈∂−PN ℓ•(β∗
J )

〈g,u〉

)
≥ 1− δ

)
,

where, 4 is some parameter and κ > 0 is some real number. We will see below that, once again thanks to FSD,
when q ≥ 2, for any ρ > 0 there exists a sequence (δN )N tending to 0 at a nearly exponential rate as N increases,
such that for every δN in this sequence, one may take rQ(ρ, δN ) = 0. When 1 < q < 2, we will require the following
local Bernstein condition together with a quadratic fixed point. For q = 1, we will directly employ the D-M to study
the squared loss, for which the loss is itself quadratic. Here we focus exclusively on the case q > 1 which is more
problematic. In this section, we do not consider the Bernstein condition for the squared hinge loss in classification
problems, namely Assumption 7, which will be proved later in Lemma 28.

When q ≥ 2. The following lemma shows that there exist δ and κ = q such that, for any ρ > 0, one may take
rQ(ρ, δ) = 0 — once again illustrating the strength of FSD. The proof of the following Lemma 18 may be found in
Section 4.7.2.

Lemma 18. Suppose q ≥ 2. For any r > 0, condition on the event ΩDM,reg(ε1) ∩ ΩRIP, we have for all βJ ∈
β∗
J +

[
ρKmodel ∩ rΣ−1/2

J Sp−1
2

]
,

PNLβJ
≥ q − 1

q2q
cq19N

q
2 rq

(1 + ε1)qℓ∗(Σ
1/2
Jc B

p
q )q

+ sup
g∈∂−PN ℓ•(β∗

J )

〈g,βJ − β∗
J〉 . (4.24)
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The proof relies on structural properties of the loss function PN ℓ•, in particular on the fact that the norm ‖ · ‖q
is q-uniformly convex in this regime, [Pis16, Section 10.1]. Here, 4 = q−1

q2q
cq19N

q
2

(1+ε1)qℓ∗(Σ
1/2
Jc B

p
q )q

, which also explains the
choices of θ1 and □ in the definition of rM(ρ, δ).

When 1 < q < 2. When 1 < q < 2, the norm ‖ · ‖q is no longer q-uniformly convex. In this case rQ is no longer
zero, but with the aid of the local Bernstein assumption below, we can still identify rQ(ρ, δ).

Assumption 9 (local Bernstein’s condition for random loss generated by ℓq norm). There exist absolute constants
0 < c < 1, κ ≥ 1 and parameters ρ, r(ρ) > 0 defined by (4.8) such that for any βJ ∈ β∗

J + (r(ρ)Σ
−1/2
J SJ2 ∩ ρBJ1 ),

there holds

PLβJ
≥ c

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2κ(ρ) = c

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )

‖Σ1/2
J (βJ − β∗

J)‖2κ2 , (4.25)

where PℓβJ
= EXJ ,ξ ‖A[y − XJβJ ]‖

q
q and PLβJ

= PℓβJ
− Pℓβ∗

J
.

In the following Lemma 19, we prove that if XJ is a Gaussian random vector, then conditioned on ΩDM,reg(ε1),
Assumption 9 holds. The proof of Lemma 19 may be found in Section 4.9.5.

Lemma 19. Suppose XJ ∼ N (0,ΣJ), ξ ∼ N (0, σ2
ξIN ), and suppose XJ is independent with ξ. Suppose either

XJc ∼ N (0,ΣJc), or β∗
Jc = 0. Condition on the event ΩDM,reg(ε1), then Assumption 9 holds with κ = 1 and

c = 1
2C41

for some absolute constant C41.

We conjecture that Assumption 9 remains valid for more general probability measures than the Gaussian one.
Its proof would require studying the lower bound of the smallest eigenvalue of the Hessian of ‖A[·]‖qq around ξ. This
constitutes an interesting problem in stochastic geometry in its own right, but lies beyond the scope of the present
work.

Define

rQ(ρ) := min
(
r > 0 : ℓ∗(r(ρ)S

J
2 ∩ ρΣ1/2

J BJ1 ) < κ3σ
−2
ξ r4(ρ)

√
N
)
.

We prove in Proposition 29 that under some assumptions, when r > rQ(ρ), then with high probability, for any

βJ ∈ β∗
J + (r(ρ)Σ

−1/2
J SJ2 ∩ ρBJ1 ), there holds PNLβJ

≥ 1
2c23

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ) for some absolute constant c23. This

explains the choice of θ1 and □ in the definition of rM (ρ, δ). When 1 < q < 2, the estimate for rQ yields σ
1
3

ξ (
|J|
N )

1
6 ,

which explains the origin of the corresponding term in r(VJ , VJc) for 1 < q < 2—namely, this is the quadratic fixed
point.

At this point, all the ingredients required to handle β̂J have been introduced. Before proceeding to the next
section, where we analyze β̂Jc , let us briefly summarize these ingredients: the Dvoretzky–Milman theorem provides a
simplification of the nonlinear loss function ℓβJ

; the multiplier process with dependent multipliers captures the first-
order information of the excess risk; and Bernstein’s property provides its second-order information. In regression
problems, the second-order information corresponds to the population excess risk (or estimation error). Therefore,
on the space VJ , we can apply the uniform convergence argument together with the localization technique to obtain
a high-probability upper bound on the population excess risk ‖Σ1/2

J (β̂J − β∗
J)‖22.

4.4 Price for overfitting of β̂Jc

In this section, we consider the other subspace VJc appearing in the features space decomposition. As pointed out
in Section 1.5.1, in this subspace, β̂Jc absorbs noise rather than estimates β∗

Jc . This space is not considered in the
classical uniform convergence analysis of estimators. It requires the use of Dvoretzky-Milman theorem which has
been introduced in Section 1.5.3.

For regression problems, we directly apply the triangle inequality: ‖Σ1/2
Jc (β̂Jc−β∗

Jc)‖2 ≤ ‖Σ1/2
Jc β̂Jc‖2+‖Σ1/2

Jc β∗
Jc‖2,

and thus in this section we investigate the high-probability upper bound of ‖Σ1/2
Jc β̂Jc‖2. This quantifies the impact

of β̂Jc absorbing noise (rather than estimating the signal) on PL(2)

β̂
. We establish its upper bound in Section 4.4.1.

Using the triangle inequality as we did above seems inefficient if β̂Jc was expected to be an estimator of β∗
Jc but, as

we said, this is not the case: β̂ uses the space VJc (via β̂Jc) to absorbs noise (in particular, to make β̂ interpolating
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the response vector y) and does not aim to estimate the signal on that part of the space. This decomposition appears
to be optimal in the q = 2 case (see the lower bound in [P4]), in the ridge regression case [P2] and the more general
spectral methods case [P3].

For the classification problem, we use (1.16) to characterize how β̂Jc absorbing noise may potentially flip the
prediction sign(〈X, β̂J〉), and consequently its effect on PL{0,1}

β̂
. We establish its upper bound in Section 4.4.2.

4.4.1 Price for Overfitting in Regression problem
When the Dvoretzky-Milman condition N ≤ κDMε

2
1d∗(Σ

1/2
Jc B

p
q′) holds, since ‖Σ1/2

Jc ‖ℓq→ℓ2 = diam(Σ
1/2
Jc Bpq ), on

ΩDM,reg, there holds ‖Σ1/2
Jc A[y − XJ β̂J ]‖2 ≤ diam(Σ

1/2
Jc Bpq )‖A[y − XJ β̂J ]‖q ≲

diam(Σ
1/2
Jc B

p
q )

ℓ∗(Σ
1/2
Jc B

p

q′ )
‖y − XJ β̂J‖2. Then the

upper bound for ‖y−XJ β̂J‖2 = ‖XJ(β∗
J−β̂J)+XJcβ∗

Jc+ξ‖2 follows from RIP, the upper bound for ‖Σ1/2
J (β̂J−β∗

J)‖2.

4.4.2 Price for Overfitting in Classification problem
In this section, we investigate a high-probability upper bound for (1.16). This will demonstrate the cost of the noise
interpolation behavior of β̂Jc in terms of PL{0,1}

β̂
. In this section, all probabilities are understood to be conditional

on (Xi, Yi)
N
i=1.

The analysis remains centered on the marginal behavior of β̂Jc , specifically on the magnitude of 〈X, β̂Jc〉. Notably,
this quantity concentrates around ‖Σ1/2

Jc β̂Jc‖2 — just as in the case of regression problems. We use Proposition 15.
If we do not impose any conditions on X, it is clear that we cannot obtain an upper bound for P(|〈X, β̂Jc〉| >

|〈X, β̂J〉|) that decays to zero as ‖Σ1/2
Jc β̂Jc‖2 → 0. Therefore, in what follows we restrict our analysis to the setup of

the Gaussian mixture classification and logistic models. The proof of the following Proposition 27 can be found in
Section 4.8.3.

Proposition 27. In Gaussian mixture classification model and logistic model, we have

P(|〈X, β̂Jc〉| > |〈X, β̂J〉||D) ≤ 2

π
‖Σ1/2β̂Jc‖2

‖Σ1/2β̂J‖2
‖Σ1/2β̂J‖22 − ‖Σ1/2β̂Jc‖22

where D = (y,X).

Up to this point, we observe the following fact: the impact of noise interpolation / absorption by β̂Jc on prediction
primarily depends on whether ‖Σ1/2

Jc β̂Jc‖2 is sufficiently small as well as if ‖Σ1/2
Jc β̂Jc‖2 is significantly smaller (like

half) than ‖Σ1/2
J β̂J‖2. Next, we analyze an upper bound for ‖Σ1/2

Jc β̂Jc‖2. Here, β̂Jc = B[1 − Xyβ̂J ] constitutes a
nonlinear operator, and consequently we employ only the simplest upper bound on its operator norm, that is, on
ΩDM,class(δ4), ‖Σ1/2β̂Jc‖2 ≤ ‖ΣJc‖1/2op ‖B[1− Xyβ̂J ]‖2.

Proposition 28. Suppose the choice of VJ satisfies that N‖ΣJc‖op ≤ κDM δ̄
2 Tr(ΣJc). Suppose 1

2 < ‖Σ1/2β∗
J‖2

and r(VJ , VJc) < 1
4C33

(4‖Σ1/2β∗
J‖2 + 1−

√
16‖Σ1/2β∗

J‖2 + 1), where r(VJ , VJc) and C33 are defined in Theorem 11.
Then for C35 defined in Theorem 11, in the Gaussian mixture classification model and the logistic model, for any δ̄
satisfying (4.14), with the same probability as in (4.13) and for C38 in Theorem 11, we have

(1.16) = P
(
Y 〈X, β̂〉 < 0

∣∣D)− P
(
Y 〈X, β̂J〉 < 0

∣∣D) ≤ C38δ̄
√
Pℓβ∗

J
. (4.26)

The proof of Proposition 28 may be found in Section 4.8.3.

4.5 Conclusions and Research Perspectives
Conclusions.

1. This chapter establishes an analytical framework for the features space decomposition method and, through
the self-regularization property, applies it to derive non-asymptotic upper bounds for: (i) the population excess
risk of minimum ℓq-norm interpolant estimators in linear regression problems, and (ii) minimum ℓ2-norm
interpolant classifiers in linear classification problems. This method has the potential to improve one of the
most fundamental approaches in mathematical statistics — the uniform convergence argument.
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2. We introduce a new class of benign overfitting phenomena, termed non-exact benign overfitting. Building upon
our main results, we provide sufficient conditions for: (a) minimum ℓq-norm interpolant estimators to exhibit
non-exact and exact benign overfitting in regression settings, and (b) minimum ℓ2-norm interpolant classifiers to
achieve both non-exact and exact benign overfitting in classification problems. This phenomenon lies between
benign overfitting and test-error benign overfitting, and it still provides useful information about the population
risk of overfitting estimators. We believe that this phenomenon deserves further attention.

3. Our technical approach deliberately avoids the convex min-max theorem that requires the Gaussian assumption.
Instead, we incorporate geometric tools from GAFA combined with the features space decomposition method,
thereby offering a geometric perspective for understanding benign overfitting phenomena in minimum-norm
interpolant estimators. This suggests that in supervised learning problems, particularly in high-dimensional
statistics, it is necessary to introduce more tools from GAFA.

We now highlight several potential future research directions related to the problem of benign overfitting, as well as
new questions in probability theory and random geometry that this line of inquiry may inspire.

Research Perspectives.

1. Beyond the minimum ℓq norm interpolant estimator, other interesting interpolant estimators motivated by
neural network theory include the minimum Schatten–1 norm interpolant estimator, which corresponds to the
implicit regularization of shallow linear neural networks, and the minimum Schatten–q quasi-norm interpolant
estimator, which corresponds to the implicit regularization of depth-L = b2/qc deep linear neural networks,
[GLSS18, SLS+20, RBD25]. Investigating the exact and non-exact benign overfitting properties of these inter-
polant estimators would be of significant interest.

2. Moreover, this chapter establishes only sufficient conditions for the occurrence of exact and non-exact benign
overfitting, and studying the necessary conditions represents another important research direction. For instance,
in our analysis of the minimum ℓ2 norm interpolant estimator, we did not, unlike previous works [MRSS23,
MRSY25], assume that VJ is chosen as the eigenspace of Σ. However, since the result obtained for the minimum
ℓ2 norm interpolant classifier corresponds to non-exact benign overfitting, a direct comparison with existing
works is not possible. Establishing necessary conditions would therefore help determine which subspace the
feature space decomposition of the minimum ℓ2 norm interpolant classifier actually selects.

3. We still lack mathematical tools to handle ‖Σ1/2
Jc A[ξ + ζ]‖22 in Section 4.4, where ζ = XJcβ∗

Jc + XJ(β∗
J − β̂J)

satisfies ‖ζ‖2 = o(
√
N) with high probability. In the case q = 2, the analysis in [P4] relies on the fact that A is

a linear operator, and in this case, the “correct” tool is the upper side of Dvoretzky-Milman theorem applied
to norm ‖ΣJc · ‖2. When q 6= 2, we aim to seek an alternative to capture the non-linearity of Eξ‖Σ1/2

Jc A[ξ+ζ]22.
This may require introducing certain tools from random geometry especially when q = 1, [Sch13]. When q = 1,
we conjecture that under the assumptions of Theorem 10, there exists an absolute constant C > 1 such that,
with high probability, one has ‖A[ξ + ζ]‖2 ≤ C√

N
‖A[ξ + ζ]‖1. In other words, viewed as the solution to the

basis pursuit problem, the vector A[y−XJ β̂J ] is supported on N coordinates, and the magnitudes of these N
nonzero coordinates are nearly of the same order. Since, with probability one, the vector y − XJ β̂J does not
lie in any subspace of dimension strictly smaller than N , the classical compressed sensing theory does not, to
the best of our knowledge, provide any guarantees for such vectors [FR13]. Hence, the above conjecture lies
outside the scope of existing compressed sensing results.
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4.6 Proof: Properties of the nonlinear map A and B
In this section, we gather all the properties we need on the nonlinear operators A and B appearing in the decom-
position of β̂ in regression and classification. We start with A and we recall its definition and the associated dual
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problem. Let 1 ≤ q, q′ be such that 1/q + 1/q′ = 1. For all µ ∈ RN , A[µ] is solution to the optimization problem
min

(
‖ν‖q : XJcν = y

)
, whose dual problem is

max
(〈

µ,λ
〉
:
∥∥X⊤

Jcλ
∥∥
q′
≤ 1
)
. (4.27)

We denote by λ∗[µ] a solution to the dual problem. We recall that by strong duality (see the von Neuman-Sion
minmax theorem), we have

‖A[µ]‖q = min
(
‖ν‖q : XJcν = µ

)
= max

(〈
ν,λ

〉
:
∥∥X⊤

Jcλ
∥∥
q′
≤ 1
)
=
〈
µ,λ∗[µ]

〉
.

Lemma 20. Let 1 ≤ q < ∞ and denote by q′ its conjugate number. The non-linear maps A[·] : RN → Rp and
λ∗[·] : RN → RN satisfy the following properties:

1. For any α > 0 and µ ∈ RN , A[αµ] = αA[µ], and A[µ] = 0 if and only if µ = 0; λ∗[αµ] = λ∗[µ];

2. ‖A[·]‖q is sub-additive and is a norm;

3. for all µ ∈ RN ,A[−µ] = −A[µ];

4. On the event ΩDM,reg(ε1) defined in (1.22), ‖A[·]‖q is a Lipschitz function with Lipschitz constant 1/[(1−ε1)ℓ∗]
where ℓ∗ = ℓ∗(Σ

1/2
Jc Bpq ). As a consequence, for any µ ∈ RN , ‖A[µ+ ·]‖q is Lipschitz with the same constant.

5. Let µ 6= 0. For any solution λ∗[µ] of the dual problem, we have

|A[µ]|⊙(q−2) �A[µ] = ‖A[µ]‖q−1
q X⊤

Jcλ∗[µ]. (4.28)

In particular, when q = 1, X⊤
Jcλ

∗[µ] = sign(A[µ]).

6. Let ζ ∈ RN be a symmetric random vector independent of XJc , then λ∗[ζ] and A[ζ] are symmetric random
variables and, in particular, E[λ∗[ζ]|XJc ] = 0 and E[A[ζ]|XJc ] = 0.

7. For any q ≥ 1 and any R > 0, on the random event ΩDM,reg(ε1), ‖A[·]‖qq is 2q−1

(1−ε1)qℓq∗
Rq−1-Lipschitz in RBN2 .

Moreover, (x,y) ∈ RBN2 7→ ‖A[x + y]‖qq − ‖A[y]‖qq is Cq

(1−ε1)qℓq∗
Rq−1 Lipschitz for some absolute constant

Cq > 1.

Proof.

1. By the definition of A, we know that ‖A[αµ]‖q = min(‖ν‖q : XJcν = αµ) = min(‖ν‖q : 1
αXJcν = µ). Let

ν̃ = 1
αν, then ν = αν̃ and hence ‖A[αµ]‖q = min(‖αν̃‖q : XJc ν̃ = µ) = αmin(‖ν̃‖q : XJc ν̃ = µ) = α‖A[µ]‖q.

This implies that ‖A[·]‖q is positive 1-homogeneous. When µ = 0, then argmin(‖ν‖q : XJcν = 0) = 0; on the
other side, since µ = XJcA[µ], when A[µ] = 0, we know that µ = 0. It is clear that λ∗[αµ] = λ∗[µ].

2. For any v1,v2 ∈ RN , ‖A[v1+v2]‖q ≤ ‖A[v1]+A[v2]‖q. This is because XJcA[v1+v2] = v1+v2 = XJcA[v1]+
XJcA[v2]. Hence A[v1]+A[v2] belongs to {ν : XJcν = v1+v2}, the feasible set in the definition of A[v1+ v2].
Since A[v1 + v2] has the smallest ‖ · ‖q norm on this feasible set we get that ‖A[v1 + v2]‖q ≤ ‖A[v1] +A[v2]‖q.
The sub-aditivity of ‖A[·]‖q follows from the triangle inequality. Together with convexity item 1., we conclude
that ‖A[·]‖q is a norm and so it is convex.

3. This point is clear from by definition of A[·].

4. By standard functional analysis, we only need to prove that any sub-gradient of ‖A[·]‖q has its ℓ2-norm bounded
by 1/[(1− ε1)ℓ∗]. We recall that by strong duality we obtained that ‖A[µ]‖q = max

(〈
µ,λ

〉
:
∥∥X⊤

Jcλ
∥∥
q′
≤ 1
)
.

Hence, µ → ‖A[µ]‖q is the maximal function of a set of linear functions and so its sub-differential at a
point µ is given by all the λ’s achieving this max, ie of the dual problem. As a consequence, we obtain
∂−A[µ] = {λ∗[µ] : λ∗[µ] is solution of the dual problem}. Moreover, on the event ΩDM,reg(ε1) we have

‖λ∗[µ]‖2 (1− ε1)ℓ∗(Σ
1/2
Jc B

p
q ) ≤

∥∥X⊤
Jcλ∗[µ]

∥∥
q′
≤ 1

where the last inequality follows from the fact that λ∗[µ] belongs to the feasible set of the dual problem. We
conclude that ‖λ∗[µ]‖2 ≤ 1/[(1 − ε1)ℓ∗] and since it holds uniformly for all µ, this implies that ‖A[·]‖q is
Lipschitz with constant 1/[(1− ε1)ℓ∗] on the event ΩDM,reg(ε1)
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5. Let us first start with two observations: let u,v,w ∈ VJc be such that ‖w‖q = 1. a) if u ∈ ∂−‖ · ‖q(w) then
w ∈ ∂−‖ · ‖q′(u); and b) if u ∈ ∂−‖.‖q(v) then u ∈ ∂−‖.‖(αv) for any α > 0. These two observations easily
follow from the characterization: u ∈ ∂−‖.‖q(v) iif ‖u‖q′ = 1 and 〈v,u〉 = ‖v‖q.
Next, by first order condition of convex optimization problem and Lagrangian duality the following holds: let
λ∗[µ] be a solution of the dual problem then A[µ] ∈ argmin(‖βJc‖q : XJcβJc = µ) iff the KKT conditions
are satisfied: X⊤

Jcλ
∗[µ] ∈ ∂−‖.‖q(A[µ]) and XJcA[µ] = µ. Since µ 6= 0, by item 1., A[µ] 6= 0 and hence

∂−‖.‖q(A[µ]) ⊂ SJ
c

q′ and, as a result, X⊤
Jcλ

∗[µ] 6= 0. Applying previous observation to u = X⊤
Jcλ

∗[µ] and
v = A[µ], then u ∈ ∂−‖.‖q(v), and hence u ∈ ∂−‖.‖q(v/‖v‖q). This further implies v/‖v‖q ∈ ∂−‖.‖q′(u),
that is, A[µ] ∈ ‖A[µ]‖q∂−‖.‖q′(X⊤

Jcλ
∗[µ]).

The sub-differential of ‖·‖q′ at v follows from: 〈g,v〉 =
∑
j∈Jc v2j |vj |q

′−2‖v‖1−q
′

q′ = ‖v‖q′ and ‖g‖q = 1.
Finally, since X⊤

Jcλ
∗[µ] ∈ ∂−‖.‖q(A[µ]), we have ‖X⊤

Jcλ
∗[µ]‖q′ = 1 hence λ∗[µ] is feasible. By item 4.,

‖λ∗[µ]‖2 ≤ 1
(1−ε1)ℓ∗ .

Since ∂−‖ · ‖q(A[µ]) = |A[µ]|⊙(q−2) � A[µ]‖A[µ]‖1−qq (because µ 6= 0 and so A[µ] 6= 0). The result follows
from these two observations.

6. By item 3. and the assumption that ζ is symmetric, −A[ζ] = A[−ζ] has the same distribution as A[ζ]
conditionally on XJc . Hence, A[ζ] is a symmetric variable and so it is centered conditionally on XJc . Similarly,
one may check that λ∗[−ζ] = −λ∗[ζ] and so the same result hold for λ∗[ζ].

7. For any µ1,µ2 ∈ RBN2 , applying the Lagrange mean value theorem to the map a ∈ R+ 7→ aq yields |‖A[µ1]‖qq−
‖A[µ2]‖qq| ≤ q(‖A[µ1]‖q−1

q + ‖A[µ2]‖q−1
q ) |‖A[µ1]‖q − ‖A[µ2]‖q|. By the triangle inequality and item 4 of

Lemma 20, we obtain |‖A[µ1]‖qq − ‖A[µ2]‖qq| ≤ 2q−1Rq−1

(1−ε1)qℓq∗
‖µ1 − µ2‖2. Moreover, for any (x1,y1), (x2,y2) ∈

RBN2 ×RBN2 ,
∣∣‖A[x1 + y1]‖qq − ‖A[y1]‖qq − (‖A[x2 + y2]‖qq − ‖A[y2]‖qq)

∣∣ ≤ ∣∣‖A[x1 + y1]‖qq − ‖A[x2 + y2]‖qq
∣∣+∣∣‖A[y1]‖qq − ‖A[y2]‖qq

∣∣ ≲q 1
(1−ε1)qℓq∗

Rq−1‖(x1,y1)− (x2,y2)‖2.

The following are corollaries of Lemma 20.
Lemma 21. 1. Let q ≥ 1. We consider the empirical loss function PN ℓ• : βJ ∈ VJ 7→ PN ℓβJ

= ‖A[y − XJβJ ]‖qq
and denote by ∂−PN ℓ• its sub-differential. We have for all βJ ∈ VJ

∂−PN ℓ•(βJ) =
{
−q ‖A[y − XJβJ ]‖

q−1
q X⊤

J λ
∗[y − XJβJ ] : λ

∗[y − XJβJ ] is solution to the dual problem (4.27)
}
.

(4.29)

2. For all βJ ∈ VJ , we define the risk PℓβJ
= E[PN ℓβJ

|XJc ] = EXJ ,ξ‖A[y − XJβJ ]‖qq. Suppose XJcβ∗
Jc + ξ is

independent of XJ and E[XJ ] = 0, then β∗
J is a minimizer of the risk function βJ → PℓβJ

over VJ .
Proof.
1. Equation (4.29) follows from the chain rule and the fact that

∂− ‖A[·]‖q (µ) = {λ∗[µ] solution to the dual problem (4.27)}.

2. By convexity of the risk function, to show that β∗
J is a minimum of the risk function over VJ , it is enough to

show that 0 is a sub-gradient of the risk function at β∗
J . First note that, by convexity, for all βJ ∈ VJ , we have

∂−PℓβJ
= E[∂−PN ℓβJ

|XJc ]. Let λ∗[y−XJβ∗
J ] be a solution to (4.27) for µ = y−XJβ∗

J . From the first item,
We only need to show that

E
[
‖A[y − XJβ∗

J ]‖
q−1
q X⊤

J λ
∗[y − XJβ∗

J ]|XJc

]
= 0.

We note that y − XJβ∗
J = XJcβ∗

Jc + ξ is independent of XJ hence,

E
[
‖A[y − XJβ∗

J ]‖
q−1
q X⊤

J λ
∗[y − XJβ∗

J ]|XJc

]
= EξEXJ

[
‖A[XJcβ∗

Jc + ξ]‖q−1
q X⊤

J λ
∗[XJcβ∗

Jc + ξ]
]

= Eξ

[
‖A[XJcβ∗

Jc + ξ]‖q−1
q EXJ

[
X⊤
J

]
λ∗[XJcβ∗

Jc + ξ]
]
= 0

because XJ is centered.
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Next, we turn to the study of the map B that appears in the classification problem. For this problem, we only
considered the minimum ℓ2-norm interpolant estimator. However, unlike the regression problem, where A is a linear
operator for q = 2, this is not the case in classification: B is in general a non-linear map. We first recall its definition,
the strong duality property it satisfies and the notation Xy,Jc = [Y1PJcX1| · · · |YNPJcXN ]⊤. For all µ ∈ RN , B[µ] is
solution to the optimization problem

min (‖ν‖2 : Xy,Jcν � µ)

whose dual problem is
max

(〈
µ,λ

〉
: λ � 0,

∥∥X⊤
y,Jcλ

∥∥
2
≤ 1
)
.

We denote by λ∗[µ] a solution to the dual problem. We recall that by strong duality (see the von Neuman-Sion
minmax theorem), we have

‖B[µ]‖2 = min (‖ν‖2 : Xy,Jcν � µ) = max
(〈

ν,λ
〉
: λ � 0,

∥∥X⊤
y,Jcλ

∥∥
2
≤ 1
)
=
〈
µ,λ∗[µ]

〉
.

Lemma 22. The non-linear maps B[·] : RN → VJc and λ∗[·] : RN → RN satisfy the following properties:

1. For any µ ∈ RN and α > 0, B[αµ] = αB[µ], and B[µ] = 0 if and only if µ � 0; λ∗[αµ] = λ∗[µ];

2. ‖B[·]‖2 is sub-additive and convex;

3. On the event ΩDM,class(δ4) (defined in Proposition 26), ‖B[·]‖2 is a Lipschitz function with Lipschitz constant
1/[(1 − ε1)ℓ∗] where ℓ∗ = ℓ∗(Σ

1/2
Jc B

p
2). As a consequence, for any µ ∈ RN , ‖B[µ + ·]‖2 is Lipschitz with the

same constant.

4. Let µ be any vector in RN that does not satisfy µ � 0, then λ∗[µ] satisfies that X⊤
y,Jcλ

∗[µ] 6= 0, and

B[µ] ∈ ‖B[µ]‖2 ∂
− ‖·‖2

(
X⊤

y,Jcλ∗[µ]
)
.

Moreover, on the event ΩDM,class(δ4), ‖λ∗[µ]‖2 ≤ 1
(1−ε1)ℓ∗ .

5. Let µ be any vector in RN that does not satisfy µ � 0, then

B[µ] = ‖B[µ]‖2 X
⊤
y,Jcλ∗[µ]. (4.30)

6. Let λ be any vector in RN that does not satisfy µ � 0, then∥∥∥Σ1/2
Jc B[µ]

∥∥∥
2
≤ ‖B[µ]‖2 min

(∥∥∥Σ1/2
Jc v

∥∥∥
2
: v ∈ ∂− ‖·‖2 (X

⊤
y,Jcλ∗[µ])

)
.

Proof. The proof for item 1., 2. and 3. are similar to that of the proof of Lemma 20, where the only modification
required is replacing the “=” with “�”. We now proceed directly to the proof of item 4., 5., and item 6.. For item
4., compared to that of the proof of Lemma 20, Similar to the proof in Lemma 20, for the convex optimization
problem ‖B[·]‖q, its KKT conditions still include the stationarity condition X⊤

y,Jcλ
∗[µ] ∈ ∂−‖ · ‖q(B[µ]), as well as

the dual feasibility condition ‖X⊤
y,Jcλ

∗[µ]‖2 = 1 (when B[µ] 6= 0, which follows from item 1., i.e., when µ does not
satisfy µ � 0). By the Fenchel duality theorem, these two conditions imply that B[µ] ∈ ‖B[µ]‖2∂−‖ ·‖2(X⊤

y,Jcλ
∗[µ]).

Moreover, the computation of ∂−‖ · ‖2(X⊤
y,Jcλ

∗[µ]) follows the same procedure as in Lemma 20. Item 5. and item
6. follow from item 4. immediately.

4.7 Proof of Theorem 10: Benign overfitting of the minimum ℓq-norm
interpolant estimator

In what follows, we take r(ρ) = C30r(VJ , VJc), defined in (4.8), and ρ = ρ∗ defined as follows

ρ∗ = C29

√
N

ℓ∗(Σ
1/2
Jc B

p
q )
r(VJ , VJc). (4.31)
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4.7.1 Stochastic Argument for regression problem
Noise concentration. For any 0 < δ5 < 1, we let

Ωnoise(δ5) :=

{
(1− δ5)Nσ

2
ξ ≤ ‖ξ‖22 ≤ (1 + δ5)Nσ

2
ξ , and

(1− δ5)N
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥2
2
≤ ‖XJcβ∗

Jc‖22 ≤ (1 + δ5)N
∥∥∥Σ1/2

Jc β∗
Jc

∥∥∥2
2

}
.

(4.32)

By standard concentration inequality, c.f. [Ver18, Theorem 3.1.1], we know that when XJc and ξ are sub-Gaussian,
then P(Ωnoise(δ5)) ≥ 1− exp(−c20δ25N) for some absolute constant c20.

Isomorphic Property of XJ . For the sake of simplicity, let us assume that |J | = bδ6Nc for some 1/N ≤ δ6 < 1/2.
Recall from (4.22) that

ΩRIP :=

{
∀βJ ∈ β∗

J +
[
ρKmodel ∩ r(ρ)Σ−1/2

J Sp−1
2

]
: c19r(ρ) ≤

1√
N

‖XJ(βJ − β∗
J)‖2 ≤ C39r(ρ)

}
.

By the same argument as in Section 6.5.2 of [P2], there exists an absolute constant κRIP < 1, such that when
δ6 < κRIP , then ΩRIP is implied by the event {c19

√
N ≤ σ|J|(XJΣ

−1/2
J ) ≤ σ1(XJΣ−1/2

J ) ≤ C39

√
N}. By [Ver18,

Corollary 7.3.3, Exercise 7.3.4], we know that P(ΩRIP) ≥ 1− 2 exp(−c21|J |) for some absolute constant c21 < 1.

Multiplier process on VJ .

Here we develop a novel probabilistic tool for bounding the multiplier process in cases where the multipliers may be
dependent. The proof of the following Lemma 23 may be found in Section 4.9.1.

Lemma 23. Let F ⊂ L2(µX) be a functions class with sub-Gaussian increments with respect to ‖ · ‖L2(µX), that is,
there exists an absolute constant θ2 > 1 such that for any f, g ∈ F , ‖f−g‖ψ2

≤ θ2‖f−g‖L2(µX). Let w = (wi)
N
i=1 ∈ RN

be a deterministic vector. Let X1, · · · , XN be i.i.d. random vectors distributed as µX . Suppose 0 ∈ F . Then there
exists an absolute constant C42 depending only on θ2 such that for any t > 0, with probability at least 1− 2 exp(−t2),

sup

(∣∣∣∣∣
N∑
i=1

wi (f(Xi)− E[f(X)])

∣∣∣∣∣ : f ∈ F

)
≤ C42 ‖w‖2

(
γ2(F, dL2(µX)) + t diam(F, ‖ · ‖L2(µX))

)
,

where γ2(F, dL2(µX)) is the Talagrand’s γ2-functional of F with respect to the distance generated by ‖ · ‖L2(µX) while
diam(F, ‖ · ‖L2(µX)) = sup(‖f‖L2(µX) : f ∈ F ).

When q = 1. Notice that E[(ξ + 〈X,β∗
Jc〉)〈X,βJ − β∗

J〉] = E[ξ〈X,βJ − β∗
J〉] + E[〈X,β∗

Jc〉〈X,βJ − β∗
J〉] = 0

because XJ is independent with XJc . Applying Talagrand’s majorizing measure theorem [Tal21, Theorem 2.10.1],
Lemma 23 with f(X) = fv(X) = 〈v, X〉, wi = ξi + 〈Xi,β

∗
Jc〉, F = {〈·,v〉 : v ∈ ρKmodel ∩ r(ρ)Σ

−1/2
J BJ2 }, t =

ℓ∗(ρΣ
1/2
J Kmodel ∩ r(ρ)BJ2 /r(ρ)), we obtain that there exists an absolute constantC43 > 1 such that with probability

at least 1− 2 exp(−ℓ2∗(ρΣ
1/2
J Kmodel ∩ r(ρ)BJ2 /r2(ρ))), the following event holds

Ω1<q<2
multi :=

{
sup

(
N∑
i=1

(ξi + 〈Xi,β
∗
Jc〉) 〈Xi,β

∗
J − βJ〉 : β

∗
J − βJ ∈ ρKmodel ∩ r(ρ)Σ−1/2

J BJ2

)

≤ 1

2
C43

√
N
(
σξ +

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2

)
ℓ∗

(
ρΣ

1/2
J Kmodel ∩ r(ρ)BJ2

)}
.

(4.33)

Since (ρΣ
1/2
J Kmodel ∩ r(ρ)BJ2 ) ⊂ r(ρ)BJ2 , we have ℓ∗

(
ρΣ

1/2
J Kmodel ∩ r(ρ)BJ2

)
≤ ℓ∗(r(ρ)B

J
2 ) ≲ r(ρ)

√
|J |. Therefore

there exist some absolute constants κ̄RIP < 1 and C > 1 such that the right-hand-side of (4.33) is less than

C|J |
(
σξ +

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2

)2
+ κ̄RIPNr

2(ρ)
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for some absolute constant C > 1 (so that κ̄RIP < 1). Therefore

P
(
sup

(
N∑
i=1

(ξi + 〈Xi,β
∗
Jc〉) 〈Xi,β

∗
J − βJ〉 : β

∗
J − βJ ∈ ρKmodel ∩ r(ρ)Σ−1/2

J BJ2

)

≤ δ25

(
σξ +

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2

)2
N + κ̄RIPNr

2(ρ)

)
≥ 1− 2 exp

(
−
ℓ2∗(ρΣ

1/2
J Kmodel ∩ r(ρ)BJ2 )

r2(ρ)

)
,

(4.34)

where δ5 ∼
√
C|J |/N .

When q > 1. By (4.29) of Lemma 21, we consider the following multiplier process.

q‖A[y − XJβ∗
J ]‖q−1

q sup

(
N∑
i=1

λ∗
i [y − XJβ∗

J ]〈Xi,v〉 : v ∈ ρKmodel ∩ r(ρ)Σ−1/2
J BJ2

)
.

Apply Lemma 23 to w = λ∗[y − XJβ∗
J ], F = {fv(·) = 〈·,v〉 : v ∈ ρKmodel ∩ r(ρ)Σ

−1/2
J BJ2 }. Recall that on

ΩDM,reg(ε1) ∩ Ωnoise(δ5), by Lemma 20, there hold

‖w‖2 ≤ 1

(1− ε1)ℓ∗
, and

‖A[y − XJβ∗
J ]‖q−1

q ≤
‖ξ + XJcβ∗

Jc‖q−1
2

(1− ε1)q−1ℓq−1
∗

≲q
N

q−1
2

(
σq−1
ξ + ‖Σ1/2

Jc β∗
Jc‖q−1

2

)
ℓq−1
∗

.

(4.35)

Moreover, by Lemma 20 together with the independence between XJ and ξ,XJc , E[wi〈Zi,v〉] = 0 for any i ≤ N .
Notice that in Lemma 23, the probability measure is with respect to µXJ

. Therefore, with probability at least
1−P((ΩDM,reg(ε1)∩Ωnoise(δ5))

c)−2 exp(−t2), Ωq>1
multi defined in (4.23) holds, where t = ℓ∗(ρΣ

1/2
J Kmodel∩r(ρ)BJ2 )/r(ρ).

Remark 9. Since in the subsequent (4.51) we will remove the localization, we can still obtain an upper bound for
the multiplier process indexed by r(ρ)Σ−1/2

J BJ2 even when XJ satisfies only E‖Σ−1/2
J XJ‖2 ≲

√
|J |. Indeed, by (4.29),

EXJ
sup
(
|〈g,βJ−β∗

J〉| : βJ−β∗
J ∈ ρKmodel∩r(ρ)Σ−1/2

J BJ2
)
≤ q‖A[y−XJβ∗

J ]‖ q−1
q r(ρ)EXJ

sup ‖X⊤
J λ

∗[y−XJβ∗
J ]‖2 ≲

q‖A[y −XJβ∗
J ]‖ q−1

q r(ρ)
√
|J |. Moreover, this does not affect the final bound on ‖Σ1/2

J (β̂J − β∗
J)‖2, but only changes

the probability level to P(Ωq>1
multi) ≥ 0.99, while the constant C40 is replaced by another absolute constant.

Restricted Isomorphic Property of random loss function when 1 < q < 2. The objective of this paragraph
is to prove that with high probability, for any βJ ∈ β∗

J + (r(ρ)Σ
−1/2
J SJ2 ∩ ρKmodel) we have

PNLβJ
= ‖A[y − XJβJ ]‖

q
q − ‖A[y − XJβ∗

J ]‖
q
q ≥ c

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ),

where c < 1. In this paragraph, all the expectation is condition on XJc .

Proposition 29. Grant Assumption 9. Let ξ′ = ξ+XJcβ∗
Jc . Suppose for any βJ ∈ β∗

J + (r(ρ)Σ
−1/2
J SJ2 ∩ ρKmodel),

the random vector ζ = ((r(ρ))−1XJ(βJ − β∗
J), σ

−1
ξ ξ′) ∈ R2N has Lipschitz concentration property, that is, for any

Lipschitz function f , f(ζ)−Ef(ζ) is a sub-Gaussian random variable whose sub-Gaussian norm is (up to multiplicative
constant) the Lipschitz constant of f . There exist absolute constants κ3 < 1 and 0 < c < 1 such that the following
hold. Suppose max{σξ exp(−cN), rQ(ρ)} < r(ρ) < σξ where:

rQ(ρ) := min
(
r > 0 : ℓ∗(r(ρ)S

J
2 ∩ ρΣ1/2

J Kmodel) < κ3σ
−2
ξ r4(ρ)

√
N
)
. (4.36)

Then with probability at least

1− exp
(
−c24σ−2

ξ Nr4(ρ)
)
− P(ΩcRIP)− P(ΩDM,reg(ε1)

c)− P(Ωnoise(δ5)
c),

for any βJ ∈ β∗
J + (r(ρ)Σ

−1/2
J SJ2 ∩ ρKmodel), the lower isomorphic property of PNLβJ

holds, that is,

Ωiso :=

{
∀βJ ∈ β∗

J + (r(ρ)Σ
−1/2
J SJ2 ∩ ρKmodel) : PNLβJ

≥ 1

2
c23

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ)

}
. (4.37)
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When both XJ and ξ are Gaussian random vectors, the Lipschitz concentration property holds when either
XJc is Gaussian or β∗

Jc = 0. Indeed, when XJc ∼ N (0,ΣJc), for any βJ ∈ β∗
J + r(ρ)Σ

−1/2
J SJ2 ∩ ρKmodel, we

have (XJ(β∗
J − βJ), ξ

′) ∼ N (0, diag(r2(ρ)IN , (σ
2
ξ + ‖Σ1/2

Jc β∗
Jc‖22)IN )); when β∗

Jc = 0, we have (XJ(β∗
J − βJ), ξ

′) ∼
N (0, diag(r2(ρ)IN , σ

2
ξIN )). Consequently, the Borell-TIS inequality (Gaussian Poincaré inequality) implies Lipschitz

concentration. The fixed-point equation (4.36) characterizes the conditions under which the lower isomorphic prop-
erty, that is, (4.37), holds. This is fundamentally different from the case when q ≥ 2. For q ≥ 2, the fixed-point
equation holds for any r(ρ). However, when q < 2, the fixed point for the lower isomorphic property of the random
loss function becomes non-trivial. This may represent a significant distinction between the case of q < 2 and that of
q ≥ 2. The fixed point characterized by (4.36) should be regarded as an analogue of the quadratic fixed point.

Proof. Below we only treat the case β∗
Jc = 0. When XJc is Gaussian, the analysis is similar; only the

final constants change, and we omit it here. Fix βJ ∈ β∗
J + (ρKmodel ∩ r(ρ)Σ

−1/2
J SJ2 ). Let R = 4σξ

√
N , let

πR : z ∈ R2N 7→ argmin(‖z − a‖2 : a ∈ DR), where DR = {(x1,x2) ∈ R2N : ‖x1 − x2‖2 ≤ R, ‖x2‖2 ≤ R}. Then
π is 1-Lipschitz. Let F : (x1,x2) ∈ RN × RN 7→ ‖A[x1 − x2]‖qq − ‖A[x2]‖qq, then PNLβJ

= F (XJ(βJ − β∗
J), ξ).

By Lemma 20, item 7, F ◦ π is Lipschitz on RN with Lipschitz norm not larger than (up to multiplicative constant
depending on q) 1

ℓq∗(Σ
1/2
Jc B

p
q )
Rq−1. We have

PNLβJ
− PLβJ

= F (XJ(βJ − β∗
J), ξ)− EF (XJ(βJ − β∗

J), ξ)

= (F ◦ π)(XJ(βJ − β∗
J), ξ)− E[(F ◦ π)(XJ(βJ − β∗

J), ξ)] (4.38)
+ F (XJ(βJ − β∗

J), ξ)− (F ◦ π)(XJ(βJ − β∗
J), ξ) (4.39)

+ E(F ◦ π)(XJ(βJ − β∗
J), ξ)− EF (XJ(βJ − β∗

J), ξ). (4.40)

Since π is a projection, for any a > 0, P(|(4.39)| > a) ≤ P((XJ(βJ − β∗
J), ξ) /∈ DR). Since R = 4σξ

√
N , r(ρ) < σξ,

on Ωnoise(δ5) ∩ ΩRIP, there exists an absolute constant 0 < c < 1 such that P(|(4.39)| > a) ≤ exp(−cN). Then we
deal with (4.40). By Jensen’s inequality and triangular inequality,

|(4.40)| =
∣∣∣∣E [((F ◦ π)(XJ(βJ − β∗

J), ξ)− F (XJ(βJ − β∗
J), ξ)

)
1((XJ(βJ − β∗

J), ξ) /∈ DR)

]∣∣∣∣
≤ E

[(
|(F ◦ π)(XJ(βJ − β∗

J), ξ)|+ |F ((XJ(βJ − β∗
J), ξ))|

)
1((XJ(βJ − β∗

J), ξ) /∈ DR)

]
.

By triangular inequality and Lemma 20, item 4, |F (XJ(βJ − β∗
J), ξ)| ≤ 1

(1−ε1)qℓq∗
(‖XJ(βJ − β∗

J) − ξ‖q2 + ‖ξ‖q2).
Therefore, by Hölder’s inequality, there exists an absolute constant C44 > 1 such that

|(4.40)| ≲ 1

ℓq∗
E [1((XJ(βJ − β∗

J), ξ) /∈ DR) (‖XJ(βJ − β∗
J)− ξ‖q2 + ‖ξ‖q2)] +

1

ℓq∗
RqP((XJ(βJ − β∗

J), ξ) /∈ DR)

≲ 1

ℓq∗

(
(P((XJ(βJ − β∗

J), ξ) /∈ DR))
1
2

(
E
[
(‖XJ(βJ − β∗

J)− ξ‖q2 + ‖ξ‖q2)
2
]) 1

2

+RqP((XJ(βJ − β∗
J), ξ) /∈ DR)

)
≤ C44

σqξ
ℓq∗
N

q
2 exp (−cN) .

Combining (4.38), (4.39) and (4.40), for any t > 2C44
σq
ξ

ℓq∗
N

q
2 exp (−cN),

{∣∣PNLβJ
− PLβJ

∣∣ ≥ t
}
⊂

{
|(4.38)| ≥ t− 2C44

σqξ
ℓq∗
N

q
2 exp (−cN)

}
∪

{
|(4.39)| > C44

σqξ
ℓq∗
N

q
2 exp (−cN)

}
. (4.41)

Let c22 < 1 be some absolute constant, and let t = c22
N

q
2 σq−2

ξ

ℓq∗
r2(ρ). Because r(ρ) > σξ exp(−cN), there holds

2C44
σq
ξ

ℓq∗
N

q
2 exp(−cN) < 1

2 t. Taking P on both sides of (4.41) yields

P

(∣∣PNLβJ
− PLβJ

∣∣ ≥ c22
N

q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ)

)
≤ exp (−cN) + P

(
|(4.38)| ≥ 1

2
c22

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ)

)
.
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We apply the Lipschitz concentration inequality to deal with (4.38).

P

(
|(4.38)| ≥ 1

2
c22

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ)

)
≲ exp

−

Nqσ
2(q−2)
ξ

ℓ2q∗ (Σ
1/2
Jc B

p
q )
r4(ρ)

σ
2(q−1)
ξ N(q−1)

ℓ2q∗ (Σ
1/2
Jc B

p
q )

 ∼ exp
(
−r4(ρ)σ−2

ξ N
)
.

Take c22 small enough, together with (4.25), there exist absolute constants c23 and c24 such that for any βJ ∈
β∗
J + (r(ρ)Σ

−1/2
J SJ2 ∩ ρKmodel),

P

(
PNLβJ

≥ c23
N

q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ)

)
≥ 1− exp

(
−c24σ−2

ξ Nr4(ρ)
)
.

Let 0 < ε2 < 1 to be determined, and Vε2 be an ε2-net with respect to ‖Σ1/2
J · ‖2 on β∗

J + (r(ρ)Σ
−1/2
J SJ2 ∩ ρKmodel),

that is, Vε2 = {πβJ : βJ ∈ β∗
J + (r(ρ)Σ

−1/2
J SJ2 ∩ ρKmodel)} such that for any βJ ∈ β∗

J + (r(ρ)Σ
−1/2
J SJ2 ∩ ρKmodel),

there exists πβJ ∈ Vε2 such that ‖Σ1/2
J (βJ − πβJ)‖2 ≤ ε2. We determine ε2 by determining the cardinality of |Vε2 |

to be

|Vε2 | =

⌈
exp

(
1

2
c24σ

−2
ξ Nr4(ρ)

)⌉
.

By Sudakov’s inequality, see, for example, [Tal21, Lemma 2.10.2], there exists an absolute constant C45 > 1 such
that

ε2 ≤ C45
ℓ∗(r(ρ)S

J
2 ∩ ρΣ1/2

J BJ1 )√
log |Vε2 |

≤ C45

√
2c−1

24

σξ
r2(ρ)

ℓ∗(r(ρ)S
J
2 ∩ ρΣ1/2

J BJ1 )√
N

. (4.42)

By a union bound, we obtain

P

(
∀πβJ ∈ Vε2 , PNLπβJ

≥ c23
N

q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ)

)
≥ 1− exp

(
−1

2
c24σ

−2
ξ Nr4(ρ)

)
.

By item 7 of Lemma 20, ΩRIP, Ωnoise(δ5) and the assumption that r(ρ) < σξ, there exists an absolute constant
C46 > 1 such that ∣∣PNLβJ

− PNLπβJ

∣∣ = ∣∣‖A[XJ(βJ − β∗
J)− ξ]‖qq − ‖A[XJ(πβJ − β∗

J)− ξ]‖qq
∣∣

≲ 2q−1

(1− ε1)qℓ
q
∗(Σ

1/2
Jc B

p
q )
σq−1
ξ N

q−1
2 ‖XJ(βJ − πβJ)‖2 ≤ C46σ

q−1
ξ

N
q
2

ℓq∗(Σ
1/2
Jc B

p
q )
ε2.

As a result, for any βJ ∈ β∗
J + (r(ρ)Σ

−1/2
J SJ2 ∩ ρKmodel),

PNLβJ
≥ c23

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ)− C46σ

q−1
ξ

N
q
2

ℓq∗(Σ
1/2
Jc B

p
q )
ε2.

By (4.42) and (4.36), where we take κ3 =
c23

√
c24

4C46C45
, we have C46σ

q−1
ξ

N
q
2

ℓq∗(Σ
1/2
Jc B

p
q )
ε2 <

1
2c23

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ). Therefore,

P

(
∀βJ ∈ β∗

J + (r(ρ)Σ
−1/2
J SJ2 ∩ ρKmodel), PNLβJ

≥ 1

2
c23

N
q
2 σq−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ)

)
≥ 1− exp

(
−1

2
c24σ

−2
ξ Nr4(ρ)

)
.
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Summary of this subsection. Summarizing the above stochastic arguments, we obtain the following proposi-
tion. The events ΩRIP ∩ Ωnoise(δ5) ∩ Ωq>1

multi do not rely on the Gaussian assumption. When q > 1 and X satisfies
Assumption 8, replacing the Dvoretzky–Milman theorem by Theorem 3. When X is not a Gaussian random vector
but satisfies Assumption 8 and q ≥ 2, we replace the term (1 + ε1)ℓ∗(Σ

1/2
Jc Bpq ) in (1.22) and (1.23) within ΩDM,reg

with (1 + ε1)ℓ∗(Σ
1/2
Jc Bpq )Log(|V c|).

Proposition 30. Let 0 < κDM , κRIP , c1, c20, c24 < 1 and C47 > 1 be some absolute constants. For any 0 < ε1, δ5 < 1,
define stochastic events Ωreg,q=1(ε1, δ5) = ΩDM,reg(ε1)∩ΩRIP ∩Ωnoise(δ5)∩Ωq=1

multi, Ωreg,1<q<2(ε1, δ5) = ΩDM,reg(ε1)∩
ΩRIP ∩ Ωnoise(δ5) ∩ Ωq>1

multi ∩ Ωiso and Ωreg,q≥2(ε1, δ5) = ΩDM,reg(ε1) ∩ ΩRIP ∩ Ωnoise(δ5) ∩ Ωq>1
multi. Grant the same

assumptions as Theorem 10.
Then Ωreg,1<q<2 or Ωreg,q≥2(ε1, δ5) holds respectively with probability at least

1− 2 exp
(
−
ℓ2∗(ρΣ

1/2
J Kmodel ∩ r(ρ)BJ2 )

r2(ρ)

)
− exp(−1

2
c24σ

−2
ξ Nr4(ρ))1(1 < q < 2)

− p̄DM − 2 exp(−c21|J |)− exp(−c20δ25N),

(4.43)

where p̄DM = exp(−c1ε21d∗(Σ
−1/2
Jc Bpq′)) if X is Gaussian, and otherwise p̄DM is stated in Theorem 3.

4.7.2 Deterministic Argument for regression problem
In what follows, we work on Ωreg,q=1(ε1, δ5), Ωreg,1<q<2(ε1, δ5), and Ωreg,q≥2(ε1, δ5), respectively. For convenience,
we only present the result when ΩDM,reg itself holds—the proof is similar when an additional Log factor is present.

Recall that

|||β||| = sup

(
〈β,u〉 : u ∈ ρ

r(ρ)
Kmodel ∩ Σ

−1/2
J BJ2

)
. (4.44)

For the choice of ρ in (4.31), both triple norm defined in (4.7) and in (4.44) are the same.

Homogeneous argument We recall the definition of β̂J from (4.16):

β̂J = argmin
βJ∈VJ

(
‖βJ‖

q
q + ‖A[y − XJβJ ]‖

q
q

)
.

By Lemma 20, item 2., we know the optimization objective is convex, hence the homogeneous argument [CLL21] holds.
We may restrict βJ to the boundary of β∗

J + ρKmodel ∩ r(ρ)Σ−1/2
J Bp2 . In fact, let βJ −β∗

J /∈ ρKmodel ∩ r(ρ)Σ−1/2
J Bp2 .

There exists β◦
J ∈ β∗

J + ∂(ρKmodel ∩ r(ρ)Σ−1/2
J Bp2) such that βJ = β∗

J + α(β◦
J − β∗

J) for some α ≥ 1. By convexity
of βJ 7→ LβJ

= ℓβJ
− ℓβ∗

J
where ℓβJ

= ‖βJ‖
q
q + ‖A[y − XJβJ ]‖

q
q, we can check that LβJ

≥ αLβ◦
J
. As a consequence

it is enough to prove that βJ 7→ LβJ
is positive on the boarder of β∗

J + (ρKmodel ∩ r(ρ)Σ−1/2
J Bp2) to show that it is

positive everywhere outside of β∗
J + (ρKmodel ∩ r(ρ)Σ−1/2

J Bp2).
For any βJ ∈ VJ , we define the empirical excess regularized risk by

PNL(Reg)
βJ

= ‖βJ‖
q
q + ‖A[y − XJβJ ]‖

q
q −

(
‖β∗

J‖
q
q + ‖A[y − XJβ∗

J ]‖
q
q

)
. (4.45)

We have PNL(Reg)
βJ

= PNLβJ
+RβJ

where

PNLβJ
= ‖A[y − XJβJ ]‖

q
q − ‖A[y − XJβ∗

J ]‖
q
q , and (4.46)

RβJ
= ‖βJ‖

q
q − ‖β∗

J‖
q
q . (4.47)

Our aim is to show that PNL(Reg)
βJ

> 0 when βJ is far (w.r.t. the interpolationn norm |||·||| defined in (4.44)) from
β∗
J . We therefore need to lower bound the two terms PNLβJ

and RβJ
. To that end we obtain ’second’ order lower

bound for both terms. We start with the regularization term RβJ
.
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Lower bound for RβJ
Applying (4.71) to s = β∗

j and t = βj for each j ∈ J and take sum over all j ∈ J , we
obtain that

RβJ
= ‖βJ‖

q
q − ‖β∗

J‖
q
q =

∑
j∈J

|βj |q −
∣∣β∗
j

∣∣q ≥ q
∑
j∈J

β∗
j

∣∣β∗
j

∣∣q−2 (
βj − β∗

j

)
+
q − 1

q2q

∑
j∈J

αq
(∣∣β∗

j

∣∣ , βj − β∗
j

)
. (4.48)

When q ≥ 2, one can show that
∑
j∈J αq

(
|β∗
j |, βj − β∗

j

)
≥ ‖βJ − β∗

J‖qq (this also follows from q-uniform convexity,
see [Pis16, Section 10.1]). When 1 < q < 2, we keep the term

∑
j∈J αq

(
|β∗
j |, βj − β∗

j

)
as it stands. Combining (4.48)

with (4.44), we obtain that for any βJ ∈ β∗
J + (ρKmodel ∩ r(ρ)Σ−1/2

J BJ2 ),

RβJ
≥ −q

∣∣∣∣∣∣∣∣∣β∗
J � |β∗

J |⊙(q−2)
∣∣∣∣∣∣∣∣∣r(ρ) + q − 1

q2q
‖βJ − β∗

J‖
q
q . (4.49)

We defer the treatment of the case q = 1 to Section 4.7.2.

Proof of Lemma 18 and the lower bound for PNLβJ
when q ≥ 2. Applying (4.71) to s = (A[y − XJβ∗

J ])j
and t = (A[y − XJβJ ])j for each j ∈ Jc and take sum over all j ∈ Jc, we obtain that

‖A[y − XJβJ ]‖
q
q − ‖A[y − XJβ∗

J ]‖
q
q =

∑
j∈Jc

|(A[y − XJβJ ])j |
q − |(A[y − XJβ∗

J ])j |
q

≥ q
〈
A[y − XJβ∗

J ]� |A[y − XJβ∗
J ]|

⊙(q−2)
, A[y − XJβJ ]−A[y − XJβ∗

J ]
〉

+
q − 1

q2q
‖A[y − XJβJ ]−A[y − XJβ∗

J ]‖
q
q .

Next, the second order term in the decomposition above is controlled on the event ΩDM,reg(ε1) ∩ΩRIP; this will end
the proof of Lemma 18. After, the first order term will be controlled on the event Ωq>1

multi.
By the definition ofA[XJ(β∗

J−βJ)] and the fact that XJc(A[y−XJβJ ]−A[y−XJβ∗
J ]) = (y−XJβJ)−(y−XJβ∗

J) =
XJ(β∗

J − βJ), we obtain that ‖A[y − XJβJ ]−A[y − XJβ∗
J ]‖

q
q ≥ ‖A[XJ(βJ − β∗

J)]‖
q
q. Moreover, from Lemma 21

together with Lemma 20, item 5, (4.28), we know that

q
〈
A[y − XJβ∗

J ]� |A[y − XJβ∗
J ]|

⊙(q−2)
, A[y − XJβJ ]−A[y − XJβ∗

J ]
〉
= 〈g,βJ − β∗

J〉,

where g is any sub-gradient in (∂−PN ℓ•)(β
∗
J), hence condition on ΩDM,reg(ε1)∩ΩRIP, we have the following isomorphic

profile for the empirical excess risk

PNLβJ
≥ q − 1

q2q
cq19N

q
2 rq(ρ)

(1 + ε1)qℓ
q
∗(Σ

1/2
Jc B

p
q )

+ 〈g,βJ − β∗
J〉 . (4.50)

When q ≥ 2

When βJ −β∗
J ∈ ρKmodel ∩ r(ρ)Σ−1/2

J Sp−1
2 . Then there exists an absolute constant c19 < 1 such that for any such

βJ , we have ‖XJ(βJ − β∗
J)‖2 ≥ c19r(ρ)

√
N . It follows from Lemma 20, equations (4.24), (4.22) and (1.22) and the

control of the multiplier term on the event Ωq>1
multi that

PNLβJ
= ‖A[y − XJβJ ]‖

q
q − ‖A[y − XJβ∗

J ]‖
q
q

≥ q − 1

q2q
‖A[XJ(βJ − β∗

J)]‖
q
q − q ‖A[y − XJβ∗

J ]‖
q−1
q |〈λ∗[y − XJβ∗

J ], XJ(β
∗
J − βJ)〉|

≥ (q − 1)cq19
q22q

rq(ρ)N
q
2

ℓq∗(Σ
1/2
Jc B

p
q )

− qC40r(ρ)
(σq−1
ξ + ‖Σ1/2

Jc β∗
Jc‖q−1

2 )N
q−1
2

√
|J |

ℓq∗(Σ
1/2
Jc B

p
q )

.

(4.51)

where we have used ε1 < 1 to absorb (1 + ε1)
q to 2q. Regarding the regularization term, by (4.49) we have

RβJ
= ‖βJ‖

q
q − ‖β∗

J‖
q
q ≥ −q

∣∣∣∣∣∣∣∣∣β∗
J � |β∗

J |⊙(q−2)
∣∣∣∣∣∣∣∣∣r(ρ),
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where we have used the fact that αq is non-negative. Therefore, we have PNL(Reg)
βJ

= PNLβJ
+RβJ

> 0 when

(q − 1)cq19
q22q

rq(ρ)N
q
2

ℓq∗(Σ
1/2
Jc B

p
q )
> qC40r(ρ)

(σq−1
ξ + ‖Σ1/2

Jc β∗
Jc‖q−1

2 )N
q−1
2

√
|J |

ℓq∗(Σ
1/2
Jc B

p
q )

+ q
∣∣∣∣∣∣∣∣∣β∗

J � |β∗
J |⊙(q−2)

∣∣∣∣∣∣∣∣∣r(ρ).
This is equivalent to

rq−1(ρ) >
q22q

(q − 1)cq19
qC40

(σq−1
ξ + ‖Σ1/2

Jc β∗
Jc‖q−1

2 )
√
|J |

√
N

+ q
∣∣∣∣∣∣∣∣∣β∗

J � |β∗
J |⊙(q−2)

∣∣∣∣∣∣∣∣∣ℓq∗(Σ1/2
Jc Bpq )

N
q
2

q22q

(q − 1)cq19
.

There exists an absolute constant C30 such that, for r(ρ) = C30 r(VJ , VJc), where r(VJ , VJc) is defined in (4.8), the
inequality holds.

When βJ −β∗
J ∈ ρ∂Kmodel∩r(ρ)Σ−1/2

J Bp2 . As mentioned earlier, when βJ −β∗
J is ’well-spread’, the regularization

term RβJ
will dominate the term coming from the noise, i.e. the multiplier process. It follows from (4.49) that

RβJ
≥ −q

∣∣∣∣∣∣∣∣∣β∗
J � |β∗

J |⊙(q−2)
∣∣∣∣∣∣∣∣∣r(ρ) + q − 1

q2q
ρq.

As a result, PNL(Reg)
βJ

= PNLβJ
+RβJ

> 0 when

q − 1

q2q
ρq > qC40r(ρ)

(σq−1
ξ + ‖Σ1/2

Jc β∗
Jc‖q−1

2 )N
q−1
2

√
|J |

ℓq∗(Σ
1/2
Jc B

p
q )

+ qr(ρ)
∣∣∣∣∣∣∣∣∣β∗

J � |β∗
J |⊙(q−2)

∣∣∣∣∣∣∣∣∣.
There exists an absolute constant C29 such that, for ρ equal to the ρ∗ defined in (4.31), the inequality holds.

When 1 < q < 2

When 1 < q < 2, the proof is almost identical to the case q ≥ 2, using (4.37). The only two differences are
that: 1.) in order to guarantee (4.37), we need to assume that r(VJ , VJc) ≥ rQ(ρ∗), where rQ(ρ∗) is defined in
(4.36). A rough estimate yields rQ(ρ∗) ≲ σ

1
3

ξ (|J |/N)
1
6 , which is precisely the origin of this term in r(VJ , VJc)

defined in (4.8); 2.) Since r(VJ , VJc) < σ
2−q
2

ξ when N is sufficiently large, the choice of ρ∗ in (4.31) guarantees that
q−1
q2q ρ

q
∗ >

1
2c23

N
q
2 σ q−2

ξ

ℓq∗(Σ
1/2
Jc B

p
q )
r2(ρ∗), and therefore in the well-spread part we still automatically obtain PNL(Reg)

βJ
> 0.

When q = 1

Lower bound for RβJ
over βJ ∈ β∗

J + (ρSJ1 ∩ r(ρ)Σ−1/2
J Bp2). When q = 1, the lower bound for ‖βJ‖1 − ‖β∗

J‖1
can only be handled using the sub-gradient. Fortunately, in this case, we are dealing with a classical ℓ1 norm
regularization. We apply the sparsity equation developed in [LM17, LM18] to establish the lower bound. We denote
by S = supp(β∗) ∩ J . In that case, any sub-gradient g of the ℓJ1 norm in β∗

J is such that gS = sign(β∗
S) and gSc can

take any values in [−1, 1]J\ supp(β∗). Let v ∈ Cρ := {v ∈ VJ : ‖Σ1/2
J v‖2 ≤ r(ρ), ‖v‖1 = ρ} and choose g ∈ ∂‖ · ‖1(β∗

J)
such that gSc = sgn(vSc). We have〈

g,v
〉
=
〈
gS ,vS

〉
+
〈
gSc ,vSc

〉
≥ ‖vSc‖1 − ‖vS‖1 = ‖v‖1 − 2 ‖vS‖1 = ρ− 2 ‖vS‖1

and
‖vS‖1 =

∑
j∈S

√
σj |vj |

1
√
σj

≤
√∑
j∈S

σjv2j

√∑
j∈S

1

σj
≤ r(ρ)

√∑
j∈S

1

σj
.

As a consequence the sparsity equation

inf
(
sup

(
〈g,βJ − β∗

J〉 : g ∈ ∂− ‖·‖1 (β
∗
J)
)
: βJ − β∗

J ∈ ρSJ1 ∩ r(ρ)Σ−1/2
J BJ2

)
≥ 4

5
ρ

is fulfilled for any ρ such that 2r(ρ)
√∑

j∈S σ
−1
j ≤ ρ/5.
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Lower bound for PNLβJ
over βJ ∈ β∗

J + (ρBJ1 ∩ r(ρ)Σ−1/2
J Bp2). On the event ΩDM,reg(ε1, q), for all βJ ∈ VJ ,

we apply the isometric property of the norm ‖A[·]‖1 to both µ = y − XJβJ and µ = y − XJβ∗
J in (1.22) to get

PNLβJ
= ‖A[y − XJβJ ]‖1 − ‖A[y − XJβ∗

J ]‖1 ≥
‖y − XJβJ‖2

(1 + ε1)ℓ∗(Σ
1/2
Jc B

p
1)

−
‖y − XJβ∗

J‖2
(1− ε1)ℓ∗(Σ

1/2
Jc B

p
1)

=
1

(1 + ε1)ℓ∗(Σ
1/2
Jc B

p
1)

(
‖y − XJβJ‖2 −

(
1 +

2ε1
1− ε1

)
‖y − XJβ∗

J‖2

)
≥ 1

(1 + ε1)ℓ∗(Σ
1/2
Jc B

p
1)

(‖y − XJβJ‖2 − ‖y − XJβ∗
J‖2)−

4ε1

(1− ε1)ℓ∗(Σ
1/2
Jc B

p
1)

‖y − XJβ∗
J‖2 ,

where we have used that 1 + 2ε1
1−ε1 ≤ 1 + 4ε1 as long as 0 < ε1 < 1/2.

1. Suppose βJ − β∗
J ∈ ρBJ1 ∩ r(ρ)Σ−1/2

J Sp−1
2 , that is, βJ − β∗

J is a almost-sparse vector. By the same analysis as
in the 1 < q ≤ 2 situation, but with

RβJ
= ‖βJ‖1 − ‖β∗

J‖1 = ‖β∗
J − (β∗

J − βJ)‖1 − ‖β∗
J‖1 ≥ −‖β∗

J − βJ‖1 ≥ −ρ,

we need P (Reg)
N LβJ

= PNLβJ
+RβJ

> 0, which is implied by(
1

4
c219r

2(ρ)− 8δ25‖Σ
1/2
Jc β∗

Jc‖22 + (1− 9δ5)σ
2
ξ

)1/2

− (1 + ε1)

(1− ε1)

√
(1 + δ5)

(
σξ +

∥∥∥Σ1/2
Jc β∗

Jc

∥∥∥
2

)
− ρ(1 + ε1)

ℓ∗(Σ
1/2
Jc B

p
1)√

N
> 0.

(4.52)

2. Suppose βJ − β∗
J ∈ ρSp1 ∩ r(ρ)Σ−1/2

J Bp2 , that is, βJ − β∗
J is a well-spread vector. Then ‖XJ(β∗

J − βJ)‖22 ≥ 0,
hence

‖y − XJβJ‖2
(1 + ε1)(ℓ∗(Σ

1/2
Jc B

p
1))

≥

[(
(1− 9δ5)Nσ

2
ξ

(1 + ε1)2(ℓ∗(Σ
1/2
Jc B

p
1))

2
− 2

κ̄RIPNr
2(ρ) + 8δ25‖Σ

1/2
Jc β∗

Jc‖22
(1 + ε1)2(ℓ∗(Σ

1/2
Jc B

p
1))

2

)
∨ 0

]1/2
.

As mentioned earlier, when βJ − β∗
J is well-spread, the regularization term RβJ

will dominate the noise term.
This is done by sparsity equation. By 2r(ρ)

√∑
j∈S σ

−1
j ≤ ρ/5, to have PNL(Reg)

βJ
> 0, we need[(

(1− 3δ5)Nσ
2
ξ

(1 + ε1)2(ℓ∗(Σ
1/2
Jc B

p
1))

2
− 2

κ̄RIPNr
2(ρ)

(1 + ε1)2(ℓ∗(Σ
1/2
Jc B

p
1))

2

)
∨ 0

]1/2
−

[ √
(1 + δ5)Nσξ

(1− ε1)ℓ∗(Σ
1/2
Jc B

p
1)

]
+

7

10
ρ > 0,

which is equivalent to[(
(1− 9δ5)σ

2
ξ − 2κ̄RIP r

2(ρ)

− 8δ25‖Σ
1/2
Jc β∗

Jc‖22
)
∨ 0

]1/2
−
[
(1 + ε1)

(1− ε1)

√
(1 + δ5)(σξ + ‖Σ1/2

Jc β∗
Jc‖2)

]
+

7

10
ρ(1 + ε1)

ℓ∗(Σ
1/2
Jc B

p
1)√

N
> 0.

(4.53)

One may check that r(VJ , VJc) and ρ∗ defined in (4.8) and (4.31) solve (4.52) and (4.53).
Proposition 31. Grant the same assumptions as in Theorem 10. There exists an absolute constant C30 = C30(q) such
that on the event Ωreg,q≥2(ε1, δ5), Ωreg,1<q<2(ε1, δ5) or Ωreg,q=1(ε1, δ5) respectively, ‖Σ1/2

J (β̂J−β∗
J)‖2 ≤ C30r(VJ , VJc)

for r(VJ , VJc) defined in (4.8).

4.7.3 Price for overfitting in the regression model
We utilize the ℓq → ℓ2 operator norm of Σ

1/2
Jc (which, due to the diagonal structure of ΣJc , coincides with

diam(Σ
1/2
Jc Bpq )) and then apply the Dvoretzky-Milman theorem to obtain that on Ωreg,q>1(ε1, δ5) or Ωreg,q=1(ε1, δ5),

there holds ∥∥∥Σ1/2
Jc A[y − XJ β̂J ]

∥∥∥
2
≲ diam(Σ

1/2
Jc B

p
q )

√
N(r∗(ρ∗) + σξ)

ℓ∗(Σ
1/2
Jc B

p
q )

≲
√

N

d∗(Σ
−1/2
Jc Bpq′)

(r∗(ρ∗) + σξ). (4.54)
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4.7.4 The end of the proof of Theorem 10
Combining Proposition 30, Proposition 31, and equation (4.54), we complete the proof of Theorem 10.

4.8 Proof of Theorem 11: Benign overfitting of the minimum ℓ2-norm
interpolant classifier

4.8.1 Stochastic Arguments for classification problem
Dvoretzky-Milman theorem. We apply Theorem 4 to ϕJc(X) = Y XJc . Since ‖Y XJc‖2 = ‖XJc‖2, ‖〈U,v〉‖L2+ϵ =
‖〈XJc ,v〉‖L2+ϵ(µX), and ‖〈U,v〉‖L2 = ‖〈XJc ,v〉‖L2(µX). We know that Assumption 2 is satisfied by U , once it is
satisfied by XJc . Moreover, E[(Y XJc) ⊗ (Y XJc)] = E[XJc ⊗XJc ]. Finally, we observe that when XY are centered
sub-Gaussian random vectors, condition (1.26) can be verified through the Hanson-Wright inequality, where δ may
be taken as

√
Tr(Σ2

Jc)/Tr(ΣJc), see, for instance Appendix F of [P4]. Under the Dvoretzky-Milman condition, this
can be further amplified to N−γ , where 0 < γ < 1. Therefore, when N is sufficiently large, we should regard δdistortion
as being dominated by its principal term δ̄.

The main corollary of Theorem 4 is the self-regularization property of the minimum ℓ2-norm interpolant classifier,
as stated in Proposition 26. Its proof has already been completed in the discussion following the Proposition 26.

Risk decomposition for the empirical excess risk of squared hinge loss. In this section, ℓ denotes the
squared hinge loss, namely ℓβJ

: (x, y) ∈ (Rp × {−1, 1}) 7→ (1 − y〈x,βJ〉)2+. Consequently, the excess loss LβJ
=

ℓβJ
− ℓβ∗

J
, where β∗

J is the oracle defined in (4.5) for the squared hinge loss.
We now address the relationship between the empirical excess risk PNL and the population excess risk PL for

the squared hinge loss.
Using the identity ‖a‖22 − ‖b‖22 = ‖a− b‖22 + 2〈b,a− b〉, applied to a = [1−XyβJ ]+, b = [1−Xyβ

∗
J ]+, and the

definition PNLβJ
= 1

N

∑N
i=1

(
(1− Yi〈Xi,βJ〉)2+ − (1− Yi〈Xi,β

∗
J〉)2+

)
= 1

N

(
‖[1− XyβJ ]+‖22 − ‖[1− Xyβ

∗
J ]+‖22

)
, we

obtain:

PNLβJ
=

1

N

(
‖[1− XyβJ ]+ − [1− Xyβ

∗
J ]+‖

2
2 + 2 〈[1− Xyβ

∗
J ]+, [1− XyβJ ]+ − [1− Xyβ

∗
J ]+〉

)
=

1

N

N∑
i=1

(
(1− Yi 〈Xi,βJ〉)+ − (1− Yi 〈Xi,β

∗
J〉)+

)2
+

2

N

N∑
i=1

(1− Yi 〈Xi,β
∗
J〉)+

(
(1− Yi 〈Xi,βJ〉)+ − (1− Yi 〈Xi,β

∗
J〉)+

)
.

Similarly, we have

PLβJ
= E

[
(1− Y 〈X,βJ〉)2+ − (1− Y 〈X,β∗

J〉)2+
]

= E
[(
(1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗

J〉)+
)2]

+ 2E
[
(1− Y 〈X,β∗

J〉)+
(
(1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗

J〉)+
)]
.

Therefore, for any βJ ∈ VJ ,
∣∣(P − PN )(LβJ

)
∣∣ ≤ QβJ

+ 2MβJ
, where

QβJ
=

∣∣∣∣∣ 1N
N∑
i=1

(
(1− Yi 〈Xi,βJ〉)+ − (1− Yi 〈Xi,β

∗
J〉)+

)2 − E
[(
(1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗

J〉)+
)2]∣∣∣∣∣ (4.55)

is called the quadratic process and

MβJ
=

∣∣∣∣ 1N
N∑
i=1

(1− Yi 〈Xi,β
∗
J〉)+

(
(1− Yi 〈Xi,βJ〉)+ − (1− Yi 〈Xi,β

∗
J〉)+

)
− E

[
(1− Y 〈X,β∗

J〉)+
(
(1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗

J〉)+
)] ∣∣∣∣

(4.56)

is called the multiplier process.
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Quadratic process We first make some notations. Let (F, ‖ · ‖L2(µ)) be a normed space. Define

γ2(F, ‖·‖L2(µ)) = inf
(An)n≥1

sup
f∈F

∞∑
n=1

2
n
2 min

(
‖f − πnf‖L2(µ) : πnf ∈ An

)
,

where (An)n≥1 is called an admissible sequence, [Tal21, Definition 2.7.1], be the Talagrand’s γ2 functional, [Tal21,
Definition 2.7.3]. We make use of the following result from [Dir15]. According to Theorem 5.5 in [Dir15], there is an
absolute constant C48 ≥ 1 such that for all t ≥ 1, with probability at least 1− exp(−t),

sup
f∈F

∣∣∣∣∣ 1N
N∑
i=1

f2(Ui)− Ef2(U)

∣∣∣∣∣ ≤ C48

(
diam(F,L2(µ))γ2(F, ‖·‖L2(µ))√

N

+
γ2(F, ‖·‖L2(µ))

2

N
+ diam(F,L2(µ))2

(√
t

N
+

t

N

)) (4.57)

where diam(F,L2(µ)) := sup(‖f‖L2(µ) : f ∈ F ).
We now derive an upper bound for the quadratic process. Since we have assumed that Assumption 7 holds. Let

F = {fβJ
(u) = (1− 〈u,βJ〉)+−(1− 〈u,β∗

J〉)+ : βJ ∈ β∗
J+(ρBJ2 ∩r(ρ)Σ

−1/2
J SJ2 )}. ThenQβJ

= | 1N
∑N
i=1 f

2
βJ

(YiXi)−
Ef2βJ

(Y X)|. We compute the diameter.

diam (F, ‖ · ‖L2) = sup
(
‖(1− 〈XY,βJ〉)+ − (1− 〈XY,β∗

J〉)+‖L2 : βJ ∈ β∗
J + (ρBJ2 ∩ r(ρ)Σ−1/2

J SJ2 )
)

≤ sup
(
‖(1− 〈XY,βJ〉 − 1 + 〈XY,β∗

J〉)‖L2 : βJ ∈ β∗
J + (ρBJ2 ∩ r(ρ)Σ−1/2

J SJ2 )
)

= sup
(
‖〈XY,β∗

J − βJ〉‖L2 : βJ ∈ β∗
J + (ρBJ2 ∩ r(ρ)Σ−1/2

J SJ2 )
)

≤ sup
(
‖〈X,β∗

J − βJ〉‖L2 : βJ ∈ β∗
J + (ρBJ2 ∩ r(ρ)Σ−1/2

J SJ2 )
)
= r(ρ).

Moreover, by Talagrand’s majorizing measure theorem, [Tal21, Theorem 2.10.1],

γ2(F, ‖·‖L2) = inf
(An)n≥1

sup

( ∞∑
n=1

2
n
2 min

(∥∥∥Σ1/2
J (βJ − πnβJ)

∥∥∥
2
: πnβJ ∈ An

)
: βJ ∈ β∗

J + (ρBJ2 ∩ r(ρ)Σ−1/2
J SJ2 )

)
= γ2(ρΣ

1/2
J BJ2 ∩ r(ρ)SJ2 ) ≲ r(ρ)

√
dim(VJ).

Applying (4.57) we obtain that with probability at least 1− 2 exp(−(1/(400c225)) dim(VJ)), we have

sup(QβJ
: βJ ∈ β∗

J + (ρBJ2 ∩ r(ρ)Σ1/2
J BJ2 )) ≤ c25r

2(ρ)

√
dim(VJ)

N
,

where c25 < 1 depending on ‖X‖ψ2
is an absolute constant.

Multiplier process.

Lemma 24 ([Men16]). For q > 2, there are constants C49, c26, c27, and C50 that depend only on q, for which the
following holds. Let ζ ∈ Lq and ζ1, · · · , ζN to be independent copies of ζ. Let w, u > C49. Suppose Z is a random
vector and Z1, · · · , ZN be independent copies of Z. Here Z is not necessarily independent with ζ. Let F be a class of
real-valued functions. Suppose F is a sub-Gaussian class, that is, there exists an absolute constant C and a metric
dψ2 such that for any f, g ∈ F and t > 0, P(|f − g|(X) ≥ t) ≤ C exp(−t2d−2

ψ2
(f, g)). Then with probability at least

1− c26
logq(N)

wqN
q
2−1

− 2 exp

(
−c27u2

(
γ2(F, dψ2)

diam(F, dψ2)

)2
)
,

sup
f∈F

∣∣∣∣∣
N∑
i=1

(ζif(Zi)− E[ζf(Z)])

∣∣∣∣∣ ≤ C50wu ‖ζ‖Lq

√
Nγ2(F, dψ2

).
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We take the same choice of F as in the quadratic process, and let ζ = (1− Y 〈X,β∗
J〉)+ in Lemma 24. Notice

that for any fβJ
, gβ̃J

∈ F , that is, for any βJ , β̃J ∈ β∗
J + (ρBJ2 ∩ r(ρ)Σ1/2

J BJ2 ),∥∥∥fβJ
− gβ̃J

∥∥∥
ψ2

=
∥∥∥((1− 〈U,βJ〉)+ − (1− 〈U,β∗

J〉)+)−
(
(1− 〈U, β̃J〉)+ − (1− 〈U,β∗

J〉)+
)∥∥∥

ψ2

=
∥∥∥(1− 〈U,βJ〉)+ − (1− 〈U, β̃J〉)+

∥∥∥
ψ2

≤
∥∥∥〈U,βJ − β̃J〉

∥∥∥
ψ2

≤
∥∥∥Σ1/2

J

(
βJ − β̃J

)∥∥∥
2
,

hence we may take dψ2
(•1, •2) = ‖Σ1/2

J (•1 − •2)‖2. Applying Lemma 24 to q = 4, w = u = 2C49, there exists an
absolute constant C51 > 1 depending on ‖X‖ψ2 such that with probability at least 1− c log

4(N)
N − exp(−C dim(VJ)),

2 sup(MβJ
: βJ ∈ F ) ≤ C51Pℓβ∗

J
r(ρ)

√
dim(VJ)

N
. (4.58)

As a result, with probability at least 1− c log
4(N)
N − exp(−C dim(VJ)), the following random event holds

Ωprofile :=

{
sup

(∣∣(P − PN )
(
LβJ

)∣∣ : βJ ∈ β∗
J + (ρBJ2 ∩ r(ρ)Σ1/2

J BJ2 )
)

≤ c25r
2(ρ)

√
dim(VJ)

N
+ C51Pℓβ∗

J
r(ρ)

√
dim(VJ)

N

}
.

(4.59)

Concentration of oracle risk Let C35 > 1 be an absolute constant. Denote

Ωoracle :=
{
PN ℓβ∗

J
≤ C35Pℓβ∗

J

}
. (4.60)

Recall that PN ℓβ∗
J
= 1

N

∑N
i=1(1− 〈YiXi,β

∗
J〉)2+, and {YiXi}Ni=1 are i.i.d. sub-Gaussian random vectors. We use the

fact that (1− x)2+ ≤ (1− x)2 for any x ∈ R to conclude that ‖(1− 〈YiXi,β
∗
J〉)2+‖ψ1

≤ ‖(1− 〈YiXi,β
∗
J〉)2‖ψ1

≲ ‖1−
〈YiXi,β

∗
J〉‖2ψ2

< ∞. Therefore, {(1 − 〈YiXi,β
∗
J〉)2+}Ni=1 are i.i.d. sub-exponential random variables. By Bernstein’s

inequality, see, for instance, [Ver18, Theorem 2.8.1], there exists an absolute constant c18 < 1 depending on C35 such
that

P
(
Ωoracle

)
≥ 1− exp

(
−c18

N

max{‖1− 〈YiXi,β
∗
J〉‖2ψ2

, ‖1− 〈YiXi,β
∗
J〉‖4ψ2

}

)
. (4.61)

We summarize the above stochastic argument in the following proposition.

Proposition 32 (q = 2). There exist some absolute constants 0 < κRIP , κDM < 1 such that the following holds.
Suppose XJc is a sub-Gaussian random vector. Recall δ4 defined in (1.29). Suppose the choice of VJ satisfies that

κ−1
RIP dim(VJ) ≤ N ≤ κDM δ̄

2 Tr(ΣJc)

‖ΣJc‖op
.

Then there exist absolute constants c17 < 1 and C32 > 1 such that for any 0 < δ4 < 1, the random event

Ωclass(δ4) = Ωoracle ∩ ΩDM,class(δ4) ∩ Ωprofile

holds with probability at least

1− p̄DM (δ4)− c17
log4(N)

N
− exp(−C32 dim(VJ))− P(Ωcoracle),

where P(Ωcoracle) is provided by (4.61).

4.8.2 Deterministic Arguments for classification problem
In this section, we place ourselves on the random event Ωclass(δ4).
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Recall that when q = 2, (4.7) reduces to

|||βJ ||| := sup

(
〈β,u〉 : u ∈ ρ

r(ρ)
BJ2 ∩ Σ

−1/2
J BJ2

)
. (4.62)

By (4.21),

(1 + δ4)
2 Tr(ΣJc) (L(βJ)− L(β∗

J))

≥ ‖[1− XyβJ ]+‖
2
2 −

(1 + δ4)
2 Tr(ΣJc)

(1− δ4)2 Tr(ΣJc)
‖[1− Xyβ

∗
J ]+‖

2
2 + (1 + δ4)

2 Tr(ΣJc)
(
‖βJ‖

2
2 − ‖β∗

J‖
2
)

≥ ‖[1− XyβJ ]+‖
2
2 −

(
1 +

4δ4
(1− δ4)2

)
‖[1− Xyβ

∗
J ]+‖

2
2 + (1 + δ4)

2 Tr(ΣJc)
(
‖βJ‖

2
2 − ‖β∗

J‖
2
)

= ‖[1− XyβJ ]+‖
2
2 − ‖[1− Xyβ

∗
J ]+‖

2
2 + (1 + δ4)

2 Tr(ΣJc)
(
‖βJ‖

2
2 − ‖β∗

J‖
2
)
− 4δ4

(1− δ4)2
‖[1− Xyβ

∗
J ]+‖

2
2 .

Therefore,

(1 + δ4)
2 Tr(ΣJc)

N
(L(βJ)− L(β∗

J))

≥ PNLβJ
+

(1 + δ4)
2 Tr(ΣJc)

N
‖βJ − β∗

J‖
2
2 + 2

(1 + δ4)
2 Tr(ΣJc)

N
〈β∗

J ,βJ − β∗
J〉 −

4δ4
(1− δ4)2

PN ℓβ∗
J
,

where we recall that

PNLβJ
=

1

N

N∑
i=1

(
(1− Yi 〈Xi,βJ〉)+ − (1− Yi 〈Xi,β

∗
J〉)+

)2
+

2

N

N∑
i=1

(1− Yi 〈Xi,β
∗
J〉)+

(
(1− Yi 〈Xi,βJ〉)+ − (1− Yi 〈Xi,β

∗
J〉)+

)
.

In this paragraph, we analyze an upper bound on the excess risk under the local Bernstein’s condition, that is,
Assumption 7.

• In this item, we study almost sparse vectors, i.e., when βJ ∈ β∗
J+(ρBJ2 ∩r(ρ)Σ−1/2

J SJ2 ). In this case, we obtain
a non-trivial uniform lower bound c19r2(ρ) for PNLβJ

. By the local Bernstein condition (4.10), together with
(4.59), for any βJ ∈ β∗

J + ρBJ2 ∩ r(ρ)Σ−1/2
J SJ2 , we have

PNLβJ
≥ L1r

2κ2(ρ)−

(
c25r

2(ρ)

√
dim(VJ)

N
+ C51Pℓβ∗

J
r(ρ)

√
dim(VJ)

N

)

≳ L1r
2κ2(ρ)− C51

√
dim(VJ)

N
(Pℓβ∗

J
∨ r(ρ))r(ρ).

Therefore,

(1 + δ4)
2 Tr(ΣJc)

N
(L(βJ)− L(β∗

J))

≳ L1r
2κ2(ρ)− C51

√
dim(VJ)

N
(Pℓβ∗

J
∨ r(ρ))r(ρ)− 4

Tr(ΣJc)

N
r(ρ)|||β∗

J ||| −
4δ4

(1− δ4)2
PN ℓβ∗

J
> 0

if

r(ρ) ≳
((

L−1
1 Pℓβ∗

J

√
dim(VJ)

N

) 1
2κ2−1

+

(
L−1
1

Tr(ΣJc)

N
|||β∗

J |||
) 1

2κ2−1

+

(
L−1
1 δ4Pℓβ∗

J

) 1
2κ2
)
. (4.63)

• In this item, we examine well-spread vectors, i.e., when βJ ∈ β∗
J + (ρSJ2 ∩ r(ρ)Σ1/2

J BJ2 ). In this case, we will
dominate other terms in the empirical excess risk by establishing a non-trivial lower bound for ‖βJ − β∗

J‖22.
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First, we establish that the response Y is in a “well-behaved” position relative to our function class {〈·,βJ〉 :
βJ ∈ VJ}—thanks to the convexity of our function class. We begin by proving the following claim:

〈(1− Y 〈X,β∗
J〉)+, (1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗

J〉)+〉L2(µ) ≥ 0, ∀βJ ∈ VJ . (4.64)

Such claims frequently appear in statistical learning theory to describe the geometric properties of a function
class relative to the response, specifically whether the oracle is in a well-positioned region, as discussed in
[Men18]. Let r : βJ ∈ VJ 7→ (1 − 〈·,βJ〉)+ ∈ L2(µ). Consider F : r ∈ L2(µ) 7→ 1

2E[r
2]. Then (DF )(r∗βJ

) :

r ∈ L2(µ) 7→ 〈rβ∗
J
, r〉L2(µ), inducing a bounded linear functional on L2(µ), see [BC11] for convex analysis over

Hilbert space. By definition, β∗
J is the minimizer of βJ ∈ VJ 7→ PℓβJ

= E[(1− Y 〈X,βJ〉)2+] = 2F (rβJ
), which

is a convex functional, by [BC11, Proposition 26.5], for any rβ ∈ L2(µ), that is, for any βJ ∈ VJ , we have
〈rβ∗

J
, r−rβ∗

J
〉L2(µ) ≥ 0, that is, E[(1−Y 〈X,β∗

J〉)+((1−Y 〈X,βJ〉)+− (1−Y 〈X,β∗
J〉)+)] ≥ 0. As a consequence

of (4.64), we have:

(1 + δ4)
2 Tr(ΣJc)

N
(L(βJ)− L(β∗

J))

=
1

N

N∑
i=1

(
(1− Yi 〈Xi,βJ〉)+ − (1− Yi 〈Xi,β

∗
J〉)+

)2 − E
[(
(1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗

J〉)+
)2]

+
2

N

N∑
i=1

(1− Yi 〈Xi,β
∗
J〉)+

(
(1− Yi 〈Xi,βJ〉)+ − (1− Yi 〈Xi,β

∗
J〉)+

)
− 2E[(1− Y 〈X,β∗

J〉)+((1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗
J〉)+)]

+ 2E[(1− Y 〈X,β∗
J〉)+((1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗

J〉)+)] + E
[(
(1− Y 〈X,βJ〉)+ − (1− Y 〈X,β∗

J〉)+
)2]

+
(1 + δ4)

2 Tr(ΣJc)

N
‖βJ − β∗

J‖
2
2 + 2

(1 + δ4)
2 Tr(ΣJc)

N
〈β∗

J ,βJ − β∗
J〉 −

4δ4
(1− δ4)2

PN ℓβ∗
J

≥ (1 + δ4)
2 Tr(ΣJc)

N
‖βJ − β∗

J‖
2
2 − r(ρ)

√
dim(VJ)

N

(
c25r(ρ) ∨ Pℓβ∗

J

)
− 4

Tr(ΣJc)

N
r(ρ)|||β∗

J ||| − 8C35δ4Pℓβ∗
J
.

(4.65)

By (4.63), we have (1+δ4)
2 Tr(ΣJc )
N (L(βJ)− L(β∗

J)) > 0, if

ρ ∼ rκ2(ρ)

√
N√

Tr(ΣJc)
. (4.66)

In summary, we have

r∗(ρ∗) ∼
((

L−1
1 Pℓβ∗

J

√
dim(VJ)

N

) 1
2κ2−1

+

(
L−1
1

Tr(ΣJc)

N
|||β∗

J |||
) 1

2κ2−1

+

(
L−1
1 δ4Pℓβ∗

J

) 1
2κ2
)
,

and, ρ∗ ∼
√
N√

Tr(ΣJc)
rκ2
∗ (ρ∗).

(4.67)

Now we find an upper bound for the excess risk. There exists an absolute constant C52 > 1 such that

(1 + δ4)
2 Tr(ΣJc)

N

(
L(β̂J)− L(β∗

J)
)

≥ (PN − P )Lβ̂J
+ PLβ̂J

+
(1 + δ4)

2 Tr(ΣJc)

N

∥∥∥β̂J − β∗
J

∥∥∥2
2

− 2
(1 + δ4)

2 Tr(ΣJc)

N
r(ρ∗)|||β∗

J ||| −
4C35δ4
(1− δ4)2

Pℓβ∗
J

≥ PLβ̂J
− C52r∗(ρ∗)

√
dim(VJ)

N
(Pℓβ∗

J
∨ r∗(ρ∗))− 2

(1 + δ4)
2 Tr(ΣJc)

N
r(ρ∗)|||β∗

J ||| −
4C35δ4
(1− δ4)2

Pℓβ∗
J
> 0,
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if

PLβ̂J
> C52r∗(ρ∗)

√
dim(VJ)

N
(Pℓβ∗

J
∨ r∗(ρ∗)) + 2

(1 + δ4)
2 Tr(ΣJc)

N
r(ρ∗)|||β∗

J |||+ 8C35δ4Pℓβ∗
J
.

By Young’s inequality, for any 1 < γ <∞ and γ′ be its conjugate index, ab ≤ aγ/γ + bγ
′
/γ′ we obtain

•
(
L−1
1 Pℓβ∗

J

√
dim(VJ )

N

) 1
2κ2−1

√
dim(VJ )

N Pℓβ∗
J
= L

1
1−2κ2
1 (Pℓβ∗

J
)

2κ2
2κ2−1 (dim(VJ )

N )
κ2

2κ2−1 .

•
(
L−1
1

Tr(ΣJc )
N |||β∗

J |||
) 1

2κ2−1
√

dim(VJ )
N Pℓβ∗

J
≲κ2 L

2κ2
1−2κ2
1

(
Tr(ΣJc )

N |||β∗
J |||
) 2κ2

2κ2−1

+ (
√

dim(VJ )
N Pℓβ∗

J
)

2κ2
2κ2−1 .

•
(
L−1
1 δ4Pℓβ∗

J

) 1
2κ2
√

dim(VJ )
N Pℓβ∗

J
≲κ2

L−1
1 δ4Pℓβ∗

J
+ (
√

dim(VJ )
N Pℓβ∗

J
)

2κ2
2κ2−1 .

•
(
L−1
1 Pℓβ∗

J

√
dim(VJ )

N

) 1
2κ2−1

Tr(ΣJc )
N |||β∗

J ||| ≲κ2 L
2κ2

1−2κ2
1 (

√
dim(VJ )

N Pℓβ∗
J
)

2κ2
2κ2−1 +

(
Tr(ΣJc )

N |||β∗
J |||
) 2κ2

2κ2−1

.

•
(
L−1
1

Tr(ΣJc )
N |||β∗

J |||
) 1

2κ2−1
Tr(ΣJc )

N |||β∗
J ||| = L

1
1−2κ2
1

(
Tr(ΣJc )

N |||β∗
J |||
) 2κ2

2κ2−1

.

•
(
L−1
1 δ4Pℓβ∗

J

) 1
2κ2 Tr(ΣJc )

N |||β∗
J ||| ≲κ2

L−1
1 δ4Pℓβ∗

J
+

(
Tr(ΣJc )

N |||β∗
J |||
) 2κ2

2κ2−1

.

In particular, since L1 < 1, we obtain that L
2κ2

1−2κ2
1 ∨ L

1
1−2κ2
1 = L

2κ2
1−2κ2
1 In summary,

PLβ̂J
≲ L

2κ2
2κ2−1

1

(√dim(VJ)

N
Pℓβ∗

J

) 2κ2
2κ2−1 + L

2κ2
2κ2−1

1

(
Tr(ΣJc)

N
|||β∗

J |||
) 2κ2

2κ2−1

+ L−1
1 δ4Pℓβ∗

J
.

In summary,

Proposition 33. Grant Assumption 7 with constants L1 < 1 and κ2 ≥ 1. On the random event Ωclass(δ4), we have:

PLβ̂J
≲L1

(
dim(VJ)

N

) κ2
2κ2−1

(Pℓβ∗
J
)

2κ2
2κ2−1 +

(
Tr(ΣJc)

N
|||β∗

J |||
) 2κ2

2κ2−1

+ δ4Pℓβ∗
J
, and∥∥∥Σ1/2

J (β̂J − β∗
J)
∥∥∥
2
≲ r∗(ρ∗),

where

r∗(ρ∗) =

((
L−1
1 Pℓβ∗

J

√
dim(VJ)

N

) 1
2κ2−1

+

(
L−1
1

Tr(ΣJc)

N
|||β∗

J |||
) 1

2κ2−1

+

(
L−1
1 δ4Pℓβ∗

J

) 1
2κ2
)
. (4.68)

In particular, we also establish a non-exact oracle inequality, that is, there exists an absolute constant C > 1 such
that

Pℓβ̂J
− (1 + δ′)Pℓβ∗

J
≲ L

2κ2
2κ2−1

1

(√dim(VJ)

N
Pℓβ∗

J

) 2κ2
2κ2−1 + L

2κ2
2κ2−1

1

(
Tr(ΣJc)

N
|||β∗

J |||
) 2κ2

2κ2−1

,

where δ′ = CL−1
1 δ4.
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From the squared hinge excess risk to the 0-1 excess risk. The relationship between the 0-1 risk and
the risk associated with the squared hinge loss is given by the following Zhang-type inequality [Zha04]. Here, we
make use of the results from [BJM03, Theorem 3 and Table 1], PL{0,1}

β̂J

≤ (PLβ̂J
)1/2. The Zhang-type inequality

has undergone numerous improvements. For instance, [BJM06] demonstrated that under the Mammen-Tsybakov
noise/margin condition [MT99, Tsy04], the Zhang-type inequality can be refined.

According to [Cha25, Section 7.1, pp. 165], for the Gaussian Mixture classification Model, we have PL{0,1}
β̂J

≲
(PLβ̂J

)
2
3 . However, in logistic models, if one only employs Zhang’s inequality, one can obtain at most a 2/3-rate of

convergence. This result was recently improved to the optimal rate through a breakthrough by [CLM24]. We refer
readers to H. Chardon’s PhD thesis [Cha25] for further details.
Lemma 25 ([Cha25], Proposition 7.1, Proposition 7.2 and Lemma 7.2). Let θ∗ ∈ Rp be a deterministic vector. Let
B = max{e, ‖θ∗‖2}. Let γ be a binary random variable such that P(γ = 1|ζ) = σ(〈θ∗, ζ〉) where σ is the sigmoid
function.

1. Let ζ ∼ N (0, Ip) be a standard Gaussian random vector. Then for any u ∈ Sp−1
2 , there holds P(γ〈ζ,u〉 <

0)− P(γ〈ζ, e∗〉 < 0) ≤ 3.2‖θ∗‖2‖u− e∗‖22, where e∗ = ‖θ∗‖−1
2 θ∗.

2. More generally, if ζ is isotropic and sub-exponential with sub-exponential norm K. Suppose there exists an
absolute constant c > 0 such that for all t > 0, P(|〈e∗, X〉| ≤ t) ≤ ct. Then for all u ∈ Sp−1

2 , such that
‖u− e∗‖2 ≤ 1

2 , there holds P(γ〈ζ,u〉 < 0)− P(γ〈ζ,u∗〉 < 0) ≤ 10cK2‖θ∗‖2‖u− e∗‖22 log
2(‖u− e∗‖−1

2 ).

Moreover, let θ̃ ∈ Rp by a deterministic vector, suppose ‖θ̃‖2 > 1. Let H = ‖θ̃‖−3
2 e∗⊗e∗+ ‖θ̃‖−1

2 (Ip−e∗⊗e∗), and
let 0 < r < 1. Then for any θ ∈ Rp such that ‖H1/2(θ − θ̃)‖2 ≤ 1√

B
r, there holds ‖‖θ‖−1

2 θ − ‖θ̃‖−1
2 θ̃‖2 ≤

√
2

(1−r)B r.

The connection between Lemma 25 and logistic model is as follows: we correspond ζ to Σ−1/2X ∼ N (0, Ip),
γ to Y , θ to Σ1/2β̂J , θ∗ to 2Σ−1/2µ, θ̃ to Σ1/2β∗

J , and u to Σ1/2β̂J/‖Σ1/2β̂J‖2. Recall that β∗
J is parallel to

Λ−1µ and Σ = Λ, then θ̃ = Σ−1/2µ is parallel to θ∗. Since we have chosen VJ = span(e∗), it follows that
H = ‖θ̃‖−3

2 IVJ
. Consequently, ‖H1/2(θ − θ̃)‖2 = ‖Σ1/2

J β∗
J‖

−3/2
2 ‖Σ1/2(β̂J − β∗

J)‖2 ≤ r‖Σ1/2
J β∗

J‖
−1/2
2 , provided we

take r = C33‖Σ1/2
J β∗

J‖−1
2 r∗(ρ∗). From Lemma 25 we obtain:

(1.17) = P
(
Y 〈X, β̂J〉 < 0

∣∣(Xi, Yi)
N
i=1

)
− P (Y 〈X,β∗

J〉 < 0) = P(γ〈ζ,u〉 < 0)− P(γ〈ζ, e∗〉 < 0)

≤ 6.4
∥∥∥Σ−1/2µ

∥∥∥
2

∥∥∥∥∥ Σ1/2β̂J

‖Σ1/2β̂J‖2
− Σ1/2β∗

J

‖Σ1/2β∗
J‖2

∥∥∥∥∥
2

2

≲
∥∥∥Λ−1/2µ

∥∥∥−3

2
r2∗(ρ∗),

(4.69)

where we have used the fact that when VJ = span(e∗), (1.18) vanishes and where r∗(ρ∗) is defined in (4.68). For the
case where Σ−1/2X follows a sub-exponential distribution, Lemma 25 shows that the estimation error of β̂J differs
from the Gaussian case (4.69) by at most a logarithmic factor.

4.8.3 Price for Overfitting for classification problem
Proof of Proposition 15

In this subsection, the probability should be viewed as the condition probability on (Xi, Yi)
N
i=1. We first prove the

following.

P
(
Y f̂(X) < 0

)
− P

(
Y f̂J(X) < 0

)
= 2P

(
sign(f̂(X)) 6= sign(f̂J(X)) and Y = sign(f̂J(X))

)
− P(sign(f̂(X)) 6= sign(f̂J(X)))

(4.70)

We first consider the random event Ωmargin := {sign(f̂(X)) = sign(f̂J(X))}, which indicates that the margin of
f̂Jc is not large compared to the margin of f̂J and thus does not alter the sign of f̂(X). Consequently, we obtain

P
(
Y f̂(X) < 0

)
− P

(
Y f̂J(X) < 0

)
= P(Ωmargin)

(
P(sign(f̂(X)) 6= Y | Ωmargin)− P(sign(f̂J(X)) 6= Y | Ωmargin)

)
+ P(Ωcmargin)

(
P(sign(f̂(X)) 6= Y | Ωcmargin)− P(sign(f̂J(X)) 6= Y | Ωcmargin)

)
= P(Ωcmargin)

(
P(sign(f̂(X)) 6= Y | Ωcmargin)− P(sign(f̂J(X)) 6= Y | Ωcmargin)

)
.
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On Ωcmargin, there exists exactly one among sign(f̂(X)) and sign(f̂J(X)) that equals Y . Consequently, we have
P(sign(f̂(X)) = Y | Ωcmargin) = P(sign(f̂J(X)) 6= Y | Ωcmargin), and similarly, P(sign(f̂(X)) 6= Y | Ωcmargin) =

P(sign(f̂J(X)) = Y | Ωcmargin). Since these two events are mutually exclusive, their conditional probabilities sum to
1, leading to the conclusion that

P(sign(f̂(X)) 6= Y | Ωcmargin)− P(sign(f̂J(X)) 6= Y | Ωcmargin)

= P(sign(f̂J(X)) = Y
∣∣Ωcmargin)− P(sign(f̂(X)) = Y

∣∣Ωcmargin) = 2P(sign(f̂J(X)) = Y
∣∣Ωcmargin)− 1.

Hence (4.70) follows.
We provide an intuitive interpretation of the first term on the right-hand side of (4.70): the random event

involves in this term indicates that the prediction made by f̂J on a new data point (X,Y ) is itself correct (i.e.,
Y = sign(f̂J(X))), but the component f̂Jc , which is supposed to be used for noise interpolation, has a large margin,
causing the overall predictor f̂ to reverse the prediction and output an incorrect result. Therefore, the probability
of this random event quantifies the impact of noise interpolation by f̂Jc on the 0-1 classification risk.

Since analyzing the random event {sign(f̂(X)) 6= sign(f̂J(X)) and Y = sign(f̂J(X))} is relatively intricate, we
directly consider an upper bound on the probability of the event {sign(f̂(X)) 6= sign(f̂J(X))}, which will serve as
an upper bound for (4.70). Since sign(f̂(X)) 6= sign(f̂J(X)) implies that |f̂Jc(X)| > |f̂J(X)|, it follows that we only
need to analyze an upper bound on the probability of the random event {|f̂Jc(X)| > |f̂J(X)|}. This is precisely the
conclusion claimed by Proposition 15, completing the proof.

Proof of Proposition 27

The correlation between 〈X, β̂J〉 and 〈X, β̂Jc〉 is given by ⟨β̂J ,Σβ̂Jc ⟩
∥Σ1/2β̂J∥2∥Σ1/2β̂Jc∥2

. Therefore, the ratio ⟨X,β̂Jc ⟩
⟨X,β̂J ⟩

follows
the Cauchy distribution whose probability density function is given by

p(z) =
1

π

t

(z − s)2 + t2
,

where

s =
〈Σ1/2β̂J ,Σ

1/2β̂Jc〉
‖Σ1/2β̂J‖2‖Σ1/2β̂Jc‖2

‖Σ1/2β̂Jc‖2
‖Σ1/2β̂J‖2

, and t = ‖Σ1/2β̂Jc‖2
‖Σ1/2β̂J‖2

√
1− 〈Σ1/2β̂J ,Σ

1/2β̂Jc〉2

‖Σ1/2β̂J‖22‖Σ1/2β̂Jc‖22
.

Therefore, if we denote F as the cumulant distribution function of p(z), then

P(|〈X, β̂Jc〉| > |〈X, β̂J〉|) = 1− (F (1)− F (−1)) = 1− 1

π

(
arctan

(
1− s

t

)
+ arctan

(
1 + s

t

))
.

We may also obtain an upper bound for it in terms of ‖Σ1/2β̂J‖2 and ‖Σ1/2β̂Jc‖2. In that, by Cauchy’s inequality,
s ≤ ‖Σ1/2β̂Jc‖2/‖Σ1/2βJ‖2. When |z| ≤ ‖Σ1/2β̂Jc‖2/‖Σ

1/2βJ‖2 < 1, we have (z − s)2 + t2 ≥ (z − s)2 and hence
p(z) ≤ 1

π
t

(z−s)2 , which indicates that
∫∞
1
p(z)dz ≤ 1

π
t

1−s . Similarly we obtain that
∫ 1

−∞ p(z)dz ≤ 1
π

t
1+s . As a result,

1− (F (1)− F (−1)) ≤ 2t
π(1−s2) ≤

2
π‖Σ

1/2β̂Jc‖2 ∥Σ1/2β̂J∥2

∥Σ1/2β̂J∥2
2−∥Σ1/2β̂Jc∥2

2

.

Proof of Proposition 28: noise absorption in classification

Condition on ΩDM,class(δ4) ∩ Ωoracle, where we recall that ΩDM,class(δ4) is defined in (1.22) and Ωoracle is defined in
(4.60). Then

∥∥∥Σ1/2
Jc B[1− Xyβ̂J ]

∥∥∥
2
≤ ‖ΣJc‖1/2op

∥∥∥B[1− Xyβ̂J ]
∥∥∥
2
≤

‖ΣJc‖1/2op

(1− δ4)
√
Tr(ΣJc)

∥∥∥[1− Xyβ̂J ]+

∥∥∥
2
≤

√
C35‖ΣJc‖opN

(1− δ4)
√
Tr(ΣJc)

Pℓβ∗
J
.

Now we use

‖Σ1/2β∗
J‖2 + C33r(VJ , VJc)

(‖Σ1/2β∗
J‖2 − C33r(VJ , VJc))2 − N∥ΣJc∥op

Tr(ΣJc )
C35

(1−δ4)2Pℓβ
∗
J

≤ 2,
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provided by

N‖ΣJc‖op
Tr(ΣJc)

≤
(‖Σ1/2β∗

J‖2 − C33r(VJ , VJc))2 − 1
2 (‖Σ

1/2β∗
J‖2 + C33r(VJ , VJc))

C35

(1−δ4)2Pℓβ
∗
J

to conclude the proof. Here, the assumption r(VJ , VJc) < 1
4C33

(4‖Σ1/2β∗
J‖2 + 1 −

√
16‖Σ1/2β∗

J‖2 + 1) ensures that
such N∥ΣJc∥op

Tr(ΣJc ) > 0 exists.

4.8.4 End of the proof of Theorem 11
The first part of Theorem 11 follows from the combination of Proposition 32 and Proposition 33. The second part
of Theorem 11 is obtained as follows: Lemma 28 verifies Assumption 7; Proposition 28, through (4.26), provides
an upper bound for (1.16); Lemma 27 shows that (1.18) equals zero; and (4.69), together with the first part of
Theorem 11, yields an upper bound on (1.17) for the logistic model. Finally, the classical Zhang’s inequality (see
[Cha25, Section 7.1, pp. 165]), combined with the first part of Theorem 11, gives the upper bound on (1.17) for the
Gaussian mixture classification model.

4.9 Auxiliary lemmas
4.9.1 Proof of Lemma 23
Proof. For any f ∈ F , we let Zf =

∑N
i=1 wi(f(Xi) − E[f(X)]), then E[Zf ] = 0. For any f, g ∈ F , since f − g is

sub-Gaussian, there exists an absolute constant C53 depending only on θ2 such that, for any λ ∈ R (see, for instance,
[Ver18, Proposition 2.5.2]),

E exp (λ(Zf − Zg)) = E exp

[
N∑
i=1

λwi ((f − g)(Xi)− E[(f − g)(X)])

]

=

N∏
i=1

E exp [λwi ((f − g)(Xi)− E[(f − g)(X)])] ≤
N∏
i=1

exp
[
C53λ

2w2
i ‖f − g‖2L2(µX)

]
= exp

(
C53λ

2 ‖w‖22 ‖f − g‖2L2(µX)

)
.

This implies that ‖Zf − Zg‖ψ2
≲ ‖w‖2‖f − g‖L2(µX). By generic chaining, see, for instance, [Ver18, Theorem 8.5.5]

or [Tal21, Section 2.4], there exists an absolute constant C42 depending only on θ2 such that for any t > 0, with
probability at least 1− 2 exp(−t2),

sup(|Zf | : f ∈ F ) ≤ C42 ‖w‖2
(
γ2(F, dL2(µX)) + t diam(F, ‖ · ‖L2(µX))

)
.

4.9.2 A lemma on the ℓq norm
Lemma 26. Let 1 < q <∞. Then for any x and ∆,

|x+∆|q ≥ |x|q + q|x|q−2x∆+
q − 1

q2q
αq(|x|,∆).

This bound is sharp up to multiplicative constant.

Applying Lemma 26 with x = s and ∆ = t− s for any s, t ∈ R we have

|t|q − |s|q = |s+ (t− s)|q − |s|q ≥ qs |s|q−2
(t− s) +

q − 1

q2q
αq (|s| , t− s) . (4.71)
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4.9.3 Property of squared hinges loss
Lemma 27. Let f∗∗ ∈ argmin(Pℓf : f ∈ L2(µ)), where ℓf : (x, y) ∈ Rp × {−1, 1} 7→ (1 − yf(x))2+ is the squared
hinge loss. Then f∗∗(·) = sign(2η(·)− 1).

Proof. Recall that the Bayes rule defined over the class of all measurable functions is given by sign(2η(x)− 1).
Denote f∗∗(x) = argmint∈R(E[(1 − Y t)2+

∣∣X = x]) be the oracle of squared hinge loss. Let R(t) = η(x)(1 −
t)2+ + (1 − η(x))(1 + t)2+. When t ≤ −1, then R(t) = η(x)(1 − t)2 has minimum 4η when t = −1; when t ≥ 1,
R(t) = (1−η(x))(1+ t)2 has minimum 4(1−η) at t = 1; when −1 < t < 1, R(t) = η(x)(1− t)2+(1−η(x))(1+ t)2 =
η(x)(t2 + 1− 2t) + (1− η(x))(1 + t2 + 2t), which has minimum at t = 2η(x)− 1 ∈ {t : −1 < t < 1}. Therefore,

f∗∗(x) = sign(2η(x)− 1).

Therefore, minimizing the squared hinge loss (in expectation) yields the Bayes classifier.

4.9.4 Verification of the Local Bernstein Condition for Squared Hinge Loss
We verify the local Bernstein assumption, that is, the validity of Assumption 7. Although this condition is highly
general, we provide the verification only for the two examples (Gaussian Mixture Model and logistic model) mentioned
earlier.
Lemma 28. Let e∗ = Λ−1µ/‖Λ−1µ‖2 in gaussian mixture classification model and logistic model. There exists an
absolute constant δ > 0 which depends only on the probability distribution function of 〈XY, e∗〉 such that for r(ρ) < δ,
and VJ = span(e∗), then for the Gaussian Mixture Model and the logistic model, Assumption 7 holds with parameters
κ2 = 1 and some L1.

Proof. Since PℓβJ
is a convex function of βJ , there exists at least one α∗ ∈ R+ such that β∗

J = α∗e
∗, where

e∗ = Λ−1µ/‖Λ−1µ‖2. Define R : α ∈ R 7→ Pℓαe∗ , and let M = 〈XY, e∗〉. Then R(α) = E(1− αM)2+.
Since M has a continuous probability distribution, both R′(α) and R′′(α) exist for any α ∈ R. By the

monotone convergence theorem and the first-order optimality condition, we have R′(α∗) = E
[
d
dα (1− αM)2+

]
=

E
[
−2M(1− αM)1{1−αM>0}

]
= 0. Applying the monotone convergence theorem again, we obtain R′′(α∗) =

2E
[
M2

1{1−αM>0}
]
. Now, since M = 〈XY, e∗〉 has unbounded support, there exists a measurable set {m 6= 0 :

1 − α∗m > 0} with strictly positive probability measure (where the probability measure is µX ⊗ µY ). Therefore,
R′′(α∗) > 0 and P(1−α∗M > 0) > 0. By the continuity of the probability distribution function of M , we know that
there exists ε > 0 such that P(1 − α∗M > 2ε) > 1

2P(1 − α∗M > 0). Moreover, since M < ∞ almost surely, there
exists B > 0 such that P(|M | ≤ B) ≥ 1 − 1

4P(1 − α∗M > 0). Therefore, the probability of the event E = {m ∈ R :
1− α∗m > 2ε} ∩ {m ∈ R : |m| ≤ B} is at least 1

4P(1− α∗M > 0). Take δ = ε
2B . Then for all |α− α∗| < δ, for every

m ∈ E, 1− αm = 1− α∗m− (α− α∗)m > 2ε− δ|m| ≥ 2ε− ε
2BB > ε > 0. Therefore, for any |α− α∗| < δ, we have

R′′(α) = E[M2
1{1−αM>0}] ≥ E[M2

1E ] > 0. By the mean value theorem for Taylor expansion, there exists ᾱ ∈ [α, α∗]
(or ᾱ ∈ [α∗, α]) such that PLβJ

= R(α)−R(α∗) ≥ R′′(ᾱ)(α−α∗)
2 ≥ E[M2

1E ](α−α∗)
2. On the other hand, we have

‖Σ1/2
J (βJ − β∗

J)‖22 = (α − α∗)
2‖Σ1/2

J e∗‖22. Therefore, if r(ρ)/‖Σ1/2
J e∗‖2 < δ, then for any βJ ∈ β∗

J + r(ρ)Σ
1/2
J SJ2 ,

we have PLβJ
≥ L1‖Σ1/2

J (βJ − β∗
J)‖22, where L1 = E[M2

1E ]/‖Σ1/2
J e∗‖22. Let w = Λ−1µ = ‖Λ−1µ‖2e∗, then

XJ = 1
∥w∥2

2
〈w, X〉w, and ΣJ = E[XJ ⊗XJ ] = ‖〈e∗, X〉‖2L2e∗ ⊗ e∗, so ‖Σ1/2

J e∗‖2 = ‖〈e∗, X〉‖L2(µX).

4.9.5 Proof of Lemma 19
We only treat the case β∗

Jc = 0. The case XJc ∼ N (0,ΣJc) is analogous, only the constants differ. A direct
consequence of ΩDM,reg(ε1) is the establishment of the local Bernstein condition, Assumption 9. For any q ≥ 1, there
exists an absolute constant C41 > 1 depending only on q and ε1 such that

Eξ[‖A[ξ]‖qq|XJc ] ≥ E‖ξ‖q2
(1 + ε1)qℓ

q
∗(Σ

1/2
Jc B

p
q )

≥
N

q
2 σqξ

2C41ℓ
q
∗(Σ

1/2
Jc B

p
q )
. (4.72)

Proof. Recall that for any βJ ∈ β∗
J + r(ρ)Σ

−1/2
J SJ2 ∩ ρKmodel, XJ(βJ − β∗

J)− ξ ∼ N (0, (σ2
ξ + r2(ρ))IN ). As a

result, condition on ΩDM,reg(ε1), there exists an absolute constant c28 < 1 depending only on q such that

EXJ ,ξ ‖A[XJ(βJ − β∗
J)− ξ]‖qq − Eξ ‖A[ξ]‖qq = Eξ ‖A[ξ]‖qq

(1 + r2(ρ)

σ2
ξ

)q/2
− 1

 ≥ c28Eξ ‖A[ξ]‖qq
r2(ρ)

σ2
ξ

.
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By (4.72), we obtain that for any βJ ∈ β∗
J + r(ρ)Σ

−1/2
J SJ2 ∩ ρKmodel,

PLβJ
=EXJ ,ξ ‖A[XJ(βJ − β∗

J)− ξ]‖qq − Eξ ‖A[ξ]‖qq ≥
c28N

q
2 σq−2

ξ

2C41ℓ
q
∗(Σ

1/2
Jc B

p
q )
r2(ρ).

4.9.6 Proof of Lemma 17
Let XJc ∼ N (0,ΣJc), and XJc = (xj)j∈Jc . Then ℓ∗(Σ

1/2
Jc Bpq ) = E‖XJc‖q′ . Moreover, the function t 7→ t1/q

′

is concave on {t : t ≥ 0}. By Jensen’s inequality for concave functions, E‖XJc‖q′ = E[S1/q′ ] ≤ (E[S])1/q′ with
S =

∑
j∈Jc |xj |q

′ . Now, since xj ∼ N (0, σj), there exists an absolute constant C31 depending only on q such that
E[S] =

∑
j∈Jc E|xj |q

′ ≤ Cq
′

31

∑
j∈Jc σ

q′/2
j . For the lower side, letting |XJc | = (|xj |)j∈Jc . Then ‖XJc‖q′ = ‖|XJc |‖q′ .

By Jensen’s inequality for convex function applied for ‖·‖q′ , we have ‖E|XJc |‖q′ ≤ E‖|XJc |‖q′ = E‖XJc‖q′ . Moreover,
‖E|XJc |‖q′ = (

∑
j∈Jc(E|xj |)q

′
)1/q

′
=
√

2
π (
∑
j∈Jc σ

q′/2
j )1/q

′ . Therefore, the lower side of Lemma 17 holds with

c16 =
√

2
π .



Chapter 5

Generalizations of the Dvoretzky-Milman
Theorem for the ‖ · ‖q-Norm under a
General Probability Measure

5.1 Dvoretzky-Milman theorem for ‖·‖q norm under general probability
measure

Let N < p be two positive integers, Y ∈ Rp be a random vector, Y1, · · · , YN be i.i.d. copies of Y . Let A be a
p × p deterministic matrix and set Xj = AYj . Let X = X(A) (resp. Y = Y(A)) be the N × p matrix with rows
Xj (resp. Yj), X = (Xj(i))j≤N,i≤p, where Xj(i) is the i’th coordinate of Xj . By ‖x‖ρ = (

∑
i |xi|ρ)1/ρ we denote

the ℓρ-norm of a vector x. For q ≥ 1, define ℓq(A) = E‖AG‖q, where G is a standard Gaussian vector in Rp and
dq(A) = sup(‖Ax‖q : x ∈ Bp2). Set d∗(A) = (ℓq(A)/dq(A))

2. Let Log(x) = max{1, ln(x)}.
Let us now assume that A = diag(σ1, . . . , σp), so Xj(i) = σiYj(i), q ≥ 1 is fixed. In this case

ℓq(A) = E(
p∑
i=1

|σi|q|gi|q)1/q ≥ c0‖σ‖q, (5.1)

where c0 depends only on q, and

ℓq(A) ≤ (E
p∑
i=1

|σi|q|gi|q)1/q = ‖σ‖q. (5.2)

Moreover,

dq(A) =

{
‖σ‖∞ if q ≥ 2

‖σ‖ 2q
2−q

if q < 2
and so d∗(A)∼

q


(

∥σ∥q

∥σ∥∞

)2
if q ≥ 2(

∥σ∥q

∥σ∥ 2q
2−q

)2
if q < 2.

(5.3)

Assume also that the entries of Y are independent with mean zero and variance one, and satisfy E|Yij |r ≤ κr, for
some r > max{2, q}. The constants Ci, ci in this subsection will depend only on q, r, κ.

In this section, we prove the following theorem. Note: This q is conjugate to the q in Theorem 3 from Chapter 1.
That is, the q in Theorem 12 proved in this section should be regarded as the q′ in Theorem 3.

Theorem 12 ([P1]). Suppose Y is mean zero and is isotropic. Moreover, the entries of Y are independent with
mean 0 and variance 1. By Z1, · · · , Zp we denote the rows of Y⊤ (i.e., the matrix with columns Y1, · · · , YN ), so
X⊤λ = (σi〈Zi,λ〉)i. There exist absolute constants 0 < κ ≤ 1 and 0 < θ < 1 such that

P(|〈Zi,λ〉| ≥ θ) ≥ κ for all λ ∈ SN−1
2 and i ≤ p.

Then there exists an absolute constant c > 0 such that the following holds.

1. If q ≥ 2, then there exists a constant c > 0, such that with probability at least 1 − exp(−cd∗(A)), for any
λ ∈ SN−1

2 , ‖X⊤λ‖q ≥ cℓq(A), provided that N ≤ cd∗(A).

127
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2. If q < 2, then there exists a constant c > 0, such that with probability at least

1− C Log(p1/q/d∗(A))e
−αcd∗(A)θ/Log2θ(p1/q/d∗(A)),

for any λ ∈ SN−1
2 , ‖X⊤λ‖q ≥ cℓq(A), provided that N ≤ cγd∗(A)

Log2(p1/q/d∗(A))
.

Suppose A = diag(σ1, · · · , σp), and the entries of Y satisfy E|Yj(i)|max{4,2q} ≤ κmax{4,2q}. Then the following hold.
If q > 2 and N ≤ d2∗(A), then there exist constants c and C such that

sup
λ∈SN−1

2

‖X⊤λ‖q ≤ Cℓq(A)

with probability at least 1− 2e−cd∗(A) − Cd∗(A)
−(q−2)/4.

If q ≤ 2, N ≤ d2∗(A) and we additionally assume that ‖Yj(i)‖2q+ϵ ≤ κ for some ϵ > 0, then there exist constants
ϵ0, c and C such that

sup
λ∈SN−1

2

‖X⊤λ‖q ≤ C Log p · ℓq(A)

with probability at least 1− 2e−cd∗(A) − Cd∗(A)
−cmin{ϵ,ϵ0}.

5.1.1 Upper bounds
Let us now assume that A = diag(σ1, . . . , σp), q ≥ 1 is fixed, and the entries of Y are independent with mean zero
and variance one, and satisfy E|Yj(i)|max{4,2q} ≤ κmax{4,2q}. The constants C,Ci, ci in this subsection will depend
only on q and κ.

Let us first provide upper estimates for the expectation of the operator norms of X⊤ from ℓN2 to ℓpq . We do it
separately for the cases q ≥ 2 and q < 2.

Proposition 34. If q ≥ 2, then there exists a constant C > 0 such that for every N ≤ d∗(A),

E‖X⊤ : ℓN2 → ℓpq‖ ≤ Cℓq(A).

Proof. Since q ≥ 2 and A = diag(σ1, . . . , σp), dq(A) = ‖σ‖∞ Let Yj(i), for i ≤ p and j ≤ N , be the i-th
coordinate of Yj (the j-th copy of Y ) and let Xj(i) = σiYj(i), so X⊤ = (σiYj(i))i≤p,j≤N . By our assumptions

max
{
(E|Yj(i)|4)1/4, (E|Yj(i)|2q)1/2q

}
≤ (E|Yj(i)|2q)1/(2q) ≤ κ.

Thus, if N ≤ d∗ ≤
( ∥σ∥q

∥σ∥∞

)2, then [LS25, Corollary 13] and (5.1) yield

E‖X⊤ : ℓN2 → ℓpq‖ ≤ C1

(
‖σ‖∞N1/2 + κ‖σ‖q + κ‖σ‖2qN1/4 + κ‖σ‖2qN1/(2q)

)
≤ C2ℓq(A) + 2C1κ‖σ‖2qN1/4.

Moreover, ‖σ‖2q2q ≤ ‖σ‖q∞‖σ‖qq, so the AM-GM inequality implies that

2‖σ‖2qN1/4 ≤ ‖σ‖q + ‖σ‖∞N1/2 ≤ 2c−1
0 ℓq(A),

and the assertion follows.

Proposition 35. If q < 2, then there exists a constant C > 0 such that for every N ≤ d∗(A),

E‖X⊤ : ℓN2 → ℓpq‖ ≤ C
(
LogN + (2− q) Log p

)
ℓq(A).

Proof. Assume without the loss of generality that ‖σ‖∞ = 1. Let k0 be an integer to be fixed later,

Ik = {i ≤ p : 2−k−1 < |σi| ≤ 2−k} for k = 0, 1, . . . , k0 − 1,

and
Ik0 = {i ≤ p : |σi| ≤ 2−k0}.
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Define Ak = diag
(
(σi1{i∈Ik}

)
i≤p) and i.i.d. copies X(k)

1 , . . . X
(k)
N of X(k) = AkY , and let Xk be the N × p matrix

with rows X(k)
j . Then X⊤ =

∑k0
k=0 X⊤

k , and the triangle inequality implies that

E‖X⊤ : ℓN2 → ℓpq‖ ≤ (k0 + 1) max
0≤k≤k0

E‖X⊤
k : ℓN2 → ℓpq‖. (5.4)

Fix 0 ≤ k ≤ k0 such that Ik 6= ∅. Let (2/q)∗ = 2/(2 − q) denote the Hölder’s conjugate to 2/q ∈ (1, 2]. Then,
similarly as in the proof of Proposition 34, [LS25, Corollary 13] yields that whenever N1/2 ≤ ∥σ∥q

∥σ∥ 2q
2−q

, then

E‖X⊤
k : ℓN2 → ℓpq‖ ≤

∥∥diag((|σi|1−q/2 sgn(σi))i∈Ik) : ℓIk2 → ℓIkq
∥∥ · E∥∥(|σi|q/2Xj(i))i∈Ik

j≤N
: ℓN2 → ℓIk2

∥∥
≤ C3‖(|σi|(1−q/2))i∈Ik‖2q/(2−q)

(
sup
i∈Ik

|σi|q/2N1/2 + ‖(|σ|q/2)i∈Ik‖2
)

(5.5)

≤ C32
−k|Ik|

2−q
2q

‖σ‖q
‖σ‖ 2q

2−q

+ C3‖σ‖q. (5.6)

If k ≤ k0 − 1, then

‖σ‖ 2q
2−q

≥
(∑
i∈Ik

|σi|
2q

2−q

) 2−q
2q ≥ 2−(k+1)|Ik|

2−q
2q , (5.7)

so it follows by (5.6) and (5.1) that

E‖X⊤
k : ℓN2 → ℓpq‖ ≤ 3C3‖σ‖q ≤ C4ℓq(A), (5.8)

provided that N ≤ d∗(A).
If k = k0 := dlog2(

√
Np

1
q−

1
2 )e, then (5.5) implies for every N ,

E‖X⊤
k0 : ℓ

N
2 → ℓpq‖ ≤ C32

−k0p
2−q
2q N1/2 + C3‖σ‖q ≤ C3(‖σ‖∞ + ‖σ‖q) ≤ C4ℓq(A). (5.9)

Inequalities (5.4), (5.8), and (5.9) yield the assertion.

Proposition 36. If q > 2 and N ≤ d2∗(A), then there exist constants c and C such that

sup
λ∈SN−1

2

‖X⊤λ‖q ≤ Cℓq(A)

with probability at least 1− 2e−cd∗(A) − Cd∗(A)
−(q−2)/4.

If q ≤ 2, N ≤ d2∗(A) and we additionally assume that ‖Yj(i)‖2q+ϵ ≤ κ for some ϵ > 0, then there exist constants
ϵ0, c and C such that

sup
λ∈SN−1

2

‖X⊤λ‖q ≤ C Log p · ℓq(A)

with probability at least 1− 2e−cd∗(A) − Cd∗(A)
−cmin{ϵ,ϵ0}.

Proof. Note that supλ∈SN−1
2

‖X⊤λ‖q = ‖X⊤ : ℓN2 → ℓpq‖.
Let us first consider the case q > 2. By [Ada10, Theorem 2] (applied with p := q, ‖ · ‖ being the operator norm

from ℓN2 to ℓpq , X(i,j) := σiYj(i)ei ⊗ ej , η = 1, and σ := Σ defined as below) and Propoistion 34 we have for every
t ≥ 0,

P
(
‖X⊤ : ℓN2 → ℓpq‖ ≥ C5ℓq(A) + t

)
≤ e−t

2/(3Σ2) + C5
Emaxi,j |σiYj(i)|q

tq
, (5.10)

where
Σ2 = sup

s∈Bp
q∗

sup
t∈BN

2

∑
i,j

σ2
i s

2
i t

2
j = max

j≤N
sup

x∈Bp
q∗/2

∑
i

σ2
i xi = ‖σ‖2∞ = dq(A)

2.

Note that

Emax
i,j

|σiYj(i)|q ≤
(
E
∑
i,j

|σi|2q|Yj(i)|2q
)2

≤ κqN1/2
(∑
i

|σi|2q
)1/2

≤ κqd∗(A)
1/2
(∑
i

|σi|q
)1/2‖σ‖q/2∞ = κqd∗(A)

1/2‖σ‖q/2q ‖σ‖q/2∞ .
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Thus, by taking t = ℓq(A) ∼q ‖σ‖q (recall that ∼ follows by (5.3)) we get the assertion in the case q > 2.
In the case q ≤ 2 we proceed similarly, exploiting again [Ada10, Theorem 2] and Proposition 35 (instead of

Proposition 34) to get for every t ≥ 0,

P
(
‖X⊤ : ℓN2 → ℓpq‖ ≥ C5 Log p · ℓq(A) + t

)
≤ e−t

2/(3Σ2) + C5
Emaxi,j |σiYj(i)|q

tq
,

Since (q∗/2)∗ = q/(2− q),
Σ2 = max

j≤N
sup

x∈Bp
q∗/2

∑
i

σ2
i xi = ‖σ‖22q/(q−2) = dq(A)

2.

If q < 2, we may assume without loss of generality that ϵ > 0 is small enough to provide that 2q+ ϵ < 2q
2−q . Then

2q + ϵ = θ 2q
2−q + (1− θ)q, where θ = (q + ϵ)(2− q)/q2 ∈ (0, 1). Hence, we may use Hölder’s inequality to obtain that

Emax
i,j

|σiYj(i)|q ≤
(
E
∑
i,j

|σi|2q+ϵ|Yj(i)|2q+ϵ
)q/(2q+ϵ)

≤ κqNq/(2q+ϵ)
(∑
i

|σi|2q+ϵ
)q/(2q+ϵ)

≤ κqd∗(A)
q/(2q+ϵ)‖σ‖q−

2q+2ϵ
2q+ϵ

q ‖σ‖
2q+2ϵ
2q+ϵ

2q/(2−q)

= κqd∗(A)
q/(2q+ϵ)‖σ‖q−

2q+2ϵ
2q+ϵ

q dq(A)
2q+2ϵ
2q+ϵ ,

whereas for q = 2 we have

Emax
i,j

|σiYj(i)|q ≤ κ2N2/(4+ϵ)
(∑
i

|σi|4+ϵ
)2/(4+ϵ) ≤ κ2d∗(A)

2/(4+ϵ)‖σ‖
4

4+ϵ

2 ‖σ‖
4+2ϵ
4+ϵ
∞

= κqd∗(A)
q/(2q+ϵ)‖σ‖q−

2q+2ϵ
2q+ϵ

q dq(A)
2q+2ϵ
2q+ϵ .

We finish by taking t = ℓq(A) as before.

5.1.2 Reduction from the identity to an arbitrary diagonal covariance matrix
The next proposition shows that in order to have a lower bound up to logarithmic terms it suffices to consider the
case when A = diag(σ1, . . . , σp) with σi ∈ {−1, 0, 1}; this corresponds to X being a projection of an isotropic vector
into some coordinate subspace. The constants c, C, ci, Ci in this section depend only on q.

Proposition 37. Let p ≥ N be integers, q ≥ 1, Y be an isotropic random vector in Rp and α, β, γ, θ > 0. Assume
that for any nonempty I ⊂ [p] and any ηi ∈ {−1, 1}, i = 1, . . . , p, with probability at least 1 − 2e−αd∗(A(η,I))θ for
every λ ∈ SN−1

2 ,
‖X(A(η, I))⊤λ‖q ≥ βℓq(A(η, I)),

provided that N ≤ γd∗(A(η, I)), where A(η, I) = diag
(
(ηi1{i∈I})i≤p

)
. Then there exist constants c, C > 0, such that

for every σ ∈ Rp \ {0} with probability at least 1−C Log(p1/q/d∗(A))e
−αcd∗(A)θ/Log2θ(p1/q/d∗(A)) for every λ ∈ SN−1

2 ,

‖X(A)⊤λ‖q ≥ cβℓq(A),

provided that N ≤ cγd∗(A)
Log2(p1/q/d∗(A))

, where A = diag(σ1, . . . , σp).

Proof. Assume without the loss of generality that ‖σ‖∞ = 1 if q ≥ 2 and ‖σ‖ 2q
q−2

= 1 if q < 2. In both cases
‖σ‖∞ ≤ 1. Let D = ‖σ‖q ∼ ℓq(A) =

√
d∗(A), k0 = dlog2(4p1/q/D)e and, as in the proof of Proposition 35, let

Ik = {i ≤ p : 2−k−1 < |σi| ≤ 2−k} for k = 0, 1, . . . , k0 − 1.

and
Ik0 = {i ≤ p : |σi| ≤ 2−k0},

We consider two cases.
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Case I: q < 2

Let
K =

{
k ∈ {0, 1, . . . , k0 − 1} :

∑
i∈Ik

σ2
i ≥ D22−2k

64k
2/q
0

}
.

Note that ∑
k∈[k0−1]\K

∑
i∈Ik

|σi|q ≤
∑

k∈[k0−1]\K

(∑
i∈Ik

σ2
i

)q/2
|Ik|

2−q
2 ≤

k0−1∑
k=0

Dq2−kq

8qk0
|Ik|

2−q
2 .

Moreover, if k ≤ k0 − 1, then inequality (5.7) shows that |Ik|
2−q
2 ≤ ‖σ‖q2q

2−q

2q(k+1), so( ∑
k∈[k0−1]\K

∑
i∈Ik

|σi|q
)1/q

≤ D

4
. (5.11)

Since k0 = dlog2(4p1/q/D)e, ∑
i∈Ik0

|σi|q ≤ |Ik0 |2−k0q ≤ p2−k0q ≤ Dq

4q
,

which together with (5.11) shows that
‖(σi)i∈⋃

k∈K Ik‖q ≥ D/2,

so it suffices to prove that for every k ∈ K with probability at least 1− 2e−c1αD
2θ/k2θ0 for every λ ∈ SN−1

2 ,
‖ProjIk(X(A)

⊤λ)‖qq ≥ βq‖(σi)i∈Ik‖qq, (5.12)
provided that N ≤ c1γD

2/k20. Since every entry of the vector (σi)i∈Ik is comparable to its ℓ∞ norm,

d∗(diag((σi)i∈Ik)) ∼
( ‖(σi)i∈Ik‖q
‖(σi)i∈Ik‖ 2q

2−q

)2
∼
( |Ik|1/q

|Ik|
2−q
2q

)2
= |Ik|.

Thus, the inequality (5.12) follows by the assumption, with probability at least 1 − 2e−c2α|Ik|
θ and provided that

N ≤ c2γ|Ik|. Therefore, it suffices to show that |Ik| ≥ c3D
2/k20 whenever k ∈ K.

By the definition of K and Ik we have for every k ∈ K,

|Ik|2−2k ≥
∑
i∈Ik

σ2
i ≥ D22−2k

64k
2/q
0

,

so indeed |Ik| ≥ c3D
2/k20.

Case II: q ≥ 2

This case is similar to the previous one, so we omit some details. Let

K =
{
k ∈ {0, 1, . . . , k0 − 1} :

∑
i∈Ik

|σi|q ≥
Dq2−kq

2 · 4q
}
.

Then ∑
k∈[k0−1]\K

∑
i∈Ik

|σi|q ≤
k0∑
k=0

Dq2−kq

2 · 4q
≤ Dq

4q

and since k0 = dlog2(4p1/q/D)e, ∑
i∈Ik0

|σi|q ≤ p2−kq ≤ Dq

4q
,

so as in the Case I it suffices to provide (5.12) whenever k ∈ K, with appropriate probability and the upper bound
for N . This again boils down to proving that for any k ∈ K,

c4D ≤
√
d∗(diag((σi)i∈Ik)) ∼

‖(σi)i∈Ik‖q
‖(σi)i∈Ik‖∞

∼ |Ik|1/q.

The inequality c5D ≤ |Ik|1/q follows by the definitions of K and Ik, as before in Case I.
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5.1.3 Lower bounds in the independent case using selector processes
Let us now assume that A = diag(σ1, . . . , σp) and the entries of Y are independent with mean 0 and variance
1. By Z1, . . . , Zp we denote the rows of Y⊤ (i.e., the matrix with columns Y1, . . . YN ), so X⊤λ = (σi〈Zi,λ〉)i,
and d̃∗ =

( ∥σ∥q

∥σ∥∞

)2. By Paley-Zygmund’s inequality, c.f., [Kal21, Lemma 5.1] together with the norm equivalent
assumption, there exist absolute constants 0 < κ ≤ 1 and 0 < θ < 1 such that

P(|〈Zi,λ〉| ≥ θ) ≥ κ for all λ ∈ SN−1
2 and i ≤ p. (5.13)

The constants below depend only on κ and θ.

Proposition 38. There exists a constant c > 0, such that when N ≤ cd̃
q/2
∗ , then with probability at least 1 −

2 exp(−cd̃q/2∗ ), for any λ ∈ SN−1
2 , ‖X⊤λ‖q ≥ c‖σ‖q.

The assumption (5.13) is referred to as the small-ball assumption. The small-ball method is similar to the ε-net
argument in that both require a single-scale approximation on an index set, and then extend this approximation
to the whole index set via a union bound. The difference from the ε-net argument is that the small-ball method
does not require an upper bound on the ℓ2 → ℓq operator norm of X⊤, but instead relies on upper bounds for the
corresponding selector process, which in many cases only require mild moment assumptions.

Proof. We aim to prove the following fact: there exist a constant 0 < c < 1 and a high-probability event Ω0

(more precisely, such that P(Ω0) ≥ 1 − 2e−cd̃
q/2
∗ ) such that, on this event, for every λ ∈ SN−1

2 there exists a set of
indices Jλ ⊂ {1, . . . , p} satisfying

‖X⊤λ‖qq =
p∑
i=1

|σi|q|〈Zi,λ〉|q ≥
∑
i∈Jλ

|σi|q|〈Zi,λ〉|q ≥
∑
i∈Jλ

|σi|q ≥ cq‖σ‖qq.

This requires a single-scale approximation of the index set SN−1
2 . We separate the rest of the proof into three steps.

Step 1. A union bound.

Let ε ∈ (0, 1) to be determined later (in Step 3). Take an ε-net Vε ⊂ SN−1
2 of cardinality not exceeding (1 + 2/ϵ)N .

For every λ ∈ SN−1
2 let πλ ∈ Vε be such that ‖πλ − λ‖2 ≤ ε. Fix λ ∈ SN−1

2 and define ηi = 1{|⟨Zi,λ⟩|≥θ}, that is,
ηi = 1 if |〈Zi,λ〉| ≥ θ and ηi = 0 otherwise. Let Iλ = {i ≤ p : ηi = 1} = {i ≤ p : |〈Zi,λ〉| ≥ θ}. By assumption (5.13)
Eηi ≥ κ. Moreover, |σi|q|ηi − Eηi| ≤ |σi|q ≤ ‖σ‖q∞ and E[|σi|2q(ηi − Eηi)2] = |σi|2q Var(ηi) ≤ |σi|2q.

Applying Bernstein’s inequality [Ver18, Theorem 2.8.2] for the sum of independent variables σqi (ηi − Eηi) we
obtain that

P
(∣∣∣ p∑
i=1

|σi|q(ηi − Eηi)
∣∣∣ ≥ 1

2
κ‖σ‖qq

)
≤ 2 exp

(
−

1
4κ

2‖σ‖2qq
2‖σ‖2q2q + 1

3κ‖σ‖
q
∞‖σ‖qq

)
.

Moreover,
∑
i∈Iλ |σi|

q =
∑p
i=1 |σi|qηi ≥ κ‖σ‖qq +

∑p
i=1 |σi|q(ηi − Eηi), ‖σ‖2q2q ≤ ‖σ‖q∞‖σ‖qq, and κ ≤ 1, so for every

λ ∈ SN−1
2 ,

P

(∑
i∈Iλ

|σi|q ≥
1

2
κ‖σ‖qq

)
≥ 1− 2 exp

(
−
κ2‖σ‖qq
10‖σ‖q∞

)
= 1− 2 exp

(
−κ

2

10
d̃
q/2
∗

)
. (5.14)

Let

Ω1 =

{
∀λ ∈ Vε

∑
i∈Iλ

|σi|q ≥
1

2
κ‖σ‖qq

}
.

Recall that |Vε| ≤ (1 + 2/ε)N ≤ e2N/ϵ. Therefore, under the assumption d̃q/2∗
κ2

20 ≥ 2
εN , we get by the union bound

and (5.14) that P(Ω1) ≥ 1− 2 exp
(
−κ2

20 d̃
q/2
∗

)
.
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Step 2. Using selector process.

Let ε1, · · · , εp be i.i.d. Rademacher random variables independent of other variables, and for λ ∈ SN−1
2 , let uλ(·) =

1{|⟨λ−πλ,·⟩|>θ/2}. Then uλ(·) ≤ 2
θ |〈λ − πλ, ·〉|. Let ϕ = ϕ(Z1, · · · , Zp) = 1

∥σ∥q
q
sup{

∑p
i=1 |σi|quλ(Zi) : λ ∈ SN−1

2 }.
The symmetrization together with contraction principle [Ver18, Theorem 6.7.1] (applied conditionally) implies

Eϕ =
1

‖σ‖qq
E sup
λ∈SN−1

2

p∑
i=1

|σi|q1{|⟨λ−πλ,Zi⟩|> θ
2 }

≤ 1

‖σ‖qq
E sup

x∈ϵSN−1
2

p∑
i=1

|σi|q
(
1{|⟨x,Zi⟩|> θ

2 }
− E1{|⟨x,Zi⟩|> θ

2 }

)
+

1

‖σ‖qq
sup

x∈ϵSN−1
2

p∑
i=1

|σi|qE1{|⟨x,Zi⟩|> θ
2 }

≤ 2

‖σ‖qq
E sup

x∈ϵSN−1
2

p∑
j=1

|σi|qεi1{|⟨x,Zi⟩|> θ
2 }

+
2

θ‖σ‖qq
sup

x∈ϵSN−1
2

p∑
i=1

|σi|qE|〈x, Zi〉|

≤ 4

θ‖σ‖qq
E sup

x∈ϵSN−1
2

p∑
i=1

|σi|qεi〈x, Zi〉+
2ϵ

θ‖σ‖qq
sup

x∈SN−1
2

p∑
i=1

|σi|q(E|〈x, Zi〉|2)1/2

=
4ϵ

θ‖σ‖qq
E
∥∥∥ p∑
i=1

εi|σi|qZi
∥∥∥
2
+

2ε

θ
.

Since Zi are independent and have independent entries with second moment equal to 1, E‖
∑p
i=1 εi|σi|qZi‖22 =∑p

i=1 |σi|2qE‖Zi‖22 = N‖σ‖2q2q. Thus, E‖
∑p
i=1 εi|σi|qZi‖2 ≤

√
N‖σ‖q/2∞ ‖σ‖q/2q . As a result, E[ϕ] ≤ 4ε

θ

√
N

d̃
q/2
∗

+ 2ε
θ ≤

6ε
θ , provided that d̃q/2∗ ≥ N .

Notice that for any λ ∈ SN−1
2 , any zi, z

′
i ∈ RN and |uλ(zi)− uλ(z

′
i)| ≤ 1, so for any z1, · · · , zi−1, zi+1, · · · , zp,

∣∣ϕ(z1, · · · , zi−1, zi, zi+1, · · · , zp)− ϕ(z1, · · · , zi−1, z
′
i, zi+1, · · · , zp)

∣∣ ≤ |σi|q

‖σ‖qq
.

Therefore, by McDiarmid’s inequality [Ver18, Theorem 2.9.1], for any t > 0,

P (ϕ− E[ϕ] > t) ≤ exp

− 2t2∑p
i=1

|σi|2q
∥σ∥2q

q

 ≤ exp

− 2t2

∥σ∥q
∞∥σ∥q

q

∥σ∥2q
q

 = exp
(
−2t2d̃

q/2
∗

)
.

By putting t = 1
θ ε we get that ϕ ≤ 7ε

θ with probability at least 1 − exp(− 2ε2

θ2 d̃
q/2
∗ ). Hence, if we denote Bλ = {1 ≤

i ≤ p : |〈λ− πλ, Zi〉| ≤ 1
2θ}, Bcλ = {1, 2, . . . , p} \Bλ, and

Ω2 =
{
∀λ ∈ SN−1

2

1

‖σ‖qq

∑
i∈Bc

λ

σqi ≤
7ε

θ

}
,

then we get P(Ω2) ≥ 1− exp(− 2ε2

θ2 d̃
q/2
∗ ) provided that d̃q/2∗ ≥ N .

Step 3. The sets Jλ

Let ϵ = θ
28κ. We work on Ω0 = Ω1 ∩ Ω2, whose probability is not smaller than 1 − 2e−c1d̃

q/2
∗ provided that

N ≤ c2d̃
q/2
∗ (where c1 and c2 depend only on θ and κ). For every λ ∈ SN−1

2 let Jλ = Iπλ ∩ Bλ. Then Iπλ =
(Iπλ ∩Bλ) t (Iπλ ∩Bcλ) = Jλ t (Iπλ ∩Bcλ), so∑

i∈Jλ

|σi|q ≥
∑
i∈Iπλ

|σi|q −
∑
i∈Bc

λ

|σi|q ≥
(
κ

2
− 7ε

θ

)
‖σ‖qq =

κ

4
‖σ‖qq.
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Thus, by the definitions of the sets Iπλ and Bλ we know that on the set Ω1 ∩ Ω2, for every λ ∈ SN−1
2 ,

‖X⊤λ‖q ≥
(∑
i∈Jλ

|σi|q|〈Zi,λ〉|q
)1/q

≥
( ∑
i∈Jλ

|σi|q|〈Zi, πλ〉|q
)1/q

−
(∑
i∈Jλ

|σi|q|〈Zi, πλ− λ〉|q
)1/q

≥ θ
(∑
i∈Jλ

|σi|q
)1/q

− θ

2

(∑
i∈Jλ

|σi|q
)1/q

≥ θ

2

(∑
i∈Jλ

|σi|q
)1/q

≥ κ1/qθ

4
‖σ‖qq.

As a result,

P
(
∀λ ∈ SN−1

2 ‖X⊤λ‖qq ≥
κθq

4q
‖σ‖qq

)
≥ P(Ω1 ∩ Ω2) ≥ 1− 2e−c1d̃

q/2
∗ ,

provided that N ≤ c2d
q/2
∗ .

If q ≥ 2, then (5.3) implies that d̃q/2∗ ≥ d∗(A) for some constant c depending only on q. Unfortunately, if q < 2,
then d̃q/2∗ ≤ Cd∗(A), since

p∑
i=1

|σi|2q/(2−q) ≤ ‖σ‖q
2/(2−q)

∞

p∑
i=1

|σi|q,

and d̃q/2∗ may be of smaller order than d∗(A) (for example if σi = i(q−2)/2q). However, if A = Idp, then d̃q/2∗ = p ∼
d∗(A). Hence, Propositions 38 and 37, yield the following.
Corollary 7. If q ≥ 2, then there exists a constant c > 0, such that with probability at least 1− exp(−cd∗(A)), for
any λ ∈ SN−1

2 , ‖X⊤λ‖q ≥ cℓq(A), provided that N ≤ cd∗(A).
If q < 2, then there exists a constant c > 0, such that with probability at least 1−C Log(p1/q/d∗(A))e

−αcd∗(A)θ/Log2θ(p1/q/d∗(A)),
for any λ ∈ SN−1

2 , ‖X⊤λ‖q ≥ cℓq(A), provided that N ≤ cγd∗(A)
Log2(p1/q/d∗(A))

.

5.2 Proof of Theorem 4
Proof. We prove Theorem 4, and for the sake of generality, we replace the covariance matrix by Σ, that is,
Σ = E [ϕ(X)⊗ ϕ(X)]. For some 2 < p ≤ 2 + ϵ, let

B = sup (E |〈ϕ(X), f〉H|p : ‖f‖H = 1) . (5.15)

Since we have L2+ϵ −L2 norm equivalence of marginals (recall (1.27)), B ≤ κp ‖Σ‖p/2op . To obtain a high-probability
upper bound for Equation (1.30), we first use a one-scale net argument. Set Vϵ0 =

{
πλ : λ ∈ SN−1

2

}
to be an ϵ0-net

of SN−1
2 so that for all λ ∈ SN−1

2 , ‖πλ− λ‖2 ≤ ϵ0 and |Vϵ0 | ≤ (5/ϵ0)
N . Unlike the situation in [P4], the choice of

ϵ0 here does not affect the probability deviation because we will use a different discretization procedure to control
EηVIη,u(which will be defined later) uniformly on SN−1

2 , which does not depend on ϵ0. Therefore, one may choose
an ϵ0 as small as possible(say, 1/10) to compensate for absolute constants at the end of the proof.

It follows from the triangle inequality that for every λ ∈ SN−1
2 ,∣∣∣∣∣‖Aλ‖2H(ℓ∗)

2 − 1

∣∣∣∣∣ =

∣∣∣∣∣‖A (λ− πλ)‖2H
(ℓ∗)

2 +
‖A(πλ)‖2H

(ℓ∗)
2 +

2 〈A (λ− πλ) , A(πλ)〉H
(ℓ∗)

2 − 1

∣∣∣∣∣
≤

‖A (λ− πλ)‖2H
(ℓ∗)

2 +

∣∣∣∣∣‖A(πλ)‖2H(ℓ∗)
2 − 1

∣∣∣∣∣+
∣∣∣∣∣2 〈A (λ− πλ) , A(πλ)〉H

(ℓ∗)
2

∣∣∣∣∣
and so, from the Cauchy-Schwarz inequality,

sup
λ∈SN−1

2

∣∣∣∣∣‖Aλ‖2H(ℓ∗)
2 − 1

∣∣∣∣∣ ≤ Φ2 +Ψ2 + 2Φ
√
Ψ2 + 1

where

Φ2 := sup
λ∈SN−1

2

‖A (λ− πλ)‖2H
(ℓ∗)

2 and Ψ2 := sup
λ∈SN−1

2

∣∣∣∣∣‖A(πλ)‖2H(ℓ∗)
2 − 1

∣∣∣∣∣ .
Thus, we only need to bound Φ and Ψ from above. To that end, we start with a decoupling argument to deal

with the cross terms.
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A decoupling argument Let (ηi)1≤i≤N be N i.i.d. selectors (i.e. P(ηi = 0) = P(ηi = 1) = 1/2) and define
Iη := {1 ≤ i ≤ N : ηi = 1}. For all u ∈ RN and I ⊂ [N ], we also define

VI,u :=
1

(ℓ∗)
2

〈(∑
i∈I

uiϕ(Xi)

)
,

∑
j∈Ic

ujϕ(Xj)

〉
H

.

For every u ∈ BN2 , a decoupling technique (see for instance Chapter 6 of [Ver18]) leads to the following result

‖Au‖2H
(ℓ∗)

2 =

N∑
i=1

‖ϕ(Xi)‖2H u2i

(ℓ∗)
2 +

∑
i ̸=j

uiuj
〈ϕ(Xi), ϕ(Xj)〉H

(ℓ∗)
2

=

N∑
i=1

‖ϕ(Xi)‖2H u2i

(ℓ∗)
2 +

N∑
i,j=1

Eη4ηi(1− ηj)uiuj
〈ϕ(Xi), ϕ(Xj)〉H

(ℓ∗)
2

=

N∑
i=1

‖ϕ(Xi)‖2H u2i

(ℓ∗)
2 +

4

(ℓ∗)
2Eη

〈∑
i∈Iη

uiϕ(Xi)

 ,

∑
j∈Icη

ujϕ(Xj)

〉
H

=

N∑
i=1

‖ϕ(Xi)‖2H u2i

(ℓ∗)
2 + 4EηVIη,u, (5.16)

where Eη is the expectation with respect to (ηi)i∈[N ] conditionally on all other random variables. With the decoupling
technique, we are going to estimate Φ2 and Ψ2 from above. We start with Ψ2 and get

Ψ2 = sup
λ∈SN−1

2

∣∣∣∣∣‖A(πλ)‖2H(ℓ∗)
2 − 1

∣∣∣∣∣ ≤ sup
λ∈SN−1

2

∣∣∣∣∣
N∑
i=1

‖ϕ(Xi)‖2H
(ℓ∗)

2 (πλ)
2
i − 1

∣∣∣∣∣+ 4 sup
λ∈SN−1

2

∣∣EηVIη,πλ∣∣
≤ max

1≤i≤N

∣∣∣∣∣‖ϕ(Xi)‖2H
(ℓ∗)

2 − 1

∣∣∣∣∣+ 4 sup
λ∈SN−1

2

∣∣EηVIη,πλ∣∣ . (5.17)

We next have Φ2 = sup
(
‖A(λ− πλ)‖2H / (ℓ∗)

2
: λ ∈ SN−1

2

)
≤ (ϵ0/ℓ

∗)2 ‖A‖2op, where ‖A‖op is the operator norm
of A : (RN , ℓ2) → (H, ‖·‖H), thus it remains to prove a high probability upper bound on ‖A‖op. From (5.16) we
know that

‖A‖2op

(ℓ∗)
2 ≤ max

i∈[N ]

‖ϕ(Xi)‖2H
(ℓ∗)

2 + 4 sup
∥µ∥2=1

EηVIη,µ. (5.18)

As a result,

Φ2 ≤ 4ϵ20

(ℓ∗)
2 sup
πµ∈V1/2

‖A(πµ)‖2H ≤ 4ϵ20

(
max

1≤i≤N

‖ϕ(Xi)‖2H
(ℓ∗)

2 + 4 sup
πµ∈V1/2

EηVIη,πµ

)
. (5.19)

Therefore, we only need to find a high probability upper bound on
∣∣EηVIη,u∣∣ uniformly for all u in V1/2 and Vϵ0 .

In contrast to the method employed in [P4], we immediately derive this upper bound uniformly over BN2 . This will
result in ϵ0 being a free parameter, as we will show at the end of the proof ((5.27) holds on SN−1

2 , instead of Vϵ0).
To achieve this, we adapt [Tik18]’s argument. We recall that Theorem 4 contains two aspects:

1. when Tr(Σ) is the dominating term in λ+Tr(Σ),

2. when λ is dominating.

In case [1], we need not only the upper bound of sup
(∥∥X⊤λ

∥∥
H : λ ∈ SN−1

2

)
, but also the lower bound for

inf
(∥∥X⊤λ

∥∥
H : λ ∈ SN−1

2

)
.

However, in case [2], we only need the upper bound for sup
(∥∥X⊤λ

∥∥
H : λ ∈ SN−1

2

)
. This will be clear in Section 5.2.

We first introduce some notation.
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For all I, J ⊂ [N ] and ℓ ∈ [N ], let SJ2 be the unit sphere in Euclidean norm of RJ(see as a subspace of RN
endowed by the canonical vectors indexed by J), and let

SJI :=
{
λ ∈ SJ2 : λi = 0, ∀i ∈ Ic

}
and SJI,ℓ :=

{
λ ∈ SJI : |{i ∈ I : λi 6= 0}| ≤ ℓ

}
.

For the sake of simplicity, we let SNI := S
[N ]
I and SNI,ℓ := S

[N ]
I,ℓ . For each k ≤ N and I, C ⊂ [N ], we denote

g(k, C, I) := sup

∣∣∣∣∣∣
〈 ∑
i∈I∩C

viϕ(Xi),
∑

j∈Ic∩C
ujϕ(Xj)

〉
H

∣∣∣∣∣∣ , u,v ∈ SN[N ],k

 , and

g(N, I) := g(k, [N ], I).

(5.20)

Further, for any vector u ∈ RN , and any i ≤ N , we set

Wu,i :=

〈
ϕ(Xi),

N∑
j=1

ujϕ(Xj)

〉
H

, (5.21)

and for some J ⊂ [N ], we denote (|Wu,J |)∗j as the j-th largest absolute value of the coordinates of (Wu,j)j∈J . Given
1 ≤ k ≤ N and I ⊂ [N ], we define

MI,k = max

(∥∥∥∥∥∑
i∈I

λiϕ(Xi)

∥∥∥∥∥
H

: λ ∈ SNI,k

)
, and Mk = M[N ],k.

In particular, ‖A‖op = MN , and by the decoupling argument again, see (5.18)

M2
N ≤ max

(
‖ϕ(Xi)‖2H : 1 ≤ i ≤ N

)
+ 4(ℓ∗)2 sup

(
EηVIη,u : u ∈ SN−1

2

)
. (5.22)

Once (5.22) has been obtained, the next step is to derive an upper bound for the supremum of
∣∣EηVIη,u∣∣ over

all u ∈ SN−1
2 in relation to MN . The purpose of the remaining part of the proof will be to establish this point. In

order to accomplish this, we begin with

4 (ℓ∗)
2
sup

(∣∣EηVIη,u∣∣ : u ∈ SN−1
2

)
= 4 sup

Eη

∣∣∣∣∣∣
〈∑

i∈Iη

uiϕ(Xi)

 ,

∑
j∈Icη

ujϕ(Xj)

〉
H

∣∣∣∣∣∣ : u ∈ SN−1
2


=

4

2N
sup

 ∑
I⊂[N ]

∣∣∣∣∣∣
〈∑
i∈I

uiϕ(Xi),
∑
j∈Ic

ujϕ(Xj)

〉
H

∣∣∣∣∣∣ : u ∈ SN−1
2


≤ 4

2N

∑
I⊂[N ]

g (N, I) ,

(5.23)

where the last step is via Jensen’s inequality and by the fact that optimizing over (v,u) ∈ SN[N ],k × SN[N ],k leads to a
larger supreme.

A sparsifying argument We begin by the sparsifying lemma for g (N, C, I).

Lemma 29. Let 0 < ε ≤ 1, k ≥ 12/ε2, 4 ≤ m ≤ k, and let I, C ⊂ [N ]. There then exists an absolute constant
C54 > 0 such that

g(k, C, I) ≤ g(m, C, I) + 2C54ε
−2 max

(∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ : i 6= j ∈ C

)
+ C54

√
kε−2

(
sup

(
|Wy,Ic∩C |∗⌊m/4⌋ : y ∈ SNI∩C,εk

)
+ sup

(
|Wz,I∩C |∗⌊m/4⌋ : z ∈ SNIc∩C,εk

))
.

(5.24)
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As mentioned in [Tik18], when compared to the findings of [BM22a], this method of sparsifying yields a lower
cardinality when combined with the subsequent discretization argument. This gives rise to a broad condition about
the tail of kernel features (from LlogN − L2 to L2+ϵ − L2).

The next lemma is a combination of [Tik18, Lemma 13] and [Tik18, Lemma 4]:

Lemma 30. Let 0 < ρ ≤ 1, r, h, p, q ∈ N and r ≥ 2, let Vρ be a support-preserving Euclidean ρ-net of Sq[q],h. Further,
let T be a p× q matrix. Then

sup
(
|Tu|∗r : u ∈ Sq[q],h

)
≤ 2 sup

(
|Tv|∗⌊r/2⌋ : v ∈ Vρ

)
+

4ρ√
r
sup

√√√√ r∑
i=1

(
|Tu|∗i

)2
: u ∈ Sq[q],h

 .

Here, the support-preserving Euclidean ρ-net means that Vρ is a ρ-net, such that for all x ∈ Sq[q],k, there exists y ∈ Vρ
with supp(y) ⊂ supp(x) and ‖x− y‖2 ≤ ρ. By [Tik18, Lemma 4], there exists C55 > 0 and Vρ ⊂ Sq[q],k such that
|Vρ| ≤ (C55q/ρh)

h, and Vρ is a support-preserving Euclidean ρ-Net of Sq[q],h.

A dimension reduction argument Combining Lemma 29 and Lemma 30 with an induction argument, we obtain
the following proposition, as a deterministic argument. Compared to [Tik18, Proposition 14], we remove the condition
N ≥ 128C54ε

−2k. This assumption N ≥ 128C54ε
−2k prevents us from being in the Dvoretzky-Milman regime,

because when N = k, we need ε sufficiently large, however, Proposition 40 needs ε to be sufficiently small. Removing
this assumption is possible because we are going to choose k = N in Proposition 40, which keeps 128C54k/(ε

2N) as
a constant in the proof.

Proposition 39. Let I, C ⊂ [N ], and let 0 < ε < 1/3 and k ≥ 24/ε2 ∨N . Denote t := blog2
(
ε2k/24

)
c and define

kj := bk/2jc, 0 ≤ j ≤ t. There are then subsets Vj ⊂ SII,εkj and V ′
j ⊂ SI

c

Ic,εkj
for all 0 ≤ j ≤ t− 1 such that for the

absolute constants from Lemma 29 and Lemma 30,

• |Vj | ,
∣∣V ′
j

∣∣ ≤ (C55N/εkj)
2εkj for all 0 ≤ j ≤ t− 1.

• We have

g(k, I) ≤ exp

(
128C54k

ε2N

)
(48 + 2C54 log2(k)) ε

−2 max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ C
)

+ 2c54 exp

(
128C1k

ε2N

)
ε−2

t−1∑
j=0

√
kj

(
sup

(
|Wu,Ic |∗⌊kj+1/16⌋ : u ∈ Vj

)
+ sup

(
|Wv,I |∗⌊kj+1/16⌋ : v ∈ V ′

j

))
.

Proof. First, we let j < t and consider the quantity g(kj , C, I). By Lemma 29, for k = kj and m = kj+1 (where
we have kj ≥ 12/ε2 and kj+1 ≥ 4),

g(kj , C, I) ≤ g(kj+1, C, I) + 2C54ε
−2 max

(∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ : i 6= j ∈ C

)
+ C54

√
kjε

−2

(
sup

(
|Wy,Ic∩C |∗⌊kj+1/4⌋ : y ∈ SNI∩C,εkj

)
+ sup

(
|Wz,I∩C |∗⌊kj+1/4⌋ : z ∈ SNIc∩C,εkj

))
.

We first find upper bounds for

sup
(
|Wy,Ic∩C |∗⌊kj+1/4⌋ : y ∈ SNI∩C,εkj

)
, and

sup
(
|Wz,I∩C |∗⌊kj+1/4⌋ : y ∈ SNIc∩C,εkj

)
.

We only obtain the former, as the latter follows from the same ideas.
From the definition of y ∈ SNI∩C,εkj we know that y is supported on I ∩ C. By the definition of W (see (5.21)),

Wy,Ic∩C =
(〈
ϕ(Xi),

∑
j∈I∩C yjϕ(Xj)

〉
H

)
i∈Ic∩C

. Therefore, taking supreme over SNI∩C,εkj is equivalent to taking it
over y ∈ SI∩C

I∩C,εkj .
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Apply Lemma 30 with r = bkj+1/4c, ρ = kj/N , h = bεkjc, and matrix T =
(
〈ϕ(Xi), ϕ(Xj)〉H

)
i,j

for (i, j) ∈

((Ic ∩ C)× (I ∩ C)), then Ty =
(〈
ϕ(Xi),

∑
j∈I∩C yjϕ(Xj)

〉
H

)
i∈Ic∩C

=Wy,Ic∩C and thus there exists Vj ⊂ SI∩C
I∩C,εkj ⊂

SNI,εkj , which is a support-preserving kj/N -net of cardinality at most(
C55 |I ∩ C|
((kj/N)εkj)

)εkj
≤
(
C55

ε

)εkj (N
kj

)2εkj

≤
(
C55N

εkj

)2εkj

since we can choose C55 > 1 ∨ ε, such that

sup
(
|Wy,Ic∩C |∗⌊kj+1/4⌋ : y ∈ SNI∩C,εkj

)
≤ 2 sup

(
|Wu,Ic∩C |∗⌊⌊kj+1/4⌋/2⌋ : u ∈ Vj

)
+

4kj/N√
bkj+1/4c

sup


√√√√⌊kj+1/4⌋∑

i=1

(
|Wy,Ic∩C |∗i

)2
: y ∈ SNI∩C,εkj


≤ 2 sup

(
|Wu,Ic |∗⌊⌊kj+1/4⌋/2⌋ : u ∈ Vj

)
+

4kj/N√
bkj+1/4c

g(kj+1, C, I),

where we have used kj+1/4 ≤ kj+1 and the fact that for any u ∈ RN and ℓ ∈ [N ],

sup

(∑
i∈I

uivi : v ∈ SII,ℓ

)
=

√√√√ ℓ∑
i=1

((uI)∗i )
2
.

The analysis for sup
(
|Wz,I∩C |∗⌊m/4⌋ : z ∈ SNIc∩C,εk

)
is similar. We obtain

g(kj , C, I) ≤
(
1 +

32C54kj
ε2N

)
g(kj+1, C, I) + 2C54ε

−2 max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ C
)

+ 2C54

√
kjε

−2
(
sup

(
|Wu,Ic |∗⌊kj+1/16⌋ : u ∈ Vj

)
+ sup

(
|Wv,I |∗⌊kj+1/16⌋ : v ∈ V ′

j

))
.

Notice that for any t′ < t,

t′∏
j=0

(
1 +

32C54kj
ε2N

)
≤

t∏
j=0

(
1 +

32C54kj
ε2N

)
≤ exp

 t∑
j=0

32C54kj
ε2N

 ≤ exp

(
128C54k

ε2N

)
.

By induction over 0 ≤ j < t, we obtain

exp

(
−128C54k

ε2N

)
g(k, C, I) ≤ g(kt, C, I) + 2C54ε

−2 log2(k)max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ C
)

+ 2C54ε
−2

t−1∑
j=0

√
kj

(
sup

(
|Wu,Ic |∗⌊kj+1/16⌋ : u ∈ Vj

)
+ sup

(
|Wv,I |∗⌊kj+1/16⌋ : v ∈ V ′

j

))
.

Finally, we bound g(kt, C, I) from above:

g(kt, C, I) ≤ sup

 N∑
i,j=1

∣∣yizj 〈ϕ(Xi), ϕ(Xj)〉H
∣∣ : y ∈ SNI∩C,kt , z ∈ SNIc∩C,kt


≤ max

(∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ : i 6= j ∈ C

)
sup

 N∑
i,j=1

|yizj | : y ∈ SNI∩C,kt , z ∈ SNIc∩C,kt


= max

(∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ : i 6= j ∈ C

)
· kt

≤ 48ε−2 max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ C
)
.
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Stochastic arguments We next introduce the randomness of ϕ(X). We will see in the next proposition that
choosing k = N does not destroy the proof, but leads to a larger constant compared with [Tik18, Proposition 15].

Proposition 40. For the absolute constant C54 from Lemma 29 and C55 from Lemma 30, there are sufficiently
large universal constants C56 = (12C55/ε

3)36/ε for ε < 1/256 , C57 and C58 depending on p such that: Suppose
N ≥ (12C55/ε

3)6C
−ε/6
56 ∨ exp (48/C54), let I ⊂ [N ]. With probability at least 1− C57/N

3, for all C ⊂ [N ],

g(N, C, I) ≤ C58 log2(N)max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ C
)
+ C58B

1/p
√
NMN .

Proof. Let t = blog2
(
ε2N/24

)
c and kj = bN/2jc for each j ∈ {0, 1, · · · , t}. Fix j ∈ {0, 1, · · · , t − 1}, we

study the term sup
(
|Wu,Ic |∗⌊kj+1/16⌋ : u ∈ Vj

)
appearing by Proposition 39 for k = N . In the whole proof below

k = N , in particular, kj = bN/2jc, j = 0, · · · , t and t = blog2 (ε2N/24)c. At this time, 48 < C54 log2(N). For each
u ∈ Vj , condition on (Xi)i∈I ,

(〈
ϕ(Xj),

∑
i∈I uiϕ(Xi)

〉
H

)
j∈Ic = (Wu,j)j∈Ic are i.i.d. random variables. Recalling the

definition of B, see (5.15), the conditional expectation of |Wu,j |p given (Xi)i∈I satisfies

E
[
|Wu,j |p

∣∣(Xi)i∈I
]
≤ B

∥∥∥∥∥∑
i∈I

uiϕ(Xi)

∥∥∥∥∥
p

H

≤ BMp
N .

Let u ∈ Vj(in particular, supp(u) ⊂ I). Condition on (Xi)i∈I , E
[
|Wu,j |p /

∥∥∑
i∈I uiϕ(Xi)

∥∥
H

∣∣(Xi)i∈I
]
≤ B. For

τpj = 32eB (N/kj+1)
1+256ε,

P

(
|Wu,Ic |∗⌊kj+1/16⌋∥∥∑

i∈I uiϕ(Xi)
∥∥
H

≥ τj

∣∣∣∣ (Xi)i∈I

)

= P

(
∃J ⊂ Ic, |J | ≥ bkj+1/16c, such that ∀j ∈ J,

|Wu,j |∥∥∑
i∈I uiϕ(Xi)

∥∥
H

≥ τj

∣∣∣∣ (Xi)i∈I

)

≤
(

|Ic|
bkj+1/16c

)(
P

(
|Wu,j |∥∥∑

i∈I uiϕ(Xi)
∥∥
H

≥ τj

∣∣∣∣ (Xi)i∈I

))⌊kj+1/16⌋

≤
(

e |Ic|
bkj+1/16c

)⌊kj+1/16⌋
(
B

τpj

)⌊kj+1/16⌋

≤

(
|Ic|
N

(
kj+1

N

)256ε
)⌊kj+1/16⌋

≤
(
kj+1

N

)4εkj

.

Hence, conditionally on (Xi)i∈I , with probability at least 1− (kj+1/N)4εkj ,

|Wu,Ic |∗⌊kj+1/16⌋ ≤ τj

∥∥∥∥∥∑
i∈I

uiϕ(Xi)

∥∥∥∥∥
H

≤ τjMN .

Therefore, by Fubini’s theorem, with probability at least 1 − (kj+1/N)4εkj , |Wu,Ic |∗⌊kj+1/16⌋ ≤ τjMN . Taking the
union bound over all u ∈ Vj(note that the cardinality of Vj is given in Proposition 39) and using kj+1 ≤ kj ,

P
(
sup

(
|Wu,Ic |∗⌊kj+1/16⌋ : u ∈ Vj

)
≥ τj

)
≤

(
k2j+1

N2
· C55N

εkj

)2εkj

≤
(
kj+1

N
· C55

ε

)2εkj

.

Since t 7→ t log (eN/t) is increasing on {t : 0 < t ≤ N} and kt ≥ 12/ε2, we have for all j = 0, · · · , t− 1,

2εkj log

(
εN

C55kj+1

)
≥ 2εkj log

(
εN

C55kj

)
≥ 2εkt log

(
εN

C55kt

)
≥ 2ε

12

ε2
log

(
εN

C55
12
ε2

)
,

=
24

ε
log

(
ε3N

12C55

)
≥ log

(
N4

C56

)
,
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when
(
ε3N/12C55

)24/ε ≥ N4/C56, i.e., N ≥ (12C55/ε
3)6 · C−ε/6

56 . The polynomial rate can therefore balance the
union bound over j ∈ {0, 1, · · · , t − 1}, which is a logarithmic rate with respect to N . With probability at least
1− C57/N

3, for all j ∈ {0, 1, · · · , t− 1},

sup
(
|Wu,Ic |∗⌊kj+1/16⌋ : u ∈ Vj

)
< (32eB)1/pMN

(
N

kj+1

)p−1(1+256ε)

.

Finally, notice that

t−1∑
j=0

√
kj sup

(
|Wu,Ic |∗⌊kj+1/16⌋ : u ∈ Vj

)
≤ (32eB)1/pMN

√
N

t−1∑
j=0

2j/p+256εj/p−j/2.

There exists an absolute constant C58 such that
∑t−1
j=0 2

( 1+256ε
p − 1

2 )j ≤ C58 for 1/2 > (1 + 256ε)/p. We finish the
proof of Proposition 40 by applying Proposition 39.

Case [1]: when Tr(Σ) is dominating.

In this case, we apply all the aforementioned results (Proposition 40, Proposition 39 and Lemma 29) to C = [N ].
Let us now apply Proposition 40,

E
∣∣∣{I ⊂ [N ] : g(N, I) > C58 log2(N)max

(∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ : i 6= j ∈ [N ]

)
+ C58B

1/p
√
NMN

}∣∣∣
≤ 2N

N3
,

so with probability at least 1− 1/N2, there are at most 2N/N subsets I ⊂ [N ], such that

g(N, I) > C58 log2(N)max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ [N ]
)
+ C58B

1/p
√
NMN . (5.25)

For these 2N/N “spiky” subsets, we simply use a deterministic argument: for all I ⊂ [N ], we have

g(N, I) ≤ N max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ [N ]
)
.

As a consequence, if we denote by I the set of all subsets I ⊂ [N ] satisfying (5.25), with probability at least 1−1/N2,∑
I⊂[N ]

g(N, I) =
∑
I∈I

g(N, I) +
∑
I /∈I

g(N, I)

≤ 2C582
N log2(N)max

(∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ : i 6= j ∈ [N ]

)
+ 2NC58B

1/p
√
NMN , (5.26)

We are left with an upper bound that has a high probability of max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ [N ]
)
. We

emphasize again that we do not use the sample coloring technique developed by [Tik18], but instead, we use the
strong concentration of

∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ to absorb this logN factor, because of (1.28).

Upper bound for max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ [N ]
)

Let p = 2 + ϵ.
For any i 6= j ∈ [N ],

E
∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣2+ϵ = E
[
E
[∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣p ∣∣Xi

]]
≤ κp

(
E
∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣2)p/2
= κp (EKk+1:∞(Xi, Xj))

p/2
= κp

(
Tr
(
Σ2
))p/2

,

where we used (1.27) to obtain the inequality. By union bound, for any τ > 0,

P
(
max

(
|〈ϕ(Xi), ϕ(Xj)〉|H : i 6= j ∈ [N ]

)
> τ

)
≤ N2E

∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣p

τp

≤ N2κ
p
(
Tr
(
Σ2
))p/2

τp
.
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Let τ = δ̄Tr (Σ) / logN , with probability at least

1−N2κ
p
(
Tr
(
Σ2
))p/2(

δ̄Tr(Σ)
logN

)p = 1−
(κ
δ̄

)p
(logN)pN2

(√
Tr (Σ2)

Tr (Σ)

)p
=: 1− p̄,

we have

max
(
|〈ϕ(Xi), ϕ(Xj)〉|H : i 6= j ∈ [N ]

)
≤ δ̄Tr (Σ)

logN
,

where

p̄ =
(κ
δ̄

)2+ϵ
(logN)

2+ϵ
N1− ϵ

2

(√
N Tr (Σ2)

Tr (Σ)

)2+ϵ

.

Together with (5.26), with probability at least 1− p̄−N−2,∑
I⊂[N ]

g (N, I) ≤ 2C582
N δ̄Tr (Σ) + 2NC58B

1/(2+ϵ)
√
NMN .

By (5.23), we obtain that

4(ℓ∗)2 sup
(∣∣EηVIη,u∣∣ : u ∈ SN−1

2

)
≲ δ̄Tr (Σ) +

√
NB1/(2+ϵ)MN . (5.27)

Combining Eq.(5.22), Eq.(5.27) and B ≤ κ2+ϵ ‖Σ‖
2+ϵ
2

op , there exists an absolute constant C59 > 1 such that with
probability at least 1− γ − p̄−N−2,

sup
(∣∣EηVIη,u∣∣ : u ∈ SN[N ],N

)
≤ C59δ̄ ∨ C59κ

2
N ‖Σ‖op
Tr (Σ)

∨ C59κ

√
N ‖Σ‖op
Tr (Σ)

·
max (‖ϕ(Xi)‖H : i ∈ [N ])√

Tr (Σ)

∨ C59κ
√
δ̄

√
N ‖Σ‖op
Tr (Σ)

≤ C59δ̄

(
1 + κ2κDM

Tr (Σ) + λ

Tr (Σ)
+ κ

√
κDM

Tr (Σ) + λ

Tr (Σ)

(
1 + δ +

√
δ̄
))

, (5.28)

where we used that N ≤ κDM δ̄
2d∗λ

(
Σ

−1/2
k+1:∞BH

)
, δ̄ < 1 and (1.26) from Assumption 2.

Note that SN−1
2 = SN[N ],N , and we plug (5.28) into (5.17) and (5.19) and take ϵ0 =

√
δ in (5.19),

Ψ2 ≤ δ + 4C59δ̄

(
1 + κ2κDM

Tr (Σ) + λ

Tr (Σ)
+ κ

√
κDM

Tr (Σ) + λ

Tr (Σ)

(
1 + δ +

√
δ̄
))

,

Φ2 ≤ δ

(
1 + δ + 4C59δ̄

(
1 + κ2κDM

Tr (Σ) + λ

Tr (Σ)
+ κ

√
κDM

Tr (Σ) + λ

Tr (Σ)

(
1 + δ +

√
δ̄
)))

Since we have the right to choose sufficiently small δ̄ and κDM as long as (1.28) holds, we can set

κDM ≤
(

1

12C59κ

)2

<
1

4C59κ2
. (5.29)

Because δ, δ̄ < 1,

Ψ2 < δ + 4C59δ̄ + 2δ̄
Tr (Σ) + λ

Tr (Σ)
≤ δ + (4C59 + 2)δ̄

Tr (Σ) + λ

Tr (Σ)
,

Φ2 < 4

(
δ + δ + δ (4C59 + 2) δ̄

Tr (Σ) + λ

Tr (Σ)

)
.
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Recall that in this subsection, we assume that there exists an absolute constant C3 such that λ ≤ C3 Tr (Σ). In this
case, there exist absolute constants C2, C4, C5, C6 and C60 such that

Φ2 +Ψ2 + 2Φ
√
Ψ2 + 1 < C2δ

2 + C4δ̄
2 + 4

√(
3δ + C5δ̄

) (
1 + δ + C6δ̄

)
=: δ̃ < 1,

provided that δ < 1/(100
√
C2) and δ̄ < 1/C60 (thus we can take C1 in Assumption 2 as C60), and where

δ̃ = C2δ
2 + C4δ̄

2 + 4
√(

3δ + C5δ̄
) (

1 + δ + C6δ̄
)
.

This proves that with probability at least 1− γ − p̄−N−2, for all λ ∈ RN ,(
1− δ̃

)
ℓ∗ ‖λ‖2 ≤

∥∥X⊤
ϕ,k+1:∞λ

∥∥
H ≤

(
1 + δ̃

)
ℓ∗ ‖λ‖2 ,

provided that N ≤ κDM δ̄
2d∗λ

(
Σ

−1/2
k+1:∞BH

)
.

Case [2]: when λ is dominating.

When λ > C3 Tr (Σ). In this case, we only make use of the fact that XϕX⊤
ϕ is of rank-N and is positive semi-definite,

hence σN
(
XϕX⊤

ϕ + λIN

)
≥ λ+ σN

(
XϕX⊤

ϕ

)
≥ λ ≥ c2λ+ (1− c2)C3 Tr (Σ), where we recall that 0 < c2 < 1 is some

absolute constant. Hence our objective is to prove that there exists an absolute constant C61 such that with high
probability, we have

∥∥∥XϕX⊤
ϕ + λIN

∥∥∥
op

≤ C61λ. We prove this by proving that there exists an absolute constant C62

such that C2
62 ≤ C61 − 1, and with high probability we have

∥∥∥X⊤
ϕ

∥∥∥
op

≤ C62

√
λ.

Let {Cm}m≤χ for some χ ∈ N+ be a partition of [N ], by Jensen’s inequality, for any λ ∈ SN−1
2 ,

∥∥X⊤λ
∥∥2
H ≤ χ

χ∑
m=1

∥∥∥∥∥∑
i∈Cm

λiϕ(Xi)

∥∥∥∥∥
2

H

.

Applying (5.18) and (5.23) but with A replaced by its restriction onto Cm for each m ≤ χ, we obtain that for any
λ ∈ SN−1

2 , ∥∥X⊤λ
∥∥2
H

(ℓ∗)2
≤ χ2max

i∈[N ]

‖ϕ(Xi)‖2H
(ℓ∗)2

+
χ

(ℓ∗)2

χ∑
m=1

4

2N

∑
I⊂[N ]

g(N, Cm, I). (5.30)

At this time, we can make use of the sample coloring technique in [Tik18]. It is a technique used to truncate
the inner products

(
〈ϕ(Xi), ϕ(Xj)〉H

)
i ̸=j∈C . Given i.i.d. random vectors (ϕ(Xi))i≤N and H > 0, there exists an

undirected graph GH whose vertex set is [N ], and its edge set is:{
(i, j) : 1 ≤ i < j ≤ N,

∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ > Hmax (‖ϕ(Xh)‖H : h ≤ N)

}
.

The coloring of GH is an assignment of “colors” to all vertices such that no adjacent vertices share the same color. The
smallest possible number of colors sufficient to assign such a coloring is called the chromatic number of GH , denoted
as χ(GH), and the collection {CHm}m≤χ(GH) is the associated partition by colors of [N ]. That is to say, for any
m ≤ χ(GH), and i 6= j ∈ CHm , the vertices i, j are not adjacent, so

∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ ≤ Hmax (‖ϕ(Xh)‖H : h ≤ N).

Since (ϕ(Xi))i≤N are random, GH is a random graph, and the following lemma is a high probability estimate of
χ(GH). The following lemma is a weaker version of [Tik18, Proposition 10], which is sufficient for our purpose.

Lemma 31. Assume that for some p > 2 we have sup (E |〈ϕ(X), f〉H|p : ‖f‖H = 1) = B. Then for any H > 0 and
any integer m > 1, the chromatic number of GH satisfies χ(GH) ≤ m with probability at least 1− (BNH−p)m−1N .

Proof. Let us introduce an auxiliary random process (Yi)i∈[N ] with values in N, where Y1 := 1 as a constant,
and for all i = 2, · · · , N ,

Yi := min
(
r ∈ N+ : ∀j < i, j ∈ N+, with Yj = r, we have

∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ ≤ H ‖ϕ(Xj)‖H

)
.
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The process (Yi)i∈[N ] is “classifying” each ϕ(Xi) is if |〈ϕ(X1), ϕ(X2)〉H| > H ‖ϕ(X1)‖H, |〈ϕ(X1), ϕ(X3)〉H| ≤
H ‖ϕ(X1)‖H, |〈ϕ(X2), ϕ(X3)〉H| ≤ H ‖ϕ(X2)‖H, then Y2 = 2(because (1, 2) is adjacent in GH), Y3 = 1, because
either (1, 3) or (2, 3) is not adjacent in GH . Such a GH has chromatic number 2.

By the definition of Yi, we have that any two numbers i 6= j ∈ [N ] such that Yi = Yj are not adjacent in GH , and
Yi = Yj is a sufficient but not necessary condition for adjacency of (i, j). In particular, χ(GH) ≤ max (Yi : i ∈ [N ]).
Next for each i > 1 and m ≥ 1, we have

P (Yi = m+ 1) ≤ P
(
∃j ≤ i− 1 s.t.

∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ > H ‖ϕ(Xj)‖H , and Yj = m

)
≤

i−1∑
j=1

P
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ > H ‖ϕ(Xj)‖H , and Yj = m
)
.

For all j = 0, · · · , i− 1, since Yj is σ (X1, · · · , Xj)-measurable, it is independent of Xi, hence

P
(
Yj = m,

∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ > H ‖ϕ(Xj)‖H

∣∣ (Xℓ)
i−1
ℓ=1

)
= E

[
1{Yj=m}1{|⟨ϕ(Xi), ϕ(Xj)⟩H|>H∥ϕ(Xj)∥H}

∣∣ (Xℓ)
i−1
ℓ=1

]
= 1{Yj=m}P

({∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ > H ‖ϕ(Xj)‖H

}∣∣ (Xℓ)
i−1
ℓ=1

)
≤ 1{Yj=m}

E
[∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣p ∣∣ (Xℓ)
i−1
ℓ=1

]
Hp ‖ϕ(Xj)‖pH

≤ 1{Yj=m}
B

Hp
,

where we used Markov’s inequality to obtain the first inequality. Hence

P
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ > H ‖ϕ(Xj)‖H , and Yj = m
)
≤ P (Yj = m)

B

Hp
.

Further, by E |{j ≤ N : Yj = m}| =
∑
j≤N E1{Yj=m} =

∑
j≤N P (Yj = m) ≥

∑
j≤i−1 P (Yj = m),

i−1∑
j=1

P
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ > H ‖ϕ(Xj)‖H , and Yj = m
)
≤ BH−pE |{j ≤ N : Yj = m}| (5.31)

It follows from Equation (5.31) that

N∑
i=1

P (Yi = m+ 1) = E |{j ≤ N : Yj = m+ 1}| ≤ BNH−pE |{j ≤ N : Yj = m}| .

We next deal with E |{j ≤ N : Yj = 2}|. We simply upper bound E |{j ≤ N : Yj = 2}| by N . Therefore,

E |{j ≤ N : Yj = m+ 1}| ≤ (BNH−p)m−1N.

Note that the set of values {Yj : j ≤ N} is an interval in N, hence

P (χ(GH) ≥ m+ 1) ≤ P (∃j ≤ N : Yj = m+ 1) ≤ E |{j ≤ N : Yj = m+ 1}| ≤ (BNH−p)m−1N.

Combining Proposition 40 and the sample coloring technique from Lemma 31, we obtain an upper bound for
EηVIη,u,v uniformly over all u,v ∈ SN[N ],N = SN−1

2 . We state this result in the following Proposition.

Proposition 41. There are absolute constants C63 and C64 depending only on p, such that the following holds. If
N ≥ C63, then for any λ > −Tr (Σ), with probability at least 1− p̄−N−2, where

p̄ := N

(4κ2 log2(N) ‖Σ‖op
Tr(Σ) + λ

)p/2
N

⌈(8+2p)/(p−2)⌉−1

, (5.32)

MN ≤ C65

√
Tr (Σ) + λ+ C65

√
NB1/p. (5.33)
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Proof. Let H > 0 which will be determined later, and let 0 ≤ m ≤ χ, we apply Proposition 40 to C = CHm :

E
∣∣∣{I ⊂ [N ] : g(N, CHm , I) > C58 log2(N)max

(∣∣〈ϕ(Xi), ϕ(Xj)〉H
∣∣ : i 6= j ∈ CHm

)
+ C58B

1/p
√
NMN

}∣∣∣
≤ 2N

N3
,

then with probability at least 1− 1/N2, there are at most 2N/N subsets I ⊂ [N ], such that

g(N, CHm , I) > C58 log2(N)max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ CHm
)
+ C58B

1/p
√
NMN . (5.34)

For these 2N/N “spiky” subsets, we simply use a deterministic argument: for all I ⊂ [N ], we have

g(N, CHm , I) ≤ N max
(∣∣〈ϕ(Xi), ϕ(Xj)〉H

∣∣ : i 6= j ∈ CHm
)
≤ NHmax (‖ϕ(Xi)‖H : i ≤ N) ,

where we use that i, j ∈ CHm have the same color and therefore are not adjacent in GHm . As a consequence, if we denote
by I the set of all subsets I ⊂ [N ] satisfying Equation (5.34), with probability at least 1− 1/N2, for any (CHm)m≤χ,
we have ∑

I⊂[N ]

g(N, CHm , I) =
∑
I∈I

g(N, CHm , I) +
∑
I /∈I

g(N, CHm , I)

≤ C582
N log2(N)Hmax (‖ϕ(Xi)‖H : i ≤ N) + 2NC58B

1/p
√
NMN ,

where we again used that i and j are not adjacent in GHm .
Let H = δ̄

√
Tr(Σ) + λ/ logN with δ̄ = 1/2 (unlike the case in Section 5.2, we only need an isomorphic upper

bound, we can choose δ̄ to be an arbitrary absolute constant), then

BNH−p ≤

(
4κ2 log2(N) ‖Σ‖op

(Tr(Σ) + λ)

)p/2
N.

Let χ = d(8 + 2p)/(p− 2)e and apply Lemma 31 for m = χ, with probability at least 1− p̄, χ(GH) ≤ χ.
On the other hand, by (5.30) and the fact that (5.34) is valid uniformly over all (CHm)m≤χ (thanks to Proposi-

tion 40), there exists an absolute constant C64 such that with probability 1 − p̄ − N−2, for all λ ∈ SN−1
2 , we have

that ∥∥X⊤λ
∥∥2
H

(ℓ∗)2
≤
(
8 + 2p

p− 2

)2

max
i∈[N ]

‖ϕ(Xi)‖2H
(ℓ∗)2

+

(
8+2p
p−2

)2
(ℓ∗)2

(
C64 log2(N)Hmax (‖ϕ(Xi)‖H : i ≤ N) + C64B

1/p
√
NMN

)
=

(
8 + 2p

p− 2

)2

max
i∈[N ]

‖ϕ(Xi)‖2H
(ℓ∗)2

+

(
8+2p
p−2

)2
(ℓ∗)2

(
C64δ̄

√
Tr(Σ) + λmax (‖ϕ(Xi)‖H : i ≤ N) + C64B

1/p
√
NMN

)
.

(5.35)

Solving (5.35) gives that there exists an absolute constant C65 depending only on p such that with probability at
least 1− p̄−N−2,

MN ≤ C65

√
Tr (Σ) + λ+ C65

√
NB1/p.

Recall that we have assumed that C3 Tr (Σ) < λ in this case, and Tr (Σ) + λ ≥ (κDM/4)
−2N ‖Σ‖op. Moreover,

since we have B ≤ κp ‖Σ‖p/2op for any 2 < p ≤ 2 + ϵ, we have

MN = sup
(∥∥X⊤λ

∥∥
H : λ ∈ SN−1

2

)
≤ C65

√
1 + C−1

3 λ+ C65κ
√
N ‖Σ‖op

≤ C65

√
1 + C−1

3 λ+
C65

4
κκDM

√
Tr (Σ) + λ

≤
(
C65

√
1 + C−1

3 +
C65

4
κκDM

√
1 + C−1

3

)√
λ.
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Letting C62 = C65

√
1 + C−1

3 + C65κκDM

√
1 + C−1

3 /4, this is precisely our initial objective. As a result, we may let
C61 = C2

62 + 1, and C7 = C61.
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Chapter 6

Décomposition de l’Espace des
Caractéristiques

L’étude approfondie de la nature est la source la plus fertile des découvertes mathématiques.

— Joseph Fourier, Théorie analytique de la chaleur, Ch. 1, p. 7 (1822)

Dans cette section, nous introduisons la principale contribution méthodologique de cette thèse : la méthode
de Décomposition de l’Espace des Caractéristiques (FSD, pour Feature Space Decomposition). La méthode FSD
a été développée dans une série de travaux par [P4, P2, P3, P1]. La méthode de Décomposition de l’Espace des
Caractéristiques est avant tout un outil conçu pour aider les théoriciens à analyser l’excès de risque en population ;
simultanément, elle pourrait également servir de nouveau cadre théorique potentiel pour la théorie de l’apprentissage
statistique et la statistique mathématique, offrant aux théoriciens une perspective nouvelle pour comprendre les
propriétés statistiques d’un estimateur.

Dans la Section 1.5.1, nous présentons le cadre de base de la méthode FSD pour les problèmes de régression
supervisée à valeurs réelles et les problèmes de classification binaire. Dans la Section 1.5.2 et la Section 1.5.3, nous
discutons respectivement des rôles des deux sous-espaces produits par la méthode FSD, et nous les illustrons par des
exemples issus de divers problèmes d’apprentissage supervisé. Enfin, dans la Section 1.5.4, nous montrons comment
la méthode FSD peut servir de nouveau cadre théorique potentiel. Tout au long de cette section, nous supposons
toujours que F est un espace vectoriel, ou du moins qu’il peut être plongé dans un espace vectoriel. Suivant la
tradition de la théorie de l’apprentissage statistique, nous désignerons alors F comme l’espace des caractéristiques
(feature space), [VC68].

6.1 La méthode de Décomposition de l’Espace des Caractéristiques
Dans cette section, nous présentons la méthode FSD adaptée aux problèmes de régression et de classification super-
visées. Nous commençons par les problèmes de régression supervisée à valeurs réelles.

Problème de régression supervisée à valeurs réelles. Nous rappelons de la Section 1.2 que l’objectif d’un
théoricien est le suivant : étant donné un problème de régression supervisée à valeurs réelles (µX , f

∗, ξ) et l’une de
ses solutions (F , f̂N ), il s’agit de caractériser l’erreur d’estimation ‖f̂N − f∗F‖2L2(µX).

Pour l’erreur d’estimation, il existe deux manières fondamentalement différentes de la majorer :

1. Obtenir une borne supérieure pour ‖f̂N−f∗F‖2L2(µX) via des annulations entre f̂N et f∗F , c’est-à-dire en montrant
que f̂N et f∗F sont proches sous la métrique L2(µX) ;

2. Utiliser la petitesse de ‖f̂N‖2L2(µX) et de ‖f∗F‖2L2(µX), c’est-à-dire appliquer l’inégalité triangulaire pour obtenir
‖f̂N − f∗F‖2L2(µX) ≤ 2(‖f̂N‖2L2(µX) + ‖f∗F‖2L2(µX)).

Pour les problèmes de régression supervisée à valeurs réelles, la méthode FSD peut être vue formellement comme
une interpolation entre ces deux approches. Pour le voir, nous définissons tout d’abord la FSD.

147
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Définition 8. Toute décomposition en somme directe F = VJ ⊕VJc de F est appelée une Décomposition de l’Espace
des Caractéristiques (FSD) de F . Notons par PVJ

l’opérateur de projection sur le sous-espace vectoriel VJ , et par PVJc

la projection sur VJc ; de manière équivalente, l’opérateur identité IF = PVJ
+ PVJc sur l’espace des caractéristiques

F est décomposé. En particulier, si une FSD satisfait que VJ et VJc sont orthogonaux par rapport au produit scalaire
de L2(µX), nous l’appelons une FSD orthogonale, et nous la notons F = VJ ⊕⊥ VJc .

Pour tout f ∈ F , nous écrivons fJ = PVJ
f et fJc = PVJc f . Nous abrégeons PVJ

f̂N par f̂J , PVJc f̂N par f̂Jc , PVJ
f∗F

par f∗J , et PVJc f∗F par f∗Jc . Notez que nous ne confondrons pas f∗F avec f∗, car nous pouvons toujours incorporer
l’erreur d’approximation dans le bruit ; voir le Lemme 3. Étant donné une FSD quelconque F = VJ ⊕ VJc , l’erreur
d’estimation admet la décomposition suivante :

∥∥∥f̂N − f∗F

∥∥∥2
L2(µX)


=
∥∥∥f̂J − f∗J

∥∥∥2
L2(µX)

+
∥∥∥f̂Jc − f∗Jc

∥∥∥2
L2(µX)

, si VJ ⊥ VJc dans L2(µX),

≤ 2
∥∥∥f̂J − f∗J

∥∥∥2
L2(µX)

+ 2
∥∥∥f̂Jc − f∗Jc

∥∥∥2
L2(µX)

, sinon.
(1.10)

L’interpolation entre le point 1 et le point 2 peut s’exprimer sous la forme de l’inégalité suivante :

‖f̂N − f∗F‖2L2(µX) ≤ min
(
2‖f̂J − f∗J‖2L2(µX) + 4‖f̂Jc‖2L2(µX) + 4‖f∗Jc‖2L2(µX) : F = VJ ⊕ VJc

)
. (1.11)

La méthode FSD consiste à rechercher des fonctions à valeurs réelles r : (VJ , VJc) 7→ r(VJ , VJc) ∈ R+ et δ :
(VJ , VJc) 7→ δ(VJ , VJc) ∈ [0, 1], telles que pour chaque (ou du moins pour une certaine) FSD, l’inégalité suivante soit
vérifiée avec une probabilité d’au moins 1 − δ(VJ , VJc) (ou en espérance, si l’on souhaite une borne supérieure sur
l’erreur d’estimation en espérance),

2‖f̂J − f∗J‖2L2(µX) + 4‖f̂Jc‖2L2(µX) + 4‖f∗Jc‖2L2(µX) ≤ r2(VJ , VJc). (1.12)

Nous appelons un tel r la fonction de taux de (µX , f
∗, ξ) et de (F , f̂N ). Ici, dire que nous cherchons une fonction

de taux signifie chercher une fonction qui soit aussi petite que possible ; sinon, on pourrait trivialement prendre
r(VJ , VJc) = ∞.

En tant que stratégie de preuve mathématique, l’idée centrale de la méthode FSD repose sur la conviction suivante
:

1. Sur le sous-espace VJ , appelé sous-espace d’estimation, la statistique classique opère, c’est-à-dire que f̂N estime
f∗F sur VJ ; par conséquent, la distance entre f̂J et f∗J sous la métrique L2(µX) est petite, contribuant à l’erreur
d’estimation via des annulations ‖f̂J − f∗J‖2L2(µX).

2. D’un autre côté, nous pensons que f̂N sur VJc n’estime pas f∗F . Par conséquent, nous appelons VJc le
sous-espace libre. Sur ce sous-espace, f̂Jc accomplit certaines tâches déterminées par la définition de f̂N ,
mais en général pas d’estimation ; par conséquent, nous nous attendons à ce que la distance entre f̂Jc et f∗Jc

sous la métrique L2(µX) ne soit pas nécessairement petite par rapport à la somme de leurs normes L2(µX),
de sorte que l’application de l’inégalité triangulaire ne conduit pas nécessairement à une surestimation de
‖f̂Jc − f∗Jc‖2L2(µX). Dans ce cas, l’erreur d’estimation reçoit des contributions sous la forme de la petitesse de
‖f̂Jc‖2L2(µX) et de ‖f∗Jc‖2L2(µX).

En examinant (1.12), nous voyons qu’une FSD divise la borne supérieure de ‖f̂N − f∗F‖2L2(µX) en trois composantes.
Chaque composante porte sa propre signification statistique : ‖f̂J−f∗J‖L2(µX) est l’erreur d’estimation encourue parce
que f̂J estime f∗J ; ‖f̂Jc‖L2(µX) est l’« énergie » de la partie libre f̂Jc ; et ‖f∗Jc‖L2(µX) est l’erreur d’approximation
résultant du fait que f̂J n’estime pas f∗Jc .

Proposition 4. Pour toute FSD F = VJ ⊕ VJc et toute fonction de taux r, nous avons

P
(
‖f̂N − f∗F‖2L2(µX) ≤ r2(VJ , VJc)

)
≥ 1− δ(VJ , VJc).

Définissons

(V ∗
J , V

∗
Jc) ∈ argmin (r(VJ , VJc) : F = VJ ⊕ VJc) . (1.13)
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Nous appelons (V ∗
J , V

∗
Jc) la FSD optimale pour la solution (F , f̂N ) du problème de régression supervisée à valeurs

réelles (µX , f
∗, ξ). Alors en particulier,

P
(
‖f̂N − f∗F‖2L2(µX) ≤ r2(V ∗

J , V
∗
Jc)
)
≥ 1− δ(V ∗

J , V
∗
Jc). (1.14)

Dans ce qui suit, nous écrivons PV ∗
J
f comme fJ∗ , PV ∗

Jc
f comme fJc

∗
; nous écrivons PV ∗

J
f̂N comme f̂J∗ , PV ∗

Jc
f̂N

comme f̂Jc
∗
; et nous écrivons PV ∗

J
f∗F comme f∗J∗ , PV ∗

Jc
f∗F comme f∗Jc

∗
.

La théorie classique de l’apprentissage statistique introduite dans la Section 1.3 correspond au choix de la FSD
triviale VJ = F . Dans ce cas, la théorie classique de l’apprentissage statistique s’attend à ce que la statistique classique
effectue l’estimation sur l’ensemble de l’espace des caractéristiques, obtenant ainsi une borne supérieure pour l’erreur
d’estimation. Cette approche est intuitive étant donné que lorsqu’un estimateur f̂N de f∗F est consistant, nous nous
attendons à ce que f̂N estime f∗F et pas seulement une partie de celui-ci. Une idée clé exposée par la méthode
FSD est que cela peut ne pas être le cas, c’est-à-dire que cette FSD triviale n’est pas nécessairement optimale ; par
conséquent, la borne supérieure qu’elle fournit pour l’erreur d’estimation n’est pas toujours fine. En fait, pour une
large classe d’algorithmes spectraux—tels que la régression ridge, la descente de gradient, le flot de gradient, etc., voir
l’Exemple 9, et pour tout problème de régression supervisée à valeurs réelles et pour tout espace de caractéristiques
donné par un certain RKHS, avec une grande probabilité, nous pouvons inverser (1.14), c’est-à-dire que pour ces
problèmes d’apprentissage supervisé et ces solutions, il existe une constante absolue 0 < c < 1 et un nombre réel
0 < δ < 1 tels que l’inégalité suivante est vérifiée :

P
(
‖f̂N − f∗F‖2L2(µX) ≥ cr2(V ∗

J , V
∗
Jc)
)
≥ 1− δ. (1.15)

Cela implique le phénomène remarquable suivant : pour cette classe de (µX , f∗, ξ) et de (F , f̂N ), l’erreur d’estimation
‖f̂N − f∗F‖2L2(µX) est « caractérisée » par une interpolation entre ces deux approches distinctes. Ici, parce que
‖f̂N − f∗F‖2L2(µX) est avec une grande probabilité équivalente à r(V ∗

J , V
∗
Jc), nous utilisons le terme « caractérisée ».

De plus, il n’existe aucune autre manière de contrôler l’erreur d’estimation au-delà des deux voies décrites dans la
Proposition 4.

Problèmes de classification supervisée binaire. Dans ce paragraphe, nous considérons l’excès de risque en
population pour le problème de classification binaire (µX , η), dont nous rappelons qu’il est défini comme :

PL(0,1)

f̂N
= P

(
Y f̂N (X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P

(
Y

(
η(X)− 1

2

)
< 0

)
, et

PL(0,1),F
f̂N

= P
(
Y f̂N (X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P (Y f∗F (X) < 0) ,

où η : x ∈ ΩX 7→ P(Y = 1|X = x). Comme dans les problèmes de régression, PLF
f̂N

ou PLf̂N se compose de trois
contributions. À savoir, étant donné une décomposition arbitraire F = VJ ⊕ VJc , soit f∗J une certaine fonction dans
VJ — nous la définirons plus tard. Nous décomposons le risque 0-1 de f̂N comme suit :

PL(0,1)

f̂N
= P

(
Y f̂N (X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P

(
Y f̂J(X) < 0

∣∣(Xi, Yi)
N
i=1

)
(1.16)

+ P
(
Y f̂J(X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P (Y f∗J (X) < 0) (1.17)

+ P (Y f∗J (X) < 0)− P
(
Y

(
η(X)− 1

2

)
< 0

)
, (1.18)

où (1.16) est l’erreur causée par la partie libre f̂Jc ; (1.17) est l’erreur de prédiction causée par f̂J comparée à celle
de f∗J ; et (1.18) est l’erreur de prédiction causée par f∗J comparée à celle de la règle de Bayes (ou, lorsque nous
remplaçons η(X)− 1/2 par f∗F (X), cela devient l’erreur d’approximation de f∗J par rapport à f∗F ). Ces trois termes
sont précisément les homologues de ‖f̂Jc‖2L2(µX), ‖f̂J − f∗J‖2L2(µX), et ‖f∗Jc‖2L2(µX) dans (1.11).

De manière analogue au cas de la régression, la méthode FSD vise à trouver une fonction de taux non triviale
r : (VJ , VJc) 7→ r(VJ , VJc) ∈ R+ et une fonction de confiance δ : (VJ , VJc) 7→ δ(VJ , VJc) ∈ [0, 1] telles que pour toute
FSD, l’inégalité suivante soit vérifiée avec une probabilité d’au moins 1− δ(VJ , VJc) (ou en espérance) :

(1.16)+ (1.17)+ (1.18) ≤ r(VJ , VJc).

De même, la proposition suivante est vérifiée.
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Proposition 5. Pour toute FSD F = VJ ⊕ VJc et toute fonction de taux r, nous avons

P
(
PL(0,1)

f̂N
≤ r2(VJ , VJc)

)
≥ 1− δ(VJ , VJc).

Définissons

(V ∗
J , V

∗
Jc) ∈ argmin (r(VJ , VJc) : F = VJ ⊕ VJc) . (1.19)

Nous appelons (V ∗
J , V

∗
Jc) la FSD optimale pour la solution (F , f̂N ) du problème de classification supervisée binaire

(µX , η). Alors en particulier,

P
(
PL(0,1)

f̂N
≤ r2(V ∗

J , V
∗
Jc)
)
≥ 1− δ(V ∗

J , V
∗
Jc). (1.20)

La FSD en tant que méthode analytique. Nous soulignons que la méthode FSD sert d’outil pour aider les
théoriciens à analyser l’excès de risque de tout estimateur ainsi qu’à comprendre son comportement. C’est-à-dire que
dans la construction des estimateurs f̂N , les praticiens n’ont aucun contrôle sur le choix de VJ et VJc—parce que
l’estimateur lui-même ne prend pas VJ ou VJc comme paramètres d’entrée. Par exemple, l’estimateur interpolant de
norme minimale dans l’Exemple 10 n’a absolument aucun paramètre réglable. Par conséquent, nous affirmons que la
décomposition de F en deux sous-espaces est effectuée implicitement par l’estimateur, et non par les praticiens. En
conséquence, lorsque les praticiens exécutent cet algorithme statistique, cette décomposition se produit comme une
opération en boîte noire. Pour les estimateurs avec des paramètres réglables, étant donné un paramètre défini par les
praticiens, l’estimateur détermine automatiquement la FSD optimale (V ∗

J , V
∗
Jc) en fonction à la fois de ce paramètre

et du problème de régression lui-même. Certes, nous soulignons que les théoriciens peuvent tirer parti des nouvelles
intuitions théoriques fournies par la méthode FSD pour aider à concevoir des méthodes pratiques. Par exemple, en
utilisant la caractérisation précise de l’erreur d’estimation offerte par la méthode FSD pour concevoir un estimateur
adaptatif via la méthode de Lepski, [Lep91], voir aussi la synthèse [Lep23] pour d’autres méthodes adaptatives.

Ci-dessous, dans la Section 1.5.2 et la Section 1.5.3, nous expliquons séparément les rôles de ces deux sous-espaces
et comment ils assistent spécifiquement les théoriciens dans leur analyse.

6.2 VJ définit un morphisme dans la catégorie des problèmes d’apprentissage
supervisé

Pour des raisons de commodité, tout au long de cette section, nous supposons toujours que f∗ ∈ F , et par conséquent,
nous ne distinguons pas f∗ de f∗F . Avant de commencer cette section, nous rappelons que pour obtenir une borne
supérieure pour ‖f̂N−f∗‖2L2(µX) ou pour PL(0,1)

f̂N
dans les problèmes de classification binaire via la méthode FSD, sur

VJ , nous avons besoin d’une borne supérieure pour ‖f̂J−f∗J‖L2(µX) ou pour P(Y f̂J(X) < 0|(Xi, Yi)
N
i=1)−P(Y f∗J (X) <

0). C’est précisément la tâche de la théorie classique de l’apprentissage statistique et de la statistique mathématique.
Quel est alors le rôle de la méthode FSD sur VJ ?

Pour tout quintuplet donné (µX , f
∗, ξ,F , f̂N ) constitué d’un problème de régression supervisée à valeurs réelles

et d’une solution, la FSD fournit, via VJ , la flèche suivante :

•J : (µX , f
∗, ξ,F , f̂N ) 7−→ (µX , f

∗
J , ζ, VJ , f̂J), où ζ = ξ + f∗Jc ,

à travers la relation suivante :

Y = f∗(X) + ξ = f∗J (X) + ζ.

En d’autres termes, la méthode FSD dote le théoricien du pouvoir de passer du traitement d’un problème de ré-
gression supervisée et de sa solution (µX , f

∗, ξ,F , f̂N ) à un autre problème de régression supervisée et sa solution
(µX , f

∗
J , ζ, VJ , f̂J). De plus, si l’on souhaite uniquement obtenir une borne supérieure pour ‖f̂N − f∗‖2L2(µX), alors

le théoricien possède la liberté de choisir la flèche, c’est-à-dire en sélectionnant une FSD, choisissant ainsi librement
le problème de régression supervisée cible et sa solution (µX , f

∗
J , ζ, VJ , f̂J). Cela peut souvent conférer au théoricien

un pouvoir analytique supplémentaire au-delà de la théorie classique de l’apprentissage statistique introduite dans la
Section 1.3 — car il suffit alors d’appliquer la théorie classique de l’apprentissage statistique sur le nouveau modèle
VJ , et le nouveau signal f∗J peut être plus facile à analyser. Bien sûr, si l’on vise à obtenir une borne supérieure pour
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‖f̂N − f∗‖2L2(µX) qui soit aussi fine que possible, ou même une caractérisation précise de ‖f̂N − f∗‖2L2(µX) au sens
de (1.15), il est alors nécessaire de choisir une bonne FSD (VJ , VJc), de sorte que la fonction de taux r(VJ , VJc) soit
aussi petite que possible—voire la FSD optimale (V ∗

J , V
∗
Jc).

Illustrons maintenant ce point par quelques exemples.

6.2.1 •J définit le nouveau f̂J .
Bien que f̂J soit par définition PVJ

f̂N , si VJ est choisi de manière appropriée, f̂J peut admettre une caractérisation
équivalente autre que PVJ

f̂N , que le théoricien peut alors exploiter pour faciliter l’analyse. Trois exemples suivent.
Leurs preuves sont aisées et donc omises, voir également la Proposition 20 plus loin au Chapitre 2 pour la preuve de
la Proposition 8 ci-dessous.
Proposition 6 (auto-régularisation de l’estimateur interpolant de norme ‖ ·‖q minimale). Soit p ∈ N+, F = {〈·,β〉 :
β ∈ Rp}. Soient e1, . . . , ep une base de Rp. Soit 1 ≤ q <∞ un nombre réel, et ‖ · ‖q la norme ℓq sur Rp par rapport
à cette base. Considérons l’estimateur interpolant de norme ‖ · ‖q minimale défini dans l’Exemple 10, c’est-à-dire,

β̂ ∈ argmin(‖β‖q : Xβ = y), où X = [X1| · · · |XN ]⊤, y = (Y1, · · · , YN ).

Prenons n’importe quelle FSD Rp = VJ ⊕VJc , où VJ = span(ej : j ∈ J) pour un certain J ⊂ {1, · · · , p}. Définissons
A : µ ∈ RN 7→ A[µ] ∈ argmin(‖ν‖q : Xν = µ, ν ∈ VJc). Alors β̂Jc = A[y − Xβ̂J ], et

β̂J ∈ argmin
βJ∈VJ

(
LβJ

((Xi, Yi)
N
i=1) + ‖βJ‖qq

)
, où LβJ

((Xi, Yi)
N
i=1) = ‖A[y − XβJ ]‖

q
q .

La Proposition 6 nous indique que bien que β̂J soit par définition égale à PVJ
β̂, en tant que théoriciens, lorsque

nous choisissons une FSD appropriée, nous pouvons lui conférer une nouvelle signification statistique—une min-
imisation du risque empirique régularisée (RERM) dont la fonction de perte LβJ

est en fait une fonction de perte
stochastique et ‖ · ‖qq est la fonctionnelle d’auto-régularisation. Parce que cette régularisation est imposée par β̂
sur lui-même, plutôt que d’être explicitement définie par le praticien, nous l’appelons auto-régularisation. Cette
régularisation ne dépend pas de l’algorithme d’entraînement spécifique, et diffère donc de la régularisation implicite
introduite dans la Section 1.4, voir [BMR21, pp. 92].
Proposition 7 (auto-régularisation du classifieur interpolant de norme ‖ · ‖2 minimale). Si F est identifié avec
Rp, et que β̂ est le classifieur interpolant de norme ‖ · ‖2 minimale (Exemple 10). Prenons une FSD arbitraire
Rp = VJ ⊕ VJc , notons 1 = (1, . . . , 1) ∈ RN , et soit Xy,Jc = [Y1PVJcX1| · · · |YNPVJcXN ]⊤. Définissons B : µ ∈
RN 7→ B[µ] ∈ argmin(‖ν‖H : Xy,Jcν � µ). Alors β̂Jc = B[1− Xy f̂J ], et

β̂J ∈ argmin
(
LβJ

((Xi, Yi)
N
i=1) + ‖βJ‖

2
2 : fJ ∈ VJ

)
, où LfJ ((Xi, Yi)

N
i=1) = ‖B[1− XyβJ ]‖22.

Ici, pour tout a = (ai)
N
i=1 et b = (bi)

N
i=1, nous écrivons a � b, si ai ≥ bi pour tout 1 ≤ i ≤ N .

De manière similaire, ici f̂J est identifié comme une RERM dont la fonction de perte est une fonction de perte
stochastique.

Pour ces deux nouvelles fonctions de perte, parce qu’elles intègrent une régularisation, elles ne souffrent pas de
surapprentissage. Par conséquent, l’application de la théorie classique de l’apprentissage statistique sur VJ donne
une inégalité d’oracle dont le terme résiduel peut tendre vers zéro. C’est précisément l’avantage apporté par le nouvel
estimateur f̂J via la FSD.
Proposition 8 (régularisation effective). Si F est identifié avec un RKHS (H, 〈·, ·〉H) avec la carte de caractéristiques
ϕ, et que f̂N est la régression ridge sur F avec paramètre t−1, c’est-à-dire, f̂N = 1

NX⊤( 1
NXX⊤ + 1

t IN )−1y, où
y = (Y1, . . . , YN ) et X : f ∈ H 7→ (〈ϕ(Xi), f〉H)Ni=1. Prenons une FSD arbitraire H = VJ ⊕ VJc , et notons
XJc = XPJc . Alors

f̂J ∈ argmin
(
LfJ ((Xi, Yi)

N
i=1) + ‖fJ‖2H

)
, où LfJ ((Xi, Yi)

N
i=1) = ‖Q(y − XfJ)‖2H ,

et Q : RN → VJc est un opérateur linéaire borné tel que Q⊤Q = ( 1
NXJcX⊤

Jc + t−1IN )−1.

En d’autres termes, f̂J est identifié comme une RERM dont la fonction de perte LfJ est également une fonction de
perte stochastique. Ici, la régression ridge a un paramètre de réglage t−1 ; ainsi, pour tout paramètre de réglage t−1

donné par le praticien, f̂N sélectionne lui-même une FSD, générant une nouvelle régularisation ( 1
NXJcX⊤

Jc + t−1IN ),
qui est appelée régularisation effective.
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6.2.2 •J définit le nouveau signal f ∗
J .

En choisissant une FSD, le théoricien peut également sélectionner un nouveau signal approprié avec lequel travailler.
Dans ce paragraphe, nous présentons deux exemples : la régression à facteurs latents et le classifieur interpolant de
norme ‖ · ‖H minimale.

Régression à facteurs latents. La régression à facteurs latents est une classe spéciale de problèmes de régression
à valeurs réelles où la dépendance entre (X,Y ) est régie par un vecteur aléatoire latent Z, une matrice de plongement
inconnue A, et deux types de bruit.

Définition 9 (Problème de régression à facteurs latents). Soient k < p deux entiers positifs, soit ΩX = Rp, et soit
A ∈ Rp×k une matrice fixe mais inconnue. Soit Z ∈ Rk un vecteur aléatoire, appelé facteur latent. Soit W ∈ Rp un
vecteur aléatoire centré, indépendant de Z, avec pour matrice de covariance ΣW = E[W⊗W ]. Soit ξ ∈ R une variable
aléatoire centrée de variance σ2

ξ , indépendante de (Z,W ). Le vecteur d’observation est défini par X = AZ +W .
Ainsi, dans ce modèle, le vecteur d’observation observable X provient d’un facteur latent Z par une transformation
linéaire non observée A, ainsi que d’une perturbation par un bruit non observé W , de sorte que X = AZ +W .

Soit ΩY = R, et soit Y défini comme suit. Soit α∗ ∈ Rk un vecteur de position, et la variable de réponse par
Y = 〈α∗, Z〉 + ξ. La variable de réponse Y dépend uniquement du facteur latent Z, du signal inconnu α∗ ∈ Rk,
et d’une perturbation par un bruit non observé ξ. Dans la régression à facteurs latents, la fonction de perte la plus
courante est la perte quadratique ℓ : (y1, y2) ∈ R× R 7→ (y1 − y2)

2. Voir, par exemple, [BBSMW21].

Soit F = {fβ(·) = 〈β, ·〉 : β ∈ Rp}. Le problème de régression à facteurs latents est mal spécifié à moins que (Z,X)
ne soit conjointement gaussien. En fait, la règle de Bayes est donnée par f∗ : x 7→ 〈α∗,E[Z | X = x]〉. Cependant,
le modèle statistique F est la classe des fonctionnelles linéaires. L’oracle dans F est donné par f∗F , identifié par
un vecteur β∗ à travers f∗F (·) = 〈·,β∗〉, défini comme β∗ ∈ argmin(Pℓβ : β ∈ Rp) = argmin(E[(〈β, X〉 − Y )2] :
β ∈ Rp) . Soit Σ = E[X ⊗ X] l’opérateur de covariance de X. Un calcul direct donne Σ = AΣZA

⊤ + ΣW , où
ΣZ = E[Z ⊗ Z] : Rk → Rk. Puisque ΣW est définie positive, Σ est également définie positive, et Σ peut être vue
comme la composante informative de rang k, AΣZA⊤, perturbée par ΣW . Il est calculé dans [BBSMW21, Équation
6] que β∗ = Σ−1AΣZα

∗. Soit Z : α ∈ Rk 7→ (〈Zi,α〉)Ni=1 ∈ RN . Dans le problème de régression à facteurs latents,
le vecteur de réponse est y = Zα∗ + ξ, mais nous devons résoudre le problème dans Rp, et l’oracle dans Rp est β∗.

Ci-dessous, nous montrons comment, en choisissant une bonne FSD—c’est-à-dire un bon VJ—nous pouvons
explorer la composante informative de rang k, AΣZA⊤, cachée dans Rp, ce qui est exactement le but du problème
de régression à facteurs latents. Prenons VJ = Im(AΣZA

⊤) = Im(A). Dans ce cas, β∗
J = PVJ

β∗ = β∗. Par
conséquent, nous avons le problème de régression supervisée suivant (µX ,β∗

J , ζ), où ζ = ξ + (〈Z,α∗〉 − 〈X,β∗
J〉). Ici,

le nouveau bruit se compose de deux parties : ξ est le bruit original, tandis que 〈Z,α∗〉−〈X,β∗
J〉 = 〈Z,α∗〉−〈X,β∗〉

correspond à l’erreur d’approximation de α∗ sur Rp. Dans [BBSMW21], il est prouvé que ce terme est une composante
irréductible de l’erreur d’estimation. Par conséquent, pour le problème de régression à facteurs latents, en choisissant
un VJ approprié, nous réduisons la dimension du problème à k, tout en garantissant que le signal dans cet espace
satisfait β∗

J = β∗.

Classifieur interpolant de norme ‖ · ‖2 minimale. Dans ce paragraphe, nous considérons le classifieur inter-
polant de norme ‖ ·‖2 minimale défini dans l’Exemple 10, c’est-à-dire que nous supposons que F est identifié avec Rp.
Nous illustrons maintenant qu’en choisissant une FSD de manière appropriée, l’erreur d’approximation résultant de
la restriction de l’estimation à VJ—à savoir, (1.18)—peut être éliminée. Nous examinons le modèle standard suivant
pour les problèmes de classification supervisée binaire :

Définition 10 (Problème de classification logistique). Soit µ ∈ Rp appelé le signal, et Λ ∈ Rp×p un opérateur linéaire
borné défini positif. Soit X ∼ N (0,Λ) un vecteur aléatoire gaussien de moyenne 0 et d’opérateur de covariance Λ.
En définissant η(x) = P(Y = 1 | X = x) = 1/(1 + exp(−2〈Λ−1µ,x〉)) et P(Y = −1 | X = x) = 1 − η(x), nous
spécifions la distribution de Y . Ce problème est appelé le modèle logistique, [Gir14, Section 11.1.3].

Un calcul direct montre que le classifieur de Bayes pour le problème de classification logistique est f∗(·) =
sign(〈·,Λ−1µ〉). Ainsi, le classifieur de Bayes peut être identifié avec Λ−1µ. Par conséquent, tant que la FSD est
choisie de telle sorte que f∗J et Λ−1µ soient bien alignés, (1.18) devient nulle. Plus tard, dans la Proposition 11, nous
prouvons que si Λ−1µ ∈ VJ , alors cela est effectivement vrai.

Le modèle logistique représente une classe de modèles de classification supervisée binaire ; le modèle de classi-
fication par mélange gaussien [WT21] et le modèle de classification à facteurs latents [BW23] partagent la même
caractéristique—à savoir, il existe un classifieur linéaire optimal qui correspond à f∗.
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6.2.3 •J réduit les points fixes.
Parce que nous pensons que l’estimation se produit uniquement sur VJ , en conséquence le théoricien devrait appliquer
la théorie classique de l’apprentissage statistique—c’est-à-dire les méthodes de la Section 1.3—uniquement sur VJ .
Un résultat de cette démarche est que, puisque le problème d’apprentissage supervisé et sa solution ont tous deux
changé, l’application de la théorie classique de l’apprentissage statistique sur VJ peut produire un point fixe plus
petit, et ainsi une borne plus petite sur ‖f̂J − f∗J‖2L2(µX). La raison principale pour laquelle on s’attend à ce que
les points fixes sur VJ soient plus petits que celui sur F est parce que nous avons généralement dim(VJ) � dim(F),
non pas parce que f∗J et f̂J ont changé. Dans cette section, nous illustrons comment la FSD réduit les points fixes
définis dans la Section 1.3.1, en utilisant l’exemple du surapprentissage bénin pour l’estimateur interpolant de norme
‖ · ‖q minimale. Pour la régression ridge, la FSD peut également réduire le point fixe multiplicateur et le point fixe
quadratique, mais la preuve est plus complexe et ne sera pas présentée ici (voir [P2]).

La FSD réduit le point fixe multiplicateur. La version formelle et la preuve de la Proposition 9 suivante
peuvent être trouvées dans [P1], voir également la Section 4.3.4 ; nous ne les répétons pas ici. Prouver ces propriétés
nécessite les outils géométriques sur VJc introduits dans la Section 1.5.3.

Proposition 9 (informel). En utilisant la notation de la Proposition 6.
Sous certaines hypothèses, il existe des constantes absolues 0 < δM < 1

100 , c, c′ < 1, ℓ∗ > 0 et c′′ = c′′(c, c′, δM) > 1

telles que pour tout sous-ensemble de localisation G ⊂ VJ , rM(G, δM, 2q , 4c
N

q
2

ℓq∗
) ≤ c′′σξ(

|J|
N )

1
2(q−1) lorsque q ≥ 2 ; et

rM(G, δM, 1, 4c′σq−2
ξ

N
q
2

ℓq∗
) ≤ c′′σq−1

ξ ( |J|N )
1
2 lorsque 1 ≤ q < 2.

La FSD réduit le point fixe quadratique. Pour l’estimateur interpolant de norme ‖ · ‖q minimale, la FSD
fournie par la Proposition 6 peut également réduire le point fixe quadratique. La version formelle et la preuve de la
proposition suivante peuvent être trouvées dans [P1], voir également la Section 4.3.4 plus loin.

Proposition 10 (informel). Sous les hypothèses de la Proposition 9, il existe une constante absolue 0 < δQ < 1
100 ,

c = c(q), et c′ = c′(q), telles que ce qui suit est vérifié.

1. Lorsque q ≥ 2. Alors pour tout r > 0, et tout sous-ensemble de localisation G, avec une probabilité d’au moins
1− δQ, pour tout βJ ∈ G ∩ SL2(PVJ

µX)(β
∗
J ; r),

PNLVJ

βJ
= ‖A[y − XβJ ]‖qq − ‖A[y − Xβ∗

J ]‖qq ≥ 〈g,βJ − β∗
J〉+4rq, où 4 = c

N
q
2

ℓq∗
,

et g = ∇Lβ∗
J
.

2. Lorsque 1 ≤ q < 2. Supposons que XJ est un vecteur aléatoire gaussien centré, alors pour tout sous-ensemble
de localisation G et tout 0 < r < σξ, avec une probabilité d’au moins 1− δQ, (G, XJ , L•) satisfait la condition
de Bernstein locale à l’échelle r, avec les paramètres (♦, 1), où

♦ = c′
N

q
2 σq−2

ξ

ℓq∗
.

Note : la condition de Bernstein locale qui est vérifiée avec une grande probabilité au point 2 est due au fait que
dans la Proposition 6, la fonction de perte LβJ

((Xi, Yi)
N
i=1) = ‖A[y−XβJ ]‖qq est une fonction de perte stochastique

qui dépend de XPVJc ; par conséquent, l’excès de risque en population PLVJ

βJ
est une espérance conditionnelle

EXJ ,ξPNLVJ

βJ
, et la condition de Bernstein locale est vérifiée avec une grande probabilité. On peut prouver que

β∗
J ∈ argmin(PℓβJ

: βJ ∈ VJ) est vrai presque sûrement, où PℓβJ
= EXJ ,ξLβJ

, voir le Lemme 21 plus loin.
La Proposition 10 nous dit que lorsque q ≥ 2, si la FSD est convenablement choisie, il existe δQ < 1

100 tel que
pour chaque sous-ensemble de localisation G ⊂ VJ , le point fixe quadratique rQ(G, δQ, 2q ) = 0 lorsque q ≥ 2. En
conséquence, dans cette situation, la FSD élimine complètement le point fixe quadratique.
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•J comme une coquille enveloppant l’analyse mathématico-statistique classique

Les estimateurs de régression ridge et interpolant de norme minimale étudiés précédemment peuvent tous deux être
écrits comme une RERM (ou leurs limites). Les estimateurs de cette forme tombent généralement dans le champ
d’application de la théorie de l’apprentissage statistique, [VC68]. Dans cette section, nous montrons que la méthode
FSD est non seulement applicable aux estimateurs définis par l’ERM et la RERM, qui sont courants en théorie de
l’apprentissage statistique, mais aussi aux estimateurs classiques qui appartiennent plus largement au domaine de la
statistique mathématique : les méthodes spectrales (Exemple 9). Appliquer la méthode FSD à l’analyse de l’erreur
d’estimation de tels estimateurs revient à envelopper d’une coquille l’analyse mathématico-statistique originelle—
c’est-à-dire, confiner l’analyse de l’erreur d’estimation, qui couvrait initialement l’espace des caractéristiques tout
entier, au sous-espace VJ . Même si cela ne crée pas nécessairement un nouvel estimateur ni ne réduit les points fixes
comme cela le fait pour les estimateurs interpolants de norme minimale ou la régression ridge, cela fournit toujours
un signal « correct » f∗J avec lequel travailler.

La théorie statistique classique pour les méthodes spectrales fournit des moyens d’obtenir une borne supérieure
sur ‖f̂N − f∗‖L2(µX), par exemple, [SZ07, YRC07, BPR07, LGRO+08, BM16, BM18, BMM19, ZLL23, LGSL24].
Cependant, si nous effectuons d’abord une FSD, alors nous n’avons besoin d’appliquer la théorie classique que pour
obtenir une borne supérieure sur ‖f̂J − f∗J‖L2(µX). Cela signifie que nous sommes passés de l’estimation du signal
complet f∗ à l’estimation du « signal effectif » f∗J , et par conséquent nous pouvons obtenir une caractérisation de
l’erreur d’estimation (au sens de (1.15))—quelque chose que l’approche classique ne peut pas accomplir.

6.2.4 VJc : de nouveaux outils issus des Aspects Géométriques de l’Analyse Fonction-
nelle

Puisqu’aucune estimation de f∗Jc par f̂Jc n’a lieu dans le sous-espace libre, nous disons qu’aucune statistique ne se
produit sur ce sous-espace. Par conséquent, les outils requis pour ce sous-espace n’appartiennent pas à la statistique
mathématique classique, et pour cette raison nous en savons encore relativement peu à son sujet. Nos travaux
constituent donc les premiers exemples d’analyse de certains estimateurs dans l’espace libre. Bien sûr, nous avons
utilisé des outils existants issus des Aspects Géométriques de l’Analyse Fonctionnelle (GAFA) qui n’étaient pas
utilisés auparavant en statistique et nous avons dû les étendre pour les adapter à notre cadre statistique.

En ce qui concerne le sous-espace libre et l’estimateur f̂Jc sur celui-ci, nous nous concentrons principalement sur
les deux problèmes suivants :

1. les propriétés stochastiques que le sous-espace libre fournit pour f̂J ;

2. l’énergie ‖f̂Jc‖L2(µX) de f̂Jc .

6.2.5 VJc fournit des propriétés stochastiques de f̂J

Dans cette section, nous considérons l’estimateur interpolant de norme ‖ · ‖q minimale (Exemple 10) et la régression
ridge.

1. Estimateur interpolant de norme ‖ · ‖q minimale.
Dans la Proposition 6, la Proposition 9, et la Proposition 10, nous avons déjà vu que la FSD identifie β̂J de
manière équivalente comme une RERM dont la fonction de perte est donnée par LβJ

: (Xi, Yi)
N
i=1 ∈ ΩN 7→

‖A[y − XβJ ]‖qq. Ici, nous rappelons sa définition : soient XJ = XPVJ
et XJc = XPVJc ; alors A : µ ∈ RN 7→

A[µ] ∈ argmin(‖ν‖q : XJcν = µ). Ainsi A : (RN , ‖ · ‖2) → (VJc , ‖ · ‖q) est un opérateur de plongement
aléatoire, et par conséquent L• est une fonction de perte stochastique.

2. Régression ridge.
De même, la Proposition 8 nous indique que pour une régression ridge avec le paramètre t−1, son f̂J est
également une RERM dont la fonction de perte est LfJ ((Xi, Yi)

N
i=1) = ‖Q(y−XfJ)‖2H, où Q⊤Q = ( 1

NXJcX⊤
Jc +

t−1IN )−1.
Suivant le credo de la FSD—appliquer la statistique mathématique classique et la théorie de l’apprentissage statistique
(voir la Section 1.3) sur VJ—nous devons étudier les propriétés de ces fonctions de perte stochastiques afin de
compléter les preuves de la Proposition 9 et de la Proposition 10, ainsi que pour calculer les points fixes multiplicateur
et quadratique pour la régression ridge. Les propriétés de ces fonctions de perte stochastiques nécessitent donc une
analyse à l’aide d’outils géométriques spécialisés. Cet outil est fourni par le célèbre théorème de Dvoretzky-Milman,
[Dvo59, Dvo61, Mil71].
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Le théorème de Dvoretzky-Milman et son rôle dans le surapprentissage bénin pour l’estimateur in-
terpolant de norme ‖ · ‖q minimale. Pour tout sous-ensemble compact K ⊂ Rp, nous définissons ℓ∗(K) =
E(sup〈v, G〉 : v ∈ K) comme la largeur moyenne gaussienne de K, où G ∈ Rp est un vecteur aléatoire gaussien
standard. Nous posons diam(K) = max(‖v‖2 : v ∈ K) comme le diamètre ℓ2 de K. Nous notons K◦ = {v ∈ Rp :
〈v,u〉 ≤ 1, ∀u ∈ K} comme le corps polaire de K. Notons d∗(K) = (ℓ∗(K

◦)/ diam(K◦))2 la dimension de Dvoretzky
de K. Nous notons q′ par q

q−1 . Ci-dessous se trouve la version de Milman du théorème de Dvoretzky ; voir [Pis89].

Théorème 2 (Dvoretzky-Milman). Il existe des constantes absolues κDM ≤ 1 et c1 telles que ce qui suit est vérifié.
Soit ||||·|||| une norme sur Rp et désignons par B sa boule unité. Notons par G := G(N×p), la matrice gaussienne
standard N × p avec des entrées i.i.d. N (0, 1). Étant donné tout 0 < ε1 ≤ 1. Supposons que N ≤ κDMε

2
1d∗(B).

Alors, avec une probabilité d’au moins 1− exp(−c1ε21d∗(B)), pour tout λ ∈ RN ,

(1− ε1) ‖λ‖2 ℓ∗(B
∗) ≤

∣∣∣∣∣∣∣∣G⊤λ
∣∣∣∣∣∣∣∣ ≤ (1 + ε1) ‖λ‖2 ℓ∗(B

∗). (1.21)

Pour tout 0 < ε1 < 1, nous définissons l’événement

ΩDM,reg(ε1) :=
{
∀λ ∈ RN : ‖λ‖2 (1− ε1)ℓ∗(Σ

1/2
Jc B

p
q ) ≤

∥∥X⊤
Jcλ

∥∥
q′
≤ ‖λ‖2 (1 + ε1)ℓ∗(Σ

1/2
Jc B

p
q )
}

(1.22)

⊂

{
∀µ ∈ RN :

‖µ‖2
(1 + ε1)ℓ∗(Σ

1/2
Jc B

p
q )

≤ ‖A[µ]‖q ≤
‖µ‖2

(1− ε1)ℓ∗(Σ
1/2
Jc B

p
q )

}
. (1.23)

Il découle du Théorème 2 appliqué à la norme ||||·|||| = ‖Σ1/2
Jc · ‖q′ que, si XJc est un vecteur aléatoire gaussien et

κDMε
2
1d∗(Σ

−1/2
Jc Bpq′) ≥ N , alors P(ΩDM,reg(ε1)) ≥ 1 − exp(−c1ε21d∗(Σ

−1/2
Jc Bpq′)). L’inclusion de (1.23) découle de la

dualité forte : pour tout µ ∈ RN ,

‖A[µ]‖q = min
(
‖ν‖q : X

⊤
Jcν = µ

)
= max

(〈
µ,λ

〉
:
∥∥X⊤

Jcλ
∥∥
q′
≤ 1
)
. (1.24)

Même si A : (RN , ℓ2) → (VJc , ℓq) est un plongement métrique non linéaire (sauf lorsque q = 2), il satisfait un
théorème DM hérité de X⊤

Jc .
Ci-dessous, nous démontrons comment utiliser le théorème de Dvoretzky-Milman pour prouver la Proposition 10,

point 1.
Proof. (de la Proposition 10, point 1) Par l’Exemple 12, nous avons

‖A[y − XJβJ ]‖
q
q − ‖A[y − XJβ∗

J ]‖
q
q ≥ 〈g,βJ − β∗

J〉+
q − 1

q2q
‖A[y − XJβJ ]−A[y − XJβ∗

J ]‖
q
q ,

où g est défini dans la Proposition 9. À partir de la définition de A, nous avons ‖A[y − XJβJ ]−A[y − XJβ∗
J ]‖q ≥

‖A[XJ(βJ − β∗
J)]‖q. Ensuite, en utilisant (1.23), nous obtenons

PNLβJ
≥ 〈g,βJ − β∗

J〉+
q − 1

q2q
‖XJ(βJ − β∗

J)‖
q
2

(1 + ε1)qℓ
q
∗(Σ

1/2
Jc B

p
q )
.

Enfin, à partir de l’hypothèse dim(VJ) ≲ N et du fait que pour tout G ⊂ VJ , nous avons rRIP,−(G) = 0 (voir
l’Exemple 11), la preuve de la Proposition 10, point 1 est complétée.

Le théorème de Dvoretzky-Milman pour les normes ‖ · ‖q′ sous des mesures de probabilité générales.
Le Théorème 2 fournit le théorème de Dvoretzky-Milman pour les mesures gaussiennes. Parce que nous devons
étudier le cas où XJc est distribué selon une mesure de probabilité générale, nous avons besoin d’une extension du
théorème de Dvoretzky-Milman pour les normes ‖ · ‖q′ . Le théorème suivant, tiré de [P1], est une contribution aux
GAFA qui a été motivée précisément par la méthode FSD. Sa preuve peut être trouvée dans la Section 5.1. Notons
Log(x) = max{1, ln(x)}.

Hypothèse 1. ζ = (ζj)
p
j=1 est un vecteur aléatoire isotrope centré dans Rp avec des coordonnées i.i.d., satisfaisant

E[ζ21 ] = 1, et il existe des constantes absolues 0 < κ ≤ 1 et ε > 0 telles que E|ζ1|max{4,2q+ε} ≤ κmax{4,2q+ε}.
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Théorème 3. Soit ζ un vecteur aléatoire satisfaisant l’Hypothèse 1, et soit Σ une matrice diagonale définie positive
sur Rp, Σ = diag(σ1, · · · , σp). Soit X = Σ1/2ζ, et soient X1, · · · , XN des copies indépendantes de X, formant
la matrice aléatoire X = [X1| · · · |XN ]⊤ = [Z1| · · · |Zp], où (Zj)

p
j=1 sont les vecteurs colonnes de X. Notons ℓ∗ =

ℓ∗(Σ
1/2Bpq ) et d∗ = d∗(Σ

−1/2Bpq′). Sans perte de généralité, supposons que d∗ ≥ 1. Il existe alors une constante
absolue 0 < θ < 1 telle que pour tout λ ∈ SN−1

2 , P(|〈Zj ,λ〉| ≥ θ) ≥ κ. De plus, il existe des constantes absolues
c, c′, C, C ′, C ′′, κDM, ε0 > 0 telles que les faits suivants sont vérifiés.

1. Lorsque q ≥ 2. Si N ≤ κDMd∗Log
−2(p

1
q′ /d∗), alors avec une probabilité d’au moins

1− C ′Log

(
p

1
q′

d∗

)
exp

−C ′′κDM
dθ∗

Log2θ
(
p

1
q′

d∗

)
− 2 exp (−C ′d∗)− C ′d

−cmin{ε,ε0}
∗ =: 1− p̄DM ,

il est vérifié pour tout λ ∈ SN−1
2 ,

cℓ∗ ≤
∥∥X⊤λ

∥∥
q′
≤ CLog(p)ℓ∗.

2. Lorsque q < 2. Si N ≤ κDMd∗(Σ
−1/2Bpq′), alors

P
(
∀λ ∈ SN−1

2 , cℓ∗ ≤ ‖X⊤λ‖q′ ≤ Cℓ∗
)
≥ 1− 3 exp(−c′d∗)− C ′d

− q′−2
4

∗ =: 1− p̄DM .

Le théorème de Dvoretzky-Milman pour les normes ‖ · ‖H sous des mesures de probabilité générales.
Lorsque q = 2, le théorème de Dvoretzky-Milman peut être valable pour des mesures de probabilité plus générales,
par exemple, pour une carte de caractéristiques générée par des RKHS dont les fonctions noyaux sont des polynômes
de degré fini. Pour tout λ ≥ 0, définissons

d∗λ(Σ
−1/2
Jc BH) :=

Tr(ΣJc) + λ

‖ΣJc‖op
. (1.25)

Hypothèse 2. Il existe des constantes absolues C1 > 1, C2 > 1, 0 ≤ γ < 1/16, 0 ≤ δ < 1/(100
√
C2), δ̄ < C−1

1 ,
ϵ > 0 et κ > 1 telles que

• Avec une probabilité d’au moins 1− γ,

max
1≤i≤N

∣∣∣∣∣‖ϕJc(Xi)‖2H
(ℓ∗)2

− 1

∣∣∣∣∣ ≤ δ, (1.26)

où nous définissons ℓ∗ =
√

E ‖ϕJc(X)‖2H =
√
Tr (ΣJc).

• Pour tout f ∈ VJc , nous avons
‖f‖L2+ϵ(µX) ≤ κ ‖f‖L2(µX) . (1.27)

• Selon le choix de ϵ, il y a deux cas :

1. si ϵ > 2, alors aucune hypothèse supplémentaire n’est requise.
2. si 0 < ϵ ≤ 2, alors

κN
2−ϵ

2ϵ+ϵ2 log (N)

(√
N‖ΣJc‖op
Tr (ΣJc)

)
< δ̄. (1.28)

Un exemple typique satisfaisant l’Hypothèse 2 est lorsque ϕJc est l’application identité et Xi est un vecteur
aléatoire sous-gaussien ; dans ce cas, le résultat découle de l’inégalité de Hanson-Wright.

Théorème 4. Soit X un vecteur aléatoire distribué selon µX dans un ensemble compact ΩX ⊂ Rd, et soient
X1, · · · , XN des copies i.i.d. de X. Soit ϕ : x ∈ ΩX 7→ K(x, ·) ∈ H la carte de caractéristiques du RKHS H. Soient
C3, C4, C5 et C6 des constantes absolues.
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1. Supposons que λ ≤ C3 Tr (ΣJc). Considérons 0 < δ, δ̄ < 1 de l’Hypothèse 2, définissons

δ̃ = C2δ
2 + C4δ̄

2 + 4
√(

3δ + C5δ̄
) (

1 + δ + C6δ̄
)

(1.29)

Supposons que pour un certain λ ≥ 0, nous ayons N ≤ κDM δ̄
2d∗λ

(
Σ

−1/2
Jc BH

)
pour une constante suffisamment

petite κDM < 1 qui ne dépend que de κ. Nous supposons que ϕJc satisfait l’Hypothèse 2. Alors avec une
probabilité d’au moins

1− γ − 1

N2
−
(κ
δ̄

)2+ϵ(√N‖ΣJc‖op
Tr (ΣJc)

)2+ϵ

log2+ϵ(N)

N
ϵ
2−1

=: 1− p̄DM ,

pour tout λ ∈ RN , il est vérifié que(
1− δ̃

)√
Tr(ΣJc) ‖λ‖2 ≤

∥∥X⊤
Jcλ

∥∥
H ≤

(
1 + δ̃

)√
Tr(ΣJc) ‖λ‖2 . (1.30)

2. Supposons que λ > C3 Tr (ΣJc). Supposons que ϕJc satisfait les deux premiers points de l’Hypothèse 2.
Supposons que pour un certain λ ≥ 0, nous ayons N ≤ (κDM/4)d

∗
λ(Σ

−1/2
Jc BH). Alors il existe des constantes

absolues C7 dépendant de ϵ, κ, κDM , et 0 < c2 < 1 telles qu’avec une probabilité d’au moins

1− γ −N

((
κDMκ

2 log2(N)

N

)1+ϵ/2

N

)⌈(12+2ϵ)/ϵ⌉−1

− 1

N2
=: 1− p̄DM ,

nous ayons
∥∥XJcX⊤

Jc + λIN
∥∥
op

≤ C7λ+Tr (ΣJc) et

σN (XJcX⊤
Jc + λIN ) ≥ c2λ+ (1− c2)C3 Tr (ΣJc) .

Proposition 11 (informel). Supposons que F est identifié avec des fonctionnelles linéaires sur Rp. Si Rp = VJ⊕VJc

est une FSD satisfaisant les propriétés suivantes : 1. Y XJc est un vecteur aléatoire sous-gaussien centré ; 2.
N ≤ κDMδ̄

2 Tr(ΣJc )
∥ΣJc∥op

, où ΣJc = E[XJc ⊗XJc ]. Alors avec une grande probabilité la fonction de perte LβJ
définie dans

la Proposition 7 possède la propriété suivante : pour tout βJ ∈ VJ ,

N

(1 + δ̃)2 Tr(ΣJc)
PN ℓ

(sh)
βJ

≤ LβJ
((Xi, Yi)

N
i=1) ≤

N

(1− δ̃)2 Tr(ΣJc)
PN ℓ

(sh)
βJ

≤ LβJ
((Xi, Yi)

N
i=1),

où δ̃ vient du Théorème 4, et PN ℓ(sh)βJ
= 1

N

∑N
i=1 ℓ

(sh)
βJ

(Xi, Yi), et ℓ(sh)βJ
(x, y) = (1 − y〈βJ ,x〉)2+ est la perte charnière

quadratique. De plus, pour tout problème de classification binaire (µX , η), si f∗∗ = argmin(Pℓ
(sq)
f : f est mesurable),

alors f∗∗ = f∗, c’est-à-dire la règle de Bayes.

Dans la proposition, puisque Y XJc est un vecteur aléatoire sous-gaussien, l’Hypothèse 2 est naturellement vérifiée,
et le Théorème 4 s’applique donc.

Proof. En appliquant le Théorème 4 à ϕJc(X) = Y XJc et à H = Rp, nous avons seulement besoin de prouver
que l’inclusion suivante est vraie

ΩDM,class(δ̃) :=
{
∀λ ∈ RN : ‖λ‖2 (1− δ̃)

√
Tr(ΣJc) ≤

∥∥X⊤
y,Jcλ

∥∥
2
≤ ‖λ‖2 (1 + δ̃)

√
Tr(ΣJc)

}
(1.31)

⊆

{
∀µ ∈ RN :

‖[µ]+‖2
(1 + δ̃)

√
Tr(ΣJc)

≤ ‖B[µ]‖2 ≤
‖[µ]+‖2

(1− δ̃)
√

Tr(ΣJc)

}
, (1.32)

où [µ]+ = (max(µi, 0))
N
i=1. Par un argument de dualité standard, voir, par exemple, [BV14, Équation 5.11], nous

obtenons que

‖B[µ]‖2 = max
(
〈µ,λ〉 : λ � 0,

∥∥X⊤
y,Jcλ

∥∥
2
≤ 1
)
. (1.33)
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Conditionnellement à ΩDM,class(δ̃), voir (1.31), nous avons

max
λ⪰0

(
〈µ,λ〉 : ‖λ‖2 ≤ 1

(1 + δ̃)
√
Tr(ΣJc)

)
≤ ‖B[µ]‖2 ≤ max

λ⪰0

(
〈µ,λ〉 : ‖λ‖2 ≤ 1

(1− δ̃)
√

Tr(ΣJc)

)
.

Soit H(µ) := {i ∈ [N ] : µi < 0} et soit λ− le maximiseur du problème de maximisation du côté gauche et λ+ le
maximiseur du problème de maximisation du côté droit. Nous prouvons que si i ∈ H(µ), alors λ−i = 0. Nous le prou-
vons par contradiction. Supposons que i ∈ H(µ) mais λ−i > 0, alors en posant λ̃−

= (λ−1 , · · · , λ
−
i−1, 0, λ

−
i+1, · · · , λ

−
N ),

nous savons que ‖λ̃−
‖2 < ‖λ−‖2 ≤ 1

(1+δ̃)
√

Tr(ΣJc )
. De plus, 〈µ, λ̃−

〉 =
∑
i′ ̸=i µi′λ

−
i′ >

∑N
i′=1 µi′λ

−
i′ = 〈µ,λ−〉 puisque

µiλ
−
i < 0. Cela implique que λ̃

− est une solution réalisable mais avec une plus grande valeur de fonction objectif,
contredisant ainsi l’hypothèse que λ− est le maximiseur. En rappelant la contrainte que λ � 0, nous avons : pour
tout i ∈ H(µ), nous avons nécessairement λ−i = 0. La même chose vaut également pour λ+. Maintenant, par
Cauchy-Schwartz, nous avons λ− = (µ/(‖µ‖2(1 + δ̃)

√
Tr(ΣJc)))+, et λ+ = (µ/(‖µ‖2(1 − δ̃)

√
Tr(ΣJc)))+. Par

conséquent, conditionnellement à ΩDM,class(δ̃), (1.32) s’ensuit. Pour les preuves des propriétés de la perte charnière
quadratique, voir la Section 4.9.3.

6.2.6 Énergie du f̂Jc.
La proposition suivante montre que f̂Jc est une RERM du résidu de f̂J .

Proposition 12. Supposons qu’il existe une fonction différentiable L : RN → R telle que pour tout f ∈ F ,
Lf : (Xi, Yi)

N
i=1 ∈ ΩN 7→ L(y − Xf), où X : f ∈ F 7→ (f(Xi))

N
i=1 et y = (Y1, · · · , YN ). Soit λ ∈ R un nombre réel

quelconque, soit Ψ une fonction différentiable et supposons que F est un espace linéaire. Définissons

f̂N ∈ argmin
f∈F

(L(y − Xf) + λΨ(f))

comme une RERM. Soit F = VJ ⊕VJc une FSD. Supposons que Ψ : F → R est décomposable par rapport à VJ ⊕VJc ,
au sens où pour tout f ∈ F , Ψ(f) = Ψ(fJ) + Ψ(fJc). Alors

f̂Jc ∈ argmin
fJc∈VJc

(L(y′ − XfJc) + λΨ(fJc)) , où y′ = y − Xf̂J . (1.34)

Ici, f̂Jc apprend le résidu de f̂J , en utilisant XJc qui ne sont pas nécessairement isomorphes à Σ
1/2
Jc , voir la

Figure 1.1.
Proof. Par hypothèse, nous pouvons développer l’application (fJ , fJc) ∈ VJ × VJc 7→ L(y − Xf) + λΨ(f) sous

la forme (fJ , fJc) ∈ VJ × VJc 7→ L((y − XfJ) − XfJc) + λΨ(fJ) + λΨ(fJc). Fixons maintenant fJ = f̂J = PVJ
f̂N .

Nous savons que f̂ doit satisfaire la condition d’optimalité du premier ordre, c’est-à-dire que le gradient de cette
application est égal à 0,

0 = −2PVJcX⊤∇L((y − Xf̂J)− f̂Jc) + λ(∇Ψ)(f̂Jc).

C’est précisément la condition nécessaire du premier ordre du problème d’optimisation défini dans (1.34).

Dans le problème de régression à valeurs réelles (Exemple 1), y − XJ f̂J = ξ + XJcf∗Jc + XJ(f̂J − f∗J ).

Estimateurs linéaires et estimateurs interpolants de norme minimale. Ensuite, nous considérons une
borne supérieure pour ‖f̂Jc‖L2(µX)—un aspect de la méthode FSD que nous avons pu étudier dans 4 cas, mais qui
nécessite une compréhension plus approfondie. En fait, à l’heure actuelle, nous avons une compréhension relativement
complète uniquement lorsque f̂Jc est un opérateur linéaire en y dans le problème de régression linéaire. Ci-dessous,
nous l’illustrons en utilisant deux classes d’opérateurs linéaires—la régression ridge et les méthodes spectrales—et
nous concluons en discutant du cas où f̂Jc est un estimateur interpolant de norme minimale, un opérateur non linéaire
comparativement simple.

Pour les opérateurs linéaires en régression linéaire, c’est-à-dire, lorsqu’il existe un opérateur linéaire aléatoire
A : RN → VJc indépendant de (Yi)

N
i=1 tel que f̂Jc : (Xi, Yi)

N
i=1 ∈ ΩN 7→ 〈·, Ay〉 ∈ VJc , nous identifions f̂Jc

comme β̂Jc(y) = Ay. Alors, dans le modèle de régression additif, y = Xβ∗ + ξ, et par conséquent ‖f̂Jc‖L2(µX) ≤
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: σj

j
k∗

N

: σ̂j

p
VJ VJc

Figure 6.1: D’après le Théorème 4, le spectre de 1
NX⊤X + t−1I a un plateau de hauteur 1

N Tr(ΣJc) + t−1 qui est
différent de Spec(ΣJc) = {σj : j ∈ Jc}. C’est la raison pour laquelle aucune estimation n’est possible sur VJc .

‖〈X, β̂Jc(Xβ∗
J)〉‖L2(µX) + ‖〈X, β̂Jc(Xβ∗

Jc)〉‖L2(µX) + ‖〈X, β̂Jc(ξ)〉‖L2(µX). Pour le terme ‖〈X, β̂Jc(ξ)〉‖L2(µX), nous
avons Eξ‖〈X, β̂Jc(ξ)〉‖2L2(µX) = σ2

ξ Tr(A
⊤ΣJcA), où ΣJc = PJcΣPJc . C’est précisément la stratégie que nous adop-

tons lors de l’analyse des méthodes spectrales.
Méthodes spectrales. Rappelons les méthodes spectrales définies dans l’Exemple 9. Nous savons que les

méthodes spectrales sont des estimateurs linéaires, et dans ce cas A = 1
Nφ(Σ̂)X

⊤. Par conséquent,

‖f̂Jc‖L2(µX) ≤ ‖PJcφt(Σ̂)Σ̂f
∗
J‖L2(µX) + ‖PJcφt(Σ̂)Σ̂f

∗
Jc‖L2(µX) + ‖PJcφt(Σ̂)[N

−1X⊤]ξ‖L2(µX).

Nous ne continuons pas à montrer le traitement ultérieur de ces termes ici ; voir [P5].
Régression ridge. Un cas encore plus spécial se produit lorsque f̂N est la régression ridge, c’est-à-dire, lorsque

F est identifié avec un certain RKHS (H, 〈·, ·〉H), L : u ∈ RN 7→ 1
N ‖u‖22, et Ψ : f ∈ H 7→ t−1‖f‖2H. Dans ce

cas, non seulement nous savons que f̂Jc est un opérateur linéaire, mais aussi que f̂Jc est une régression ridge avec
paramètre t−1 appliquée à y − XJ f̂J . En fait, la Proposition 12 montre que pour toute FSD, la régression ridge f̂N
avec paramètre de réglage t−1 satisfait

f̂Jc =
1

N
X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1(y − XJ f̂J). (1.35)

À partir de (1.35), nous savons que f̂Jc est un opérateur linéaire sur y −XJ f̂J , et puisque y = XJβ∗
J +XJcβ∗

Jc + ξ,
l’inégalité triangulaire donne

‖f̂Jc‖L2(µX) ≤
∥∥∥∥ 1

N
X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1XJ(f∗J − f̂J)

∥∥∥∥
L2(µX)

+

∥∥∥∥ 1

N
X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1XJcf∗Jc

∥∥∥∥
L2(µX)

+

∥∥∥∥ 1

N
X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1ξ

∥∥∥∥
L2(µX)

.

(1.36)

Parmi ces trois termes, les deux premiers ne nécessitent que des normes d’opérateurs, tandis que le dernier terme
‖ 1
NX⊤

Jc( 1
NXJcX⊤

Jc + t−1IN )−1ξ‖L2(µX) est le plus particulier ; nous devons exploiter le caractère aléatoire de ξ. La
proposition suivante est appelée le « côté supérieur » du théorème de Dvoretzky-Milman ; sa preuve peut être trouvée
dans [P2].

Hypothèse 3. Il existe des constantes absolues γ1 ∈
(
0, 1

16

)
, δ1 ≥ 0, ϵ > 0 et κ′ > 1 telles que
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•

P

 max
1≤i≤N

∥∥∥Σ1/2
Jc ϕJc(Xi)

∥∥∥2
H

Tr (Σ2
Jc)

≤ 1 + δ1

 ≥ 1− γ1, (1.37)

• pour tout f ∈ VJc , ‖f‖L4+ϵ(µX) ≤ κ′ ‖f‖L2(µX).

Proposition 13. Supposons que l’Hypothèse 3 soit vérifiée. Il existe des constantes absolues c3 et C8 > 0 telles
qu’avec une probabilité d’au moins 1−p̄DMU , où p̄DMU = c3

Nϵ +γ1, on ait
∥∥∥Σ1/2

Jc X⊤
Jc

∥∥∥
op

≤ C
√
Tr(Σ2

Jc)+C
√
N‖ΣJc‖op.

Par conséquent, si la Proposition 13 et le Théorème 4 sont vérifiés, alors à partir de (1.35) nous savons qu’il existe
une constante absolue C telle que sur l’intersection des deux événements aléatoires ce qui suit est vérifié :∥∥∥∥〈X, 1N X⊤

Jc(
1

N
XJcX⊤

Jc + t−1IN )−1XJ(f∗J − f̂J)〉
∥∥∥∥
L2(µX)

≤ C

√
Tr(Σ2

Jc) +
√
N‖ΣJc‖op

Nt−1 +Tr(ΣJc)
‖XJ(β̂J − β∗

J)‖2 et∥∥∥∥〈X, 1N X⊤
Jc(

1

N
XJcX⊤

Jc + t−1IN )−1XJcf∗Jc〉
∥∥∥∥
L2(µX)

≤ C

√
Tr(Σ2

Jc) +
√
N‖ΣJc‖op

Nt−1 +Tr(ΣJc)
‖XJcf∗Jc‖2.

(1.38)

Estimateur interpolant de norme ‖ · ‖q minimale. Rappelons que lorsque β̂ est l’estimateur interpolant
de norme ‖ · ‖q minimale (Exemple 10), la Proposition 6 stipule : si (VJ , VJc) est une FSD de la forme définie dans
la Proposition 6, alors β̂Jc = A[y − XJ β̂J ]. Cela confère à β̂Jc une signification statistique : β̂Jc est l’estimateur
interpolant de norme ‖ · ‖q minimale du résidu de β̂J . Combinée avec le théorème de Dvoretzky-Milman, cette
interprétation statistique nous permet d’obtenir le contrôle suivant sur la borne supérieure pour ‖〈X, β̂Jc〉‖L2(µX).

Proposition 14. En utilisant la notation de la Proposition 6. Si N ≤ κDMε
2d∗(Σ

1/2
Jc B

p
q′), alors il existe une

constante absolue C telle que sur l’événement aléatoire ΩDM,reg(ε), nous avons

‖〈X, β̂Jc〉‖L2(µX) ≤ C
diam(Σ

1/2
Jc Bpq )

ℓ∗(Σ
1/2
Jc B

p
q′)

‖y − XJ β̂J‖2.

Proof. À partir de la Proposition 6, nous avons β̂Jc = A[y − XJ β̂J ], et donc sous la condition de Dvoretzky-
Milman N ≤ κDMε

2d∗(Σ
1/2
Jc B

p
q′) vérifiée, puisque ‖Σ1/2

Jc ‖ℓq→ℓ2 = diam(Σ
1/2
Jc Bpq ), sur ΩDM,reg(ε) par (1.23), on a

‖Σ1/2
Jc A[y − XJ β̂J ]‖2 ≤ diam(Σ

1/2
Jc Bpq )‖A[y − XJ β̂J ]‖q ≤ C

diam(Σ
1/2
Jc B

p
q )

ℓ∗(Σ
1/2
Jc B

p

q′ )
‖y − XJ β̂J‖2.

Classifieur interpolant de norme ‖ · ‖2 minimale. Pour les problèmes de classification binaire, nous avons
une compréhension plus unifiée de l’énergie de f̂Jc . La proposition suivante est prouvée dans [P1], voir également la
Section 4.8.3.

Proposition 15. Soit F = VJ ⊕ VJc une FSD quelconque et f̂N un estimateur quelconque. Alors, µ⊗N -p.s.,

P
(
Y f̂N (X) < 0

∣∣(Xi, Yi)
N
i=1

)
− P

(
Y f̂J(X) < 0

∣∣(Xi, Yi)
N
i=1

)
≤ P

(
|f̂Jc(X)| > |f̂J(X)|

∣∣∣∣(Xi, Yi)
N
i=1

)
.

LASSO avec récupération du support. Comme autre exemple d’estimateur non linéaire, nous considérons
dans ce paragraphe le cas où β̂ est l’estimateur LASSO, c’est-à-dire, β̂ ∈ argmin( 1

2N ‖y − Xβ‖22 + λ‖β‖1). Soit
β∗ ∈ Rp un vecteur inconnu et notons son support par S = supp(β∗), c’est-à-dire, S = {j ∈ [p] : 〈β∗, ej〉 6= 0}, où
nous rappelons que e1, . . . , ep est la base canonique de Rp. Soit s = |S| et supposons que s ≤ bc N

log(p/N)c pour une
certaine constante c < 1. Pour mettre en évidence la FSD et éviter d’être distrait par des arguments stochastiques,
nous travaillons sur l’événement stochastique suivant

ΩLASSO =

{
supp(β̂) = S,

∥∥∥∥ 1

N
XSX⊤

S

∥∥∥∥
op

≤ 10,

∥∥∥∥ 1

N
X⊤
S ξ

∥∥∥∥
2

≤ σξ

√
2s

N

}
,
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où XS = [X1,S | · · · |XN,S ]
⊤ ∈ RN×s est la restriction de X à S, etXi,S est la restriction deXi à S. Lorsque l’événement

supp(β̂) = S se produit, nous disons que β̂ atteint la récupération du support. Des conditions suffisantes pour cet
événement ont été largement étudiées dans la théorie du LASSO, par exemple dans [Gir14, Section 5.5.2]. L’avantage
de travailler sur cet événement stochastique est que, si l’on pose J = S et VJ = span({ej : j ∈ S}), nous avons
β̂Jc = β∗

Jc = 0, ce qui élimine le besoin de considérer l’énergie de β̂Jc . Le cas où la récupération du support ne
se produit pas nécessairement reste une direction particulièrement intéressante pour les recherches futures. Dans ce
cas, nous avons la proposition suivante.

Proposition 16. Supposons que λ > σξ

√
log(ep/s)

N et p > e7s. Alors, sur ΩLASSO, nous avons ‖β̂ − β∗‖2 ≥
1
20σξ

√
s log(ep/s)

N .

Proof. Par la définition de β̂ et les conditions KKT, nous avons 1
NX⊤

S (XSβ̂−y)+λ sign(β̂) = 0. En substituant
y = XSβ∗

S+ξ et en utilisant le fait que sign(β̂) = sign(β∗
S), nous obtenons β̂−β∗

S = ( 1
NX⊤

SXS)−1[λ sign(β∗
S)− 1

NX⊤
S ξ].

En prenant la norme ℓ2 des deux côtés et en appliquant l’inégalité triangulaire, nous avons

∥∥∥β̂ − β∗
∥∥∥
2
≥ 1

10

(
λ ‖sign(β∗

S)‖2 − σξ

√
2s

N

)
. (1.39)

Étant donné que ‖ sign(β∗
S)‖2 =

√
s et l’hypothèse λ > σξ

√
log(ep/s)

N , la preuve est complète.

La Proposition 16 indique que lorsque la récupération du support (support recovery) a lieu, la borne d’erreur
d’estimation du LASSO est optimale par instance pour ce β∗ spécifique. Plus précisément, si X est un vecteur
aléatoire isotrope, alors (V ∗

J , V
∗
Jc) est donné par V ∗

J = span({ej : j ∈ S}), et dans ce cas ‖〈X, β̂ − β∗〉‖L2(µX) ∼

r(V ∗
J , V

∗
Jc), où r(V ∗

J , V
∗
Jc) = σξ

√
s log(ep/s)

N avec une grande probabilité. Ce résultat est plus fort que l’optimalité
minimax, car il n’affirme pas simplement l’existence d’un certain β∗ pour lequel l’erreur d’estimation n’est pas
inférieure à cette borne ; au lieu de cela, la borne inférieure est valable pour tout β∗ satisfaisant la condition de
récupération du support. En fait, à partir de (1.39), nous pouvons observer que λ‖ sign(β∗

S)‖2 et σξ
√

2s
N correspondent

respectivement aux termes de biais et de variance (rappelons que s = dim(V ∗
J )) du sous-espace d’estimation dans la

fonction de taux de la FSD (cf. (1.41) ci-dessous). Ici, puisque les projections de β̂ et de β∗ sur le sous-espace libre
sont toutes deux 0, il n’y a pas de termes de biais ou de variance provenant du sous-espace libre dans la fonction de
taux.

Direction de recherche. Lorsque f̂Jc est un estimateur non linéaire — comme dans le cas où f̂Jc est l’estimateur
d’interpolation de norme ‖ · ‖q minimale, le LASSO, ou un RERM général — comment pouvons-nous développer
une boîte à outils mathématique systématique qui nous permette d’obtenir une borne supérieure fine avec grande
probabilité pour ‖f̂Jc‖L2(µX) ? Ici, une méthode systématique désigne une méthode qui fonctionne pour un µX

général et un f̂Jc général, et qui, lorsqu’elle est spécialisée à la régression ridge et aux méthodes spectrales, permet
de retrouver les bornes supérieures fines qui ont été obtenues en utilisant le fait que f̂Jc est un estimateur linéaire,
[P4]. Pour la (R)ERM, cela constitue une classe de problèmes qui n’a jamais été explorée ; cela pourrait stimuler le
développement de nouveaux outils géométriques.

6.3 La FSD comme cadre théorique
À travers la discussion de la Section 1.5.1, de la Section 1.5.2, et de la Section 1.5.3, nous avons expliqué le rôle
de la FSD en tant que méthode analytique. Dans cette section, nous soutenons en outre que la méthode FSD
sert également de cadre théorique pour comprendre comment une solution s’attaque à un problème d’apprentissage
supervisé spécifique, offrant aux théoriciens une nouvelle perspective potentielle et une nouvelle façon de penser.

Dans cette section, nous nous concentrons sur les situations où une FSD optimale (VJ∗ , VJc
∗
) peut être construite,

de sorte que (1.15) puisse être prouvée. Dans de tels cas, la méthode FSD révèle comment un estimateur emploie
réellement l’espace des caractéristiques pour l’estimation—quelles caractéristiques l’estimateur utilise lors de la ré-
solution du problème—et comment il utilise VJc

∗
pour traiter le signal et le bruit. Cela diffère de l’objectif classique

de la théorie de l’apprentissage statistique consistant à « établir une inégalité d’oracle qui correspond à la borne
inférieure minimax » comme dans la Section 1.1 ; au lieu de cela, il se concentre davantage sur la compréhension,
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d’un point de vue mathématique, de la relation d’adéquation entre la solution et le problème lui-même. Ainsi, nous
disons que la méthode FSD introduit un nouveau paradigme de recherche potentiel dans la théorie de l’apprentissage
statistique.

La méthode FSD, en tant que cadre théorique, peut—comme tout cadre théorique réussi—fournir les « bonnes »
définitions. Nous illustrons ce point en définissant les trois concepts suivants :

1. une définition d’un préordre sur les méthodes spectrales pour un problème de régression supervisée donné,

2. une définition de l’effet de saturation généralisé et ses conditions nécessaires et suffisantes, et

3. une définition mathématique de la propriété d’apprentissage de caractéristiques ainsi que de la propriété
d’alignement signal-caractéristiques.

Les définitions de ces concepts doivent s’appuyer sur l’étude des méthodes spectrales via la méthode FSD. Dans [P5],
nous appliquons la méthode FSD pour étudier les méthodes spectrales (Exemple 9) pour résoudre des problèmes de
régression linéaire dans Rp, c’est-à-dire que nous supposons que H est identifié avec Rp via f(·) = 〈·,β〉 ; alors la
méthode spectrale f̂N est identifiée avec β̂, et le signal f∗ est identifié avec β∗.

Définition 11. Rappelons que σ1 ≥ · · · sont les valeurs propres de Σ. Soit b > 0 et t ≥ 1. La dimension d’estimation
de la méthode spectrale β̂ avec la fonction de filtre φt est définie comme

k∗ = k∗t−1,b = min
{
k ∈ [p] : σk+1 ≤ bt−1

}
. (1.40)

Soit VJ∗ = span(ej : j ∈ J∗), J∗ = {1, · · · , k∗}, (ej)j sont les vecteurs propres de Σ et ψt est la fonction résiduelle
définie par ψt(x) = 1− xφt(x). Définissons

r(VJ∗ , VJc
∗
) =

∥∥∥Σ1/2
J∗
ψt(Σ)β

∗
J∗

∥∥∥
2
+ σξ

√
|J∗|
N

+
∥∥∥Σ1/2

Jc
∗
β∗
Jc
∗

∥∥∥
2
+ σξt

√
Tr(Σ2

Jc
∗
)

N
, (1.41)

où nous rappelons que nous notons ΣJ∗ = PVJ∗
ΣPVJ∗

et ΣJc
∗
= PVJc

∗
ΣPVJc

∗
. La conclusion principale de [P5], voir

également le Chapitre 3, est que, sous des hypothèses générales, les méthodes spectrales β̂ = 1
Nφt(Σ̂)X

⊤y satisfont
la propriété suivante avec une grande probabilité :

‖〈X, β̂ − β∗〉‖L2(µX) ∼ r(VJ∗ , VJc
∗
). (1.42)

6.3.1 Préordre des Méthodes Spectrales
Grâce à la méthode FSD, (1.42) fournit des bornes supérieure et inférieure correspondantes pour un problème de
régression linéaire arbitraire R = (Σ,β∗, σξ), plutôt que d’être restreinte à une décroissance spectrale spécifique ou
à une classe particulière de β∗. Par conséquent, pour toute R, comparer l’excès de risque en population de deux
méthodes spectrales se réduit à comparer deux nombres réels donnés par leur FSD optimale.

Puisqu’un algorithme spectral est déterminé de manière unique par sa fonction de filtre, nous considérons deux
méthodes spectrales β̂

(A)

tA et β̂
(B)

tB avec paramètres tA, tB , et avec les fonctions de filtre φ(A)
tA et φ(B)

tB , respectivement.
Par (1.42), il existe r(A)

tA (V
(A)
J∗

, V
(A)
Jc
∗

) et r(B)
tB (V

(B)
J∗

, V
(B)
Jc
∗

) caractérisant l’excès de risque en population pour la perte

quadratique ‖Σ1/2(β̂
(A)

tA − β∗)‖2 et ‖Σ1/2(β̂
(B)

tB − β∗)‖2 pour ces deux méthodes spectrales dans ce problème de
régression linéaire. Étant donné tout R = (Σ,β∗, σξ) ∈ Rp×p × Rp × R, nous définissons le préordre suivant « �R »
sur l’ensemble de toutes les méthodes spectrales.

Définition 12 (Préordre des algorithmes spectraux dans les problèmes de régression linéaire). Pour le problème de
régression linéaire R := (Σ,β∗, σξ), nous écrivons

β̂
(A)

tA �R β̂
(B)

tB si r
(A)
tA (V

(A)
J∗

, V
(A)
Jc
∗

) = O
(
r
(B)
tB (V

(B)
J∗

, V
(B)
Jc
∗

)
)

lorsque N et p tendent vers l’infini. En particulier, si r(A)
tA (V

(A)
J∗

, V
(A)
Jc
∗

) = Θ
(
r
(B)
tB (V

(B)
J∗

, V
(B)
Jc
∗

)
)

, nous écrivons

β̂
(A)

tA �R β̂
(B)

tB . Il est facile de vérifier que « �R » définit une relation d’équivalence sur l’ensemble de toutes les
méthodes spectrales, tandis que �R définit un préordre.
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Dans ce qui suit, nous considérons le cas où tA = tB .

Corollaire 2. Étant donné tout problème de régression linéaire R = (Σ,β∗, σξ). Pour tout t ≥ 1, β̂
(A)

t �R β̂
(B)

t si
et seulement si lorsque N et p tendent vers l’infini∥∥∥Σ 1

2

J∗
ψ
(A)
t (Σ)β∗

J∗

∥∥∥
2
= O

(∥∥∥Σ 1
2

J∗
ψ
(B)
t (Σ)β∗

J∗

∥∥∥
2

)
.

Corollaire 3 (Le Flot de Gradient surpasse Ridge). Pour tout problème de régression linéaire, φ(GF)
t �R φ

(Ridge)
t , où

φ
(Ridge)
t (x) = 1

x+t−1 est la fonction de filtre de la régression ridge ; tandis que φ(GF)
t (x) = 1−exp(−tx)

x est la fonction
de filtre du flot de gradient.

6.3.2 Effet de saturation généralisé
Définition 13 (Effet de Saturation Généralisé). Pour tout problème de régression linéaire R, tout intervalle I ⊂
[1,+∞) et toutes familles de fonctions de filtre {φ(A)

t }t≥1 et {φ(B)
t }t≥1, nous écrivons {φ(A)

t }t∈I �R {φ(B)
t }t∈I si

lorsque N et p tendent vers l’infini

inf
(
r
(A)
tA (VJ∗ , VJc

∗
) : tA ∈ I

)
= O

(
inf
(
r
(B)
tB (VJ∗ , VJc

∗
) : tB ∈ I

))
.

Si {φ(A)
t }t∈I �R {φ(B)

t }t∈I , nous disons que l’algorithme spectral β̂
(B)

défini par la famille de fonctions de filtre
{φ(B)

t }t≥1 sature par rapport à la famille de fonctions de filtre {φ(A)
t }t≥1 dans I.

Corollaire 4 (Effet de Saturation dans l’Espace de Sobolev). Soient φ(GF)
t : x 7→ (1 − exp(−tx))/x et φ(Ridge)

t :
x 7→ (x + t−1)−1. Soit R ∈ RSob(s, α). Nous avons {φ(GF)}t≥1 �R {φ(Ridge)}t≥1. De plus, lorsque t−1 ∼ N− α

1+s̃α ,
où s̃ = s ∧ 2 pour la régression ridge, et s̃ = s pour le flot de gradient, nous avons (r

(GF)
t (VJ∗ , VJc

∗
))2 ∼ N− αs

1+sα et
(r

(Ridge)
t (VJ∗ , VJc

∗
))2 ∼ N− αs̃

1+s̃α .

Corollaire 5 (Effet de saturation dans le modèle de covariance à pointes). Supposons qu’il existe certains k ≲ N ≲
p − k, σ > ε > 0 tels que σ1 = · · · = σk = σ, et σk+1 = · · · = σp = ε. Soit J = {1, · · · , k} et supposons qu’il existe
un nombre réel α∗ > 0 tel que |〈β∗, ej〉| = α∗ pour tout j ∈ J alors que 〈β∗, ej〉 = 0 sinon. Posons

SNR =
‖Σ1/2β∗‖2

σξ

σ
√
N√

Tr(Σ2
Jc)

.

Supposons que 4 < SNR ≤ bσε , où b provient de (1.40). Soit I = {t > 1 : b−1ε ≤ t−1 < σ}. Alors

min
t∈I

r(GF)(VJ∗ , VJc
∗
) ≤ min

t∈I
r(Ridge)(VJ∗ , VJc

∗
).

De plus, lorsque SNR → ∞ et σ = Ω(ε), {φ(Ridge)
t }t∈I ≺R {φ(GF)

t }t∈I .

6.3.3 La FSD pour définir la propriété d’apprentissage de caractéristiques
La définition suivante fournit une définition mathématique, dans le domaine de la théorie de l’apprentissage profond,
de ce qui est appelé la propriété d’apprentissage de caractéristiques (feature learning property) (voir la Section 1.4.3).
Dans la définition suivante, les k premiers vecteurs propres impliqués dans la propriété d’alignement sont spécifique-
ment liés à la compréhension acquise en étudiant les méthodes spectrales via la méthode FSD — à savoir, que les
méthodes spectrales apprennent en utilisant les vecteurs propres (caractéristiques) correspondant aux k plus grandes
valeurs propres, voir la Définition 11. Grosso modo, la FSD elle-même explique comment un estimateur utilise
les caractéristiques dans l’espace des caractéristiques, tandis que la propriété d’apprentissage de caractéristiques se
concentre sur la façon dont les caractéristiques bénéfiques pour résoudre un problème d’apprentissage supervisé spé-
cifique sont implicitement construites et utilisées par les estimateurs, en particulier les réseaux de neurones. Par
conséquent, le rôle de la FSD dans la définition de la propriété d’apprentissage de caractéristiques est de nous aider
à comprendre comment ces caractéristiques construites par les réseaux de neurones sont liées au problème spécifique.
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Définition 14. [Propriété d’alignement] Soit (µX , f∗, ξ) un problème de régression supervisée, soit H un RKHS,
et soit ĝN un estimateur prenant ses valeurs dans H. Soit g∗H ∈ argmin{‖g − f∗‖L2(µX) : g ∈ H} l’oracle dans
H. Étant donné une fonction croissante Φ : R+ → R+, une suite de nombres réels positifs ou nuls {γj}∞j=k+1 et
un nombre réel 0 < δ < 1, nous disons que ĝN satisfait la propriété d’alignement (Φ, k, δ) par rapport à {γj}∞j=k+1

si, avec une probabilité d’au moins 1 − δ, on a ‖ĝN − g∗H‖2L2(µX) ≤ Φ(
∑∞
j>k γj〈g∗H, ej〉2), où 〈g∗H, ej〉 est le produit

scalaire dans H entre g∗H et ej.

Un estimateur ĝN satisfaisant la propriété d’alignement présente la caractéristique suivante : lorsque l’oracle g∗H
est bien aligné avec les vecteurs propres (fonctions propres) correspondant aux k plus grandes valeurs propres de
l’opérateur de covariance Σ, l’estimateur peut exploiter cette structure et ainsi atteindre une erreur d’estimation plus
faible ‖ĝN − g∗H‖2L2(µX). Il est connu que de nombreux estimateurs satisfont cette propriété, y compris la régression
ridge, le flot de gradient (gradient flow), la descente de gradient, la régression sur les composantes principales, et la
RERM avec des termes de régularisation dont la divergence de Bregman est non triviale ; voir le Théorème 1. Pour
une RERM générale, les poids γj peuvent être choisis égaux à 1 ; pour la régression ridge, le flot de gradient, la
descente de gradient et la régression sur les composantes principales, γj peut être choisi égal à σj , voir (1.41).

La propriété d’alignement caractérise la capacité d’un estimateur à exploiter un alignement géométrique favor-
able existant ; cependant, un tel alignement n’est pas toujours intrinsèquement présent. Lorsque cette relation
d’alignement est sous-optimale, certains estimateurs produisent de grandes erreurs de prédiction. Pour étudier
l’impact de l’alignement défavorable entre l’oracle g∗H et les fonctions propres de l’opérateur de covariance de H sur
l’erreur d’estimation d’une large classe d’estimateurs, nous introduisons le concept suivant d’efficacité de l’alignement.

Définition 15. Soit (µX , f∗, ξ) un problème de régression supervisée, σ2
ξ la variance de ξ, H un RKHS et N la taille

de l’échantillon. Soit 0 < α < 1 un seuil pré-spécifié. Nous définissons la dimension d’équilibre (balance dimension)
k◦(N) = min{k ∈ N : ‖Pk+1:∞g

∗
H‖2L2(µX) ≤ σ2

ξ
k
N }, où Pk+1:∞ =

∑
j>k ej ⊗ ej est la projection sur span(ej : j > k).

Si k◦(N) ≤ αN , nous disons que l’alignement est efficace ; si k◦(N) > αN , nous disons que l’alignement est déficient.

La Définition 15 a pour but de caractériser la relation entre la dimension d’équilibre et la taille de l’échantillon N .
D’après la FSD, la projection Pk+1:∞g

∗
H n’est pas estimée et entre donc dans l’erreur d’estimation comme le prix de la

non-estimation. Parallèlement, σ2
ξ
k
N représente le terme de variance associé au sous-espace d’estimation. Puisque les

deux termes sont indépendants du choix spécifique de l’estimateur, la dimension d’équilibre — en décrivant l’équilibre
entre ces deux composantes — révèle l’impact sur l’erreur d’estimation qui dépend exclusivement de l’alignement de
g∗H avec les vecteurs propres de l’opérateur de covariance de H, indépendamment de l’algorithme spécifique.

Dans la fonction de taux de la FSD, les termes ‖Pk+1:∞g
∗
H‖2L2(µX) et σ2

ξ
k
N sont universels, ce qui signifie qu’ils sont

indépendants du choix spécifique de l’estimateur et apparaissent toujours dans la fonction de taux. Par conséquent,
l’équilibre entre ces deux termes caractérise, dans un sens indépendant de l’estimateur (estimator-free), l’impact
de l’alignement entre g∗H et les vecteurs propres de l’opérateur de covariance sur l’erreur d’estimation de n’importe
quel estimateur. En particulier, par la définition de k◦(N), pour tout k ∈ N (spécialement pour la dimension
d’estimation k∗), nous avons toujours ‖Pk◦+1:∞g

∗
H‖2L2(µX) + σ2

ξ
k◦

N ≤ 2(‖Pk+1:∞g
∗
H‖2L2(µX) + σ2

ξ
k
N ). Cela implique

que la fonction de taux optimale de la FSD est toujours soumise à une borne inférieure fournie par σ2
ξ
k◦

N , quel que
soit l’estimateur sélectionné pour la FSD. Lorsque la dimension d’équilibre est excessivement grande, cette borne
inférieure peut être assez substantielle, conduisant à une erreur d’estimation sous-optimale. Un élément clé de la
propriété d’apprentissage de caractéristiques introduite dans ce qui suit est que l’apprentissage de caractéristiques
peut construire automatiquement des alignements géométriques favorables grâce à l’apprentissage autonome des
caractéristiques.

Définition 16. [Propriété d’alignement et propriété d’apprentissage de caractéristiques] Considérons un
problème de régression supervisée à valeurs réelles (µX , f∗, ξ). Soit f̂N un estimateur. Nous disons que f̂N accomplit la
propriété d’apprentissage de caractéristiques (feature learning property) en résolvant (µX , f∗, ξ), s’il existe un RKHS
Hfea avec sa carte de caractéristiques (feature map) canonique notée ϕfea : ΩX → Hfea, et un élément ĝN ∈ Hfea tels
que les conditions suivantes soient vérifiées à la limite quand N → ∞ :

1. ĝN satisfait la propriété d’alignement avec une dimension d’estimation k pour un certain k ∈ N+ ;

2. f̂N (·) = ĝN (ϕfea(·)) où ĝN (ϕfea(·)) = 〈ĝN , ϕfea(·)〉Hfea
;

3. l’oracle g∗Hfea
∈ argmin{‖g − f∗‖L2(µX) : g ∈ Hfea} satisfait ‖f∗ − g∗Hfea

‖L2(µX) = oP(1) ;

4. k = O(d), et ‖Pk+1:∞g
∗
Hfea

‖L2(µX) = oP(1) où Pk+1:∞ =
∑
j>k ej ⊗ ej.
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Nous appelons un tel Hfea le sous-espace de caractéristiques appris (learned feature subspace).

La signification de la Définition 16 est la suivante : si f̂N construit à partir des échantillons d’entraînement un
sous-espace de caractéristiques Hfea (que nous supposons être un RKHS) tel que, pour le problème de régression à
valeurs réelles (µX , f∗, ξ), l’erreur d’approximation de l’espace de caractéristiques construit Hfea, ‖f∗− g∗Hfea

‖L2(µX),
est petite, et qu’au sein de ce sous-espace de caractéristiques Hfea, les caractéristiques qui sont utiles pour estimer f∗
sont effectivement utilisées pour estimer f∗. En d’autres termes : la capacité d’ingénierie des caractéristiques de f̂N
sur ce problème de régression se manifeste par le sous-espace de caractéristiques Hfea construit à partir des données,
qui possède une petite erreur d’approximation, et les k premières caractéristiques construites sont bénéfiques pour
estimer f∗ dans le sens où, sur Hfea, il existe un estimateur latent ĝN capable d’utiliser les k premiers vecteurs
propres les plus importants pour obtenir une petite erreur d’estimation afin d’estimer l’oracle g∗Hfea

. Enfin, f̂N est
proche de cet estimateur latent ĝN en distance L2(µX).

Par conséquent, le phénomène observé à la fois par les praticiens et les théoriciens lorsque f̂N résout le problème
(µX , f

∗, ξ) est le suivant : sur la base des données d’entraînement (Xi, Yi)
N
i=1, f̂N semble construire automatiquement,

dans L2(µX), un espace de caractéristiques Hfea qui possède des propriétés statistiques favorables pour le problème,
apprend « à l’intérieur » de cet espace, et atteint une petite erreur d’estimation — comme si f̂N lui-même était un
estimateur défini sur Hfea. Ce phénomène est précisément ce que l’on appelle souvent la propriété d’apprentissage
de caractéristiques dans la théorie de l’apprentissage profond.

Par conséquent, si f̂N possède la propriété d’apprentissage de caractéristiques lors de la résolution de (µX , f
∗, ξ),

alors son erreur d’estimation (à un carré près) peut être majorée comme suit :

‖f̂N − f∗‖L2(µX) ≤ ‖f̂N − ĝN‖L2(µX) + ‖ĝN − g∗Hfea
‖L2(µX) + ‖g∗Hfea

− f∗‖L2(µX).

L’exigence dans la Définition 16 que ‖f̂N − ĝN‖L2(µX) soit petite ne peut pas être omise, car sous des conditions
très larges, pour tout f∗ ∈ L2(µX), il existe toujours un RKHS déterministe H (dont la carte de caractéristiques
est notée ϕ) tel qu’il existe un ĝN possédant la propriété d’alignement pour lequel ‖f∗ − g∗H‖L2(µX) est petit, où
g∗H : x ∈ ΩX 7→ E[Y | ϕ(x)] est la fonction de régression dans H. En fait, les méthodes spectrales avec des fonctions
de filtrage analytiques possèdent toujours la propriété d’alignement, et de nombreux RKHS H sont denses dans
L2(µX). Par conséquent, ce que la Définition 16 souligne, c’est qu’un tel RKHS doit dépendre de (Xi, Yi)

N
i=1 ainsi

que de (F , f̂N ) (c’est pourquoi nous le notons Hfea), et tel que ĝN soit proche de f̂N pour la métrique L2(µX). Ce
n’est qu’alors que ce sous-espace de caractéristiques latent et l’estimateur latent ĝN défini sur celui-ci deviennent
capables d’expliquer la propriété d’apprentissage de caractéristiques de f̂N pour le problème donné.
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Titre : Décomposition d’Espace-Caractéristiques

Mots clés : Argument de Convergence Uniforme, Théorème de Dvoretzky-Milman, Points Fixes, Sur-
apprentissage Bénin, Régression Ridge, Descente/Flux de Gradient

Résumé : Le problème de la prédiction statistique
constitue l’une des questions les plus centrales des
domaines de la théorie de l’apprentissage statis-
tique et de la statistique mathématique. L’argument
de convergence uniforme est l’une des méthodes les
plus fondamentales pour étudier ce problème. Ces
dernières années, l’argument de convergence uni-
forme s’est révélé inadéquat pour étudier les estima-
teurs surajustés, en particulier en raison de son inca-
pacité à expliquer le phénomène de surapprentissage
bénin.
Motivé par ce constat, cette thèse propose un cadre
mathématique systématique pour raffiner l’argument
de convergence uniforme, nommé la méthode de
Décomposition d’Espace de Caractéristiques. Elle
vise à étudier le phénomène de surapprentissage
bénin des estimateurs d’interpolation à norme ℓq mi-
nimale en régression linéaire, ainsi que de l’estima-
teur d’interpolation à norme ℓ2 minimale en classi-
fication linéaire. En outre, cette thèse applique la
méthode à la régression ridge et, plus généralement,
aux méthodes spectrales (qui incluent la descente de
gradient et le flux de gradient), permettant d’obtenir
des descriptions non asymptotiques et précises de

leur erreur d’estimation dans presque tout problème
de régression linéaire.
Ces applications démontrent que la méthode permet
non seulement aux statisticiens théoriciens de ca-
ractériser le risque excédentaire en population d’un
estimateur, mais offre également un nouveau cadre
théorique potentiel, fournissant une perspective ana-
lytique novatrice. Pour illustrer cela, nous utilisons le
cadre de la méthode de Décomposition d’Espace de
Caractéristiques pour définir trois concepts nouveaux
: un ordre partiel sur l’ensemble des méthodes spec-
trales pour un problème de régression linéaire donné,
un effet de saturation généralisé, et une définition
mathématique de la propriété d’apprentissage de ca-
ractéristiques.
Outre les implications statistiques mentionnées
précédemment, cette thèse établit également une
généralisation du théorème de Dvoretzky-Milman
pour la norme ℓq sous une mesure de probabi-
lité générale. Ce résultat, qui découle naturellement
du développement de la méthode de Décomposition
d’Espace de Caractéristiques, relève des aspects
géométriques de l’analyse fonctionnelle.

Title : Feature Space Decomposition

Keywords : Uniform Convergence Argument, Dvoretzky-Milman theorem, Fixed Points, Benign Overfitting,
Ridge Regression, and Gradient Descent/Flow

Abstract : The problem of statistical prediction stands
as one of the most central issues in the fields of statis-
tical learning theory and mathematical statistics. The
uniform convergence argument is one of the most fun-
damental methods for studying this problem. In recent
years, the uniform convergence argument has pro-
ven inadequate for investigating overfitting estimators,
particularly in its inability to explain the phenomenon
of benign overfitting.
Motivated by this observation, this thesis proposes
a systematic mathematical framework to refine the
uniform convergence argument, termed the Feature
Space Decomposition method, to study the benign
overfitting phenomenon of minimum ℓq-norm interpo-
lant estimators in linear regression, and of minimum
ℓ2-norm interpolant estimator in linear classification.
Furthermore, this thesis applies the method to ridge
regression and, more generally, to spectral methods
(which include gradient descent, and gradient flow),
thereby obtaining non-asymptotic, sharp descriptions

of their estimation error in nearly any linear regression
problem.
These applications demonstrate that the method not
only aids theoretical statisticians in characterizing the
population excess risk of an estimator but also offers
a potential new theoretical framework, providing a no-
vel perspective for analysis. To illustrate this point, we
employ the framework of the Feature Space Decom-
position method to define three new concepts: a par-
tial order on the set of spectral methods for a given
linear regression problem, a generalized saturation ef-
fect, and a mathematical definition of the feature lear-
ning property.
In addition to the aforementioned statistical implica-
tions, this thesis also establishes a generalization of
the Dvoretzky-Milman theorem for the ℓq norm under
a general probability measure. This result, which natu-
rally arose from the development of the Feature Space
Decomposition method, constitutes a conclusion wi-
thin the geometric aspects of functional analysis.
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